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We present a new model for simulating the electromagnetic fluctuations with frequencies much lower than the ion cyclotron
frequency in plasmas confined in general magnetic configurations. This novel model (termed as GK-E&B) employs nonlinear
gyrokinetic equations formulated in terms of electromagnetic fields along with momentum balance equations for solving fields.
It, thus, not only includes kinetic effects, such as wave-particle interaction and microscopic (ion Larmor radius scale) physics; but
also is computationally more efficient than the conventional formulation described in terms of potentials. As a benchmark, we
perform linear as well as nonlinear simulations of the kinetic Alfvén wave; demonstrating physics in agreement with the analytical
theories.
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1 Introduction

Electromagnetic fluctuations with frequencies lower than the
ion cyclotron frequencies are prevalent in plasmas, existing in
nature; e.g., solar and magnetospheric plasmas, and laborato-
ries. These low-frequency fluctuations are known to play im-
portant dynamic roles in the heating, acceleration and trans-
ports of plasmas. For example, Alfvén waves have been pro-
posed as the mechanism responsible for the charged particle
heating in the solar corona [1-5]. On the other hand, Alfvén-
wave instabilities can also be readily excited by energetic par-
ticles, including alpha particles, in magnetic fusion devices,
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and thus, could be detrimental to the goal of magnetic fu-
sion energy [6]. Due to the intrinsically complicated mag-
netic field geometries and plasma inhomogeneities, dynamics
of waves and charged particles in low-frequency electromag-
netic fluctuations are rather complex and involve, in general,
disparate spatial as well as temporal scales. To be more spe-
cific, the existence of the shear Alfvén wave continuous spec-
trum [7] could lead to the appearance of kinetic Alfvén wave
at the microscopic ion-Larmor-radius (ρi) scale, which is, at
least, O(10−3) smaller than the system-size macroscopic scale
[6,8,9]. Similarly, as an example, the wave periods of Alfvén-
wave instabilities in magnetic fusion experiments are, typi-
cally, O(10−2) shorter than the nonlinear time scales [10, 11].
These, meanwhile, are comparable to the inverse of the insta-
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bility growth rates and areO(10−1) shorter than those of resis-
tive/collisionless tearing instabilities [12-14]. The complex-
ities of nonlinear wave and charged-particle dynamics with
at least O(103) separation of spatial and temporal scales in
nonuniform plasmas with complicated magnetic field geome-
tries, thus, naturally demand the employment of numerical
simulations as a powerful tool for understanding the obser-
vations, extracting the underlying physics mechanisms, and
predicting the future performances [6, 15]. Most of the exist-
ing simulation models are based on the so-called magnetohy-
drodynamic fluid approximation, which can not adequately
address the kinetic physics such as enhanced space-charge
separation at the microscopic ρi scale and wave-particle in-
teractions. It is, therefore, necessary to adopt the nonlinear
gyrokinetic simulation model in order to accurately describe
the multi-scale dynamics [16]. Up to now, however, elec-
tromagnetic gyrokinetic simulation schemes are based on the
nonlinear gyrokinetic equations expressed in terms of poten-
tials [17, 18]. Computing such potentials may encounter the
so-called cancellation problem [19] and/or involve solving,
sometimes coupled, Poisson-like equations [20, 21] in multi-
dimensional complicated geometries, and thus, could often
become extremely intensive and nearly intractable. That is,
while this approach minimizes the mathematical complexity
of the underlying equations, it readily yields to demanding
exascale-class computing resources.

In this work, we adopt a moment equation approach for
the fluctuation structures, which is mathematically equivalent
to the conventional nonlinear gyrokinetic simulation model
mentioned above. In particular, we present a new and novel
gyrokinetic simulation model (termed as GK-E&B); which
is formulated based on the nonlinear gyrokinetic equations
expressed directly in terms of electric and magnetic fields
[22-24]. The fields, meanwhile, are solved via momentum
balance equations. Despite the mathematical structure of the
equations governing the spatiotemporal evolution of electro-
magnetic fields is more complicated than the usual Poisson’s
equations, their properties more readily reflect the plasma
response. Thus, we claim that they are in a more suitable
form for predictive simulations of long time scale complex
plasma behaviors. To validate this model, we demonstrate
that, in uniform plasmas, it can accurately recover, both ana-
lytically and in numerical simulations, the linear and nonlin-
ear physics of kinetic Alfvén waves.

2 Theoretical formulation

Let us consider electromagnetic fluctuations with frequency
much lower than the ion cyclotron frequency, i.e., |ω| ≪ |Ωi|,
in a plasma confined by a magnetic field B(r, t). The plasma

consists of electrons and ions and me ≪ mi with me and mi

being, respectively, electron and ion masses. The ions can be
of multiple species; e.g., deuterim, tritium and α-particles in
a fusion plasma. For low-frequency waves, the wavelengths
are, typically, longer than the Debye length and the quasi-
neutrality condition,

∑
j q jn j ≃ 0, is generally valid, with j

being the charged particle species. Summing up the momen-
tum conservation equations for all the species, we then have

∂t(ρmUi⊥) =
1
c

J × B − [∇ · P]⊥, (1)

where ρmUi⊥ =
∑

j,e m jn jU j⊥ is the plasma mass flow due
to ions only, n j = ⟨ f j⟩v, ⟨· · · ⟩v denotes the velocity-space
integral, f j is the distribution function of j-th species to be
described below, and

∑
j,e m jn j = ρm is the ion mass den-

sity. The total stress tensor is defined as P =
∑

j P j =∑
j m j⟨vv f j⟩v, and the subscript ⊥ refers to the component

perpendicular to B. It is worth mentioning that the stress
tensor contains the usual Reynolds stress. Note that, since
|Ue⊥| ∼ |Ui⊥|, the electron inertia is negligible in the perpen-
dicular dynamics. Parallel to B, however, the electron inertia
plays important roles in the wave-particle Landau resonance
and, thus, needs to be kept in general. Meanwhile, since light
waves are typically suppressed in the low-frequency regime
of interest here, the current density J is given by Ampėre’s
law:

J =
c

4π
∇ × B. (2)

It is worthwhile noting that eq. (2) is used, here, to compute
J(X, t) from B(X, t) and not the other way around, as it is
typically done in nonlinear gyrokinetic codes.

Given B(X, t) and f (X, v, t), eq. (1) can, thus, be used to
advance ρmUi⊥; which, in turn, determines the perpendicular
component of the electric field E⊥. That is, summing up the
perpendicular momentum conservation equation of only the
ion species and noting that |ω| ≪ |Ω j|, we have

E⊥ = −
1
c

Ui⊥ × B +
1
ρm

∑
j,e

m j

q j
[∇ · P j]⊥. (3)

Meanwhile, the parallel component of electric field, E∥ = E·b
with b = B/B, can be readily obtained by taking the parallel
component of the time derivative of Ampėre’s law along with
the Faraday’s law; i.e.,

c2[∇2
⊥E∥ − b · ∇(∇ · E⊥)] = 4π∂t J∥. (4)

Here, J∥ =
∑

j J j∥ is the total parallel current and J j∥ =

q j⟨v∥ f j⟩v. Note that the parallel currents are calculated as
moments here to account for the particle parallel dynamics.
Once the electric field E = E⊥ + E∥b is determined, the mag-
netic field can then be advanced by Faraday’s law:

∂tB = −c∇ × E. (5)
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Eqs. (1)-(5) for the electromagnetic fields are closed if we as-
sume that the distribution function for each species is given.

In the gyrokinetic regime, assuming, for simplicity now, a
nearly isotropic plasma, the distribution function f j is given
by refs. [22, 24], with the subscript j suppressed unless nec-
essary,

f (x, µ, v∥, t) = fpol + F, (6)

where µ = v2
⊥/(2B) is the magnetic moment, v∥ is the parallel

velocity, and

fpol =
q
m

[1 − T−1
g J0]ϕ

1
B
∂F
∂µ
, (7)

Tg = exp(−ρ ·∇⊥) with ρ = b×v/Ωc is the pull-back operator
from the gyrocenter coordinate X to the particle coordinate
x = X + ρ, J0 = J0(k⊥ρ) is the Bessel function accounting
for the finite-Larmor-radius effect, and k2

⊥ = −∇2
⊥. In the po-

larization contribution, eq. (7), ϕ is defined as ∇⊥ϕ = −E⊥.
Meanwhile, in eq. (6):

F = T−1
g (Fg) (8)

is the gyrocenter response and Fg satisfies the following non-
linear gyrokinetic equation in its unexpanded form [24]:

(∂t + Ẋ · ∇ + v̇∥∂v∥ )Fg(X, µ, v∥, t) = 0, (9)

with the gyrocenter phase space motion:

Ẋ = v∥
B∗g
B∗g∥
+ VB + VE , (10)

VB =
µB
ΩB∗g∥

bg × ∇⟨Bg⟩∗, (11)

VE =
c⟨E⊥⟩ × bg

B∗g∥
, (12)

and

v̇∥ =
B∗g
B∗g∥
· [ q

m
⟨E⟩ − µ∇⟨Bg⟩∗]. (13)

Here, the modified magnetic field has the form:

B∗g = Bg +
v∥B
Ω
∇ × bg, (14)

Bg = ⟨B⟩ of B represents averaging over the gyrophase angle,
bg = Bg/Bg, B∗g∥ = B∗g · bg, and ⟨· · · ⟩∗ denotes the gyrophase

averaging at an effective Larmor radius of ρ/
√

2 [25].
With the distribution function f j, one can then readily cal-

culate n j, P j, ∂t J j∥, and thereby, E⊥ and E∥. Taking, as an
illustrative example of this approach, the k2

⊥ρ
2
j ≪ 1 limit in

order to simplify the presentations, we have

n j = npol, j + N j, (15)

with npol, j ≃ −∇ · [(N jq j)/(m jΩ
2
j )E⊥0], and N j = ⟨F j⟩v. Here,

from eq. (3), we find

E⊥0 = −
1
c

Ui⊥ × B +
1
ρm

∑
j,e

m j

q j
[∇ · Pg, j]⊥, (16)

and Pg, j = m j⟨vvF j⟩v. Meanwhile, we have the stress tensor
as:

P j = Ppol, j + Pg, j, (17)

Ppol, j ≃ −(3/4)I∇ · [((N jq j)ρ2
t j/2)E⊥0], (18)

with ρt j = vt j/|Ω j| being the thermal gyroradius and N jv2
t j =

⟨v2
⊥F j⟩v. We then have, from eq. (3):

E⊥ = E⊥0 + E⊥1, (19)

and

E⊥1 ≃ −(3/4ρm)∇
∑
j,e

∇ · [((N jm j)ρ2
t j/2)E⊥0]. (20)

Thus, at least in the |ρ2
i ∇2
⊥| ≪ 1 limit, E⊥ can be solved alge-

braically in terms of a series expansion. The term ∂t J∥, fur-
thermore, is given by taking the qv∥ moment of the nonlinear
gyrokinetic equation, eq. (9):

∂t J j∥ = q j⟨J0[Fg∂(v∥v̇∥)/∂v∥ − Ẋ · ∇(v∥Fg)]⟩ j,v. (21)

Combining eqs. (21) and (4) yields the parallel electric field
E∥. To be more specific, let us further assume J∥ ≃ J∥e and
|k2
⊥ρ

2
e | ≪ 1. Applying eqs. (10) and (13) into eqs. (21), (4)

can then be readily shown to become

(c2∇2
⊥ − ω2

pe)E∥

= c2b · ∇(∇ · E⊥0) − 4πqe

me
[(b · ∇)Pg∥ + (Pg∥ − Pg⊥)∇ · b

+ m∇ · ⟨v∥(VE + VB + Vκ)Fg⟩v]e, (22)

where the pressures are given by Pg∥ = m⟨v2
∥Fg⟩v and Pg⊥ =

m⟨µBFg⟩v, VB and VE are defined, respectively, by eqs. (11)
and (12), and Vκ = (v2

∥B/ΩB∗g∥)∇ × b is the magnetic curva-
ture drift. Eq. (22) then yields the parallel electric field E∥
as:

E∥ = E∥0 + E∥1, (23)

where

E∥0 =
1

Nqe
[(b · ∇)Pg∥ + (Pg∥ − Pg⊥)∇ · b

+ m∇ · ⟨v∥(VE + VB + Vκ)Fg⟩v]e − d2
e b · ∇(∇ · E⊥0),

(24)

with d2
e = c2/ω2

pe being the electron collisionless skin depth,
and E∥1 is given by

(d2
e∇2
⊥ − 1)E∥1 = −d2

e∇2
⊥E∥0. (25)
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Note that, for many applications such as Alfvén waves
and instabilities, one has |d2

e∇2
⊥| ∼ |k2

⊥ρ
2
i |d2

e/ρ
2
i ≃

|k2
⊥ρ

2
i |(me/miβi) ≪ 1, and, hence, E∥1 ≃ d2

e∇2
⊥E∥0, and one

needs not to solve the Poisson’s equation (22) or (25). This
approximation, however, breaks down for tearing modes,
where eq. (22), or eq. (25) needs to be solved near the singu-
lar surfaces where |b · ∇| vanishes. Furthermore, in contrast
to simulation models which employ the generalized parallel
momentum p∥ variable and potentials in the nonlinear gyroki-
netic equations [17,18], our model employs the v∥ variable as
well as the E and B fields directly. As a consequence, the E∥
calculation is straightforward and there is no “cancellation”
issue [19]. Finally, we note that in the ideal magnetohydro-
dynamic (MHD) limit, me/mi, |d2

e∇2
⊥|, |ρ2∇2

⊥| → 0+, eq. (23)
yields |E∥| → 0+, as expected.

3 Analytical validation

As a first step toward demonstrating the validity and use-
fulness of this new simulation model, we show analytically
that it does give correct linear dispersion relation of Ki-
netic Alfvén wave (KAW) in a uniform plasma immersed
in a uniform background magnetic field, B = B0ẑ. Let us
consider a linear wave with frequency ω and wave-vector
k = (k⊥, 0, k∥), and linearize the equations with Ui = δUi,
E = δE = (δE1, δE2, δE∥), B = B0+δB, δB = (δB1, δB2, δB∥)
and Fg = Fg0 + δFg. Furthermore, we assume |k∥/k⊥| ≪ 1
and 1 ≫ β ≫ me/mi with β being the ratio between
plasma and magnetic pressure. For KAWs, we thus have
|ω| ∼ ωA and |k∥vte| ≫ |ω| ≫ |k∥vti|, where ωA = |k∥|vA and
vA = B0/

√
4πρm are, respectively, the Alfvén frequency and

speed. With |ω| ≪ |k⊥vA|, the compressional Alfvén (fast)
wave is, thus, suppressed; that is, δE2 ∝ δB∥ ≃ 0. It is then
straightforward to derive, from eqs. (1), (2), (3) and (5),

k∥δE1

1 − k2
∥ v

2
A

ω2

(
1 +

ik⊥Ppol,i

n0qi

)
= −k⊥δE∥

(
1 +

ik⊥Ppol,i

n0qi

) k2
∥ v

2
A

ω2 −
ik∥Pi,3

n0qi

 , (26)

where the term involving Pi,3δE∥ corresponds to (Pg,i)1,1

due to δE∥ via δFgi given by the linearized ion gyrokinetic
equation, eq. (9). One readily finds that |k∥Pi,3/(n0qi)| ∼
O(|k2

∥ v
2
ti|/ω2) and, with βi ≪ 1, is negligible. Meanwhile,

from eq.(18), one has

k⊥Ppol,i ≃ −
3i
4

n0qibi (27)

with bi = k2
⊥ρ

2
i /2. Noting that |k⊥ρe|2 ≪ 1 for KAWs and the

small mass ratio me/mi ≪ 1, the parallel current is mainly
carried by electrons, i.e., ∂t J∥ ≃ ∂t Je∥, and the electron finite

Larmor radius effect can be neglected, i.e., | fpol| → 0+ and
|J0|, |Tg| → 1 for electrons. Eq. (4) along with the linearized
eqs. (9) and (21) then yields

(1 + k2
⊥d2

e )δE∥ = i
k∥Pe,3

n0qe
δE∥ + k∥k⊥d2

eδE1, (28)

where the collisionless skin depth de = c/ωpe,

k∥Pe,3 ≃ −in0qe[1 + 2α2
e(1 − 2α2

e + iδe)]. (29)

Here, αe = ω/|k∥|vte and δe =
√
παee−α

2
e account for the elec-

tron Landau damping effect. Eq. (28) then reduces to

k⊥δE∥

[
bime

βimi
− α2

e(1 − 2α2
e + iδe)

]
=

bime

βimi
k∥δE1, (30)

where τ = Te/Ti. Combining eqs. (26) with (30) straightfor-
wardly yields the following KAW dispersion relation

ω2

ω2
A

= 1 +
3
4

bi +
τbi

1 − 2α2
e + iδe

, (31)

in agreement with the well-known analytical result [8, 9].

4 Numerical simulations

Here, we demonstrate the validity of this new GK-E&B
simulation model by benchmarking results of a single-wave
KAW simulation against the analytical theories in a uniform
plasma. Again, we adopt isotropic Maxwellian backgrounds,
express ∂tδJ∥ ≃ ∂tδJe∥ in terms of the electron parallel mo-
mentum balance eq. (21), and, thereby, eq. (28). We also
neglect the compressional component of magnetic field fluc-
tuation in the low-β and |k∥/k⊥| ≪ 1 limit.

In the linear limit, we can simply assume the perturbed
quantities have the form δQ = δQ̂eik·x + c.c., then the
governing equations become ordinary differential equations,
which can be straightforwardly advanced by the second-order
Runge-Kutta scheme with each time step consisting of two
sub-steps. Specifically, given the fluid variables δUn, δBn

⊥,
δPn

i and δPn
e at the n-th time step, the electric field δEn is

readily obtained from the algebraic eqs. (3) and (28). The
first sub-step calculates kinetic and thus fluid field values at
step n+ 1/2 from eqs. (1), (5), (9), yielding δUn+1/2, δBn+1/2

⊥ ,
δPn+1/2

i and δPn+1/2
e . The second sub-step is subsequently car-

ried out in which variables are pushed from n + 1/2 to n + 1,
using eqs. (1), (5), (9). Figure 1 shows our numerical simu-
lation results plotting the KAW frequency and damping rate
vs. k⊥ρi. The time step interval is ∆t = 0.01/ωA, which sat-
isfies the Courant condition |k∥|vte∆t . 1 posed by electron
free streaming. Results from the new simulation model are in
good agreement with the analytical theories, i.e., eq. (31).
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Figure 1 (Color online) Numerical simulation results of KAW complex
frequencies versus k⊥ρi for τ = 1, βi = 0.01, mi/me = 1836 and k⊥/k∥ = 10.
Lines are solutions of eq. (31).

Another benchmark of the new model is to demonstrate
that it produces accurately the nonlinear physics of the ki-
netic Alfvén wave. Taking a single finite-amplitude KAW,
the dominant nonlinear physics is the wave trapping of res-
onant electrons via Pe,3 in eq. (28). More specifically, this
phenomenon can be observed by retaining the parallel non-
linearity in the electron drift kinetic equation, i.e., eq. (13).
Electrons are simulated utilizing the so-called δ f particle-in-
cell (PIC) method [26]. Thus we define the electron weight
w = δF/g, and represent the perturbed electron distribution
as δF =

∑N
i=1 wiS (z−zi)δ(v∥−v∥i)δ(µ−µi). Here, N is the total

number of markers, g is the numerically loaded and evolved
simulation marker distribution, and S (z−zi) = S 0((z−zi)/∆z)
is the marker shape function with ∆z being the marker size,
and S 0(x) = 1 for |x| < 0.5 and 0 for |x| ≥ 0.5. In this work,
markers are loaded according to the background Maxwellian
distribution, and the marker size is chosen to equal to the grid
size.

Letting, furthermore, the dimensionless time tωA → t and
performing the normalizations

ζ = |k∥|z, V = vvte, δe∥ =
eδE∥
|k∥|Te

, (32)

the evolution equation of electron weights then becomes

ẇ = −(1 − w)

√
βemi

me
δe∥v∥. (33)

w(t) can be readily integrated along the marker trajectories in
the phase-space, i.e.,

ζ̇ = v∥

√
βemi

me
, (34)

and

v̇∥ = −
1
2

√
βemi

me
δe∥. (35)

Let us consider a KAW with a finite and constant-
amplitude parallel electric field, 2δê∥ cos(ζ − ωt). Eqs. (34)

and (35) readily show that the phase-space electron motion
can be described by a nonlinear pendulum equation

Θ̈ +
βemi

me
δê∥ sin(Θ) = 0, (36)

in the wave moving frame −ζ + ωt = π/2 − Θ. Thus, the
separatrix width and bounce frequency for resonant electrons
trapped by the KAW are, respectively, given by ∆v∥ = 4

√
δê∥

and ωB ≃
√
βemiδê∥/me. The self-consistent dynamics can

then be divided into two different regimes: (i) the weakly
nonlinear regime, |γl| ≫ |ωB|, in which the KAW damps es-
sentially as in the linear regime; and (ii) the strongly non-
linear regime, |γl| ≪ |ωB|, in which the resonant electrons
execute rapid bounce motion and the KAW experiences neg-
ligible damping.

To verify these features, we have carried out a self-
consistent nonlinear simulation of a single-wave KAW with
the initial amplitude δê∥ ≃ 0.03 at k⊥ρi = 0.3, τ = 1,
βi = 0.01, mi/me = 1836 and k⊥/k∥ = 10. The time step
is ∆t = 0.01/ωA, the grid number is 64 in a one-dimensional
periodic system with the domain size of ζ being 2π. A total
of 32800 marker particles are loaded. This condition corre-
sponds to ∆v∥ ≃ 0.69 and ωB ≃ 0.74 ≫ |γl| ∼ (10−2), and,
thus, the dynamics is anticipated to be in the strongly nonlin-
ear regime.

Figure 2 plots the contour of electron marker particles in
the phase space. It clearly demonstrates wave trapping and
the corresponding phase-space structures. The measured sep-
aratrix width ∆v∥ ≃ 0.8 and bouncing frequency ωB ≃ 0.8
agree with the analytical predictions. In addition, not shown
here, the wave amplitude remains essentially undamped, as
expected theoretically.
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Figure 2 (Color online) Contour of electron marker particles (colored ac-
cording to the initial value of v∥) in phase space at t = 15/ωA, k⊥ρi = 0.3
and δê∥ = 0.03. The rest of the parameters is the same as Figure 1.
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5 Summary and discussions

In this work, we have presented a new and novel simulation
model, termed as GK-E&B, for low-frequency electromag-
netic waves and instabilities in realistic magnetically con-
fined plasmas. Contrary to previous hybrid MHD-gyrokinetic
simulation models (e.g., refs. [27-29]), this model employs
a sophisticated moment approach for electromagnetic fields
and nonlinear gyrokinetic equations using directly electric
and magnetic field variables, E and B. This approach more
readily reflects the plasma response and, thus, may avoid
some of the intensive and complicated computations in pre-
vious models using potentials. More specifically, the new
scheme has the advantages that, for practically important ap-
plications to Alfvén waves and instabilities, the fields could
be solved algebraically, and it intrinsically suffers no conven-
tional Ampėre cancellation problem. The current model is
also valid for physics from the macroscopic to microscopic
scales. Thus, kinetic effects such as finite ion Larmor radius
and wave-particle interactions are retained. To demonstrate
its validity, we first show analytically that the model repro-
duces correct linear dispersion relation of the microscopic
KAW. We then carry out linear and nonlinear benchmarking
simulations, and the results agree well with the analytical pre-
dictions. While, as noted earlier, we have assumed k2

⊥ρ
2
i ≪ 1

in the present work in order to simplify the analysis, extend-
ing to the regime of arbitrary |k⊥ρi| is plausible via the Pade’s
approximation and the results will be reported in the future.

Since low-frequency electromagnetic fluctuations, e.g.,
Alfvén waves and instabilities are prevalent in laboratory and
nature plasmas, we believe our GK-E&B simulation model
could provide a powerful tool to extract, understand, and ex-
plore the fundamental multi-scale nonlinear processes in a
broad scope of magnetized plasmas. Finally, in order to sim-
plify the analysis and presentation, we have ignored, in the
present work, the velocity-anisotropy; which, however, can
be readily included following [24]. The application of this
new GK- E&B scheme in more general circumstances, such
as more realistic five-dimensional simulations, detailed nu-
merical benchmarks, parameter scans, and a self-consistent

treatment of both the nonlinear wave-wave and wave-particle
interactions, is also ongoing and will be reported in future
publications.
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