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Abstract

We analyze some features of the primordial Universe as viewed in the Jordan
frame formulation of the f(R)-gravity when the potential term is negligible. We
start formulating the Hamiltonian picture using the three-metric determinant as
a basic variable and we outline that its conjugated momentum appears linearly
only in the scalar constraint. We construct the formalism to characterize the
dynamics of a generic inhomogeneous cosmological model and specialize it to
describe behaviors of the Bianchi Universes, both on a classical and a quantum
regime. We demonstrate that, when the potential term of the additional scalar
mode is negligible near to the initial singularity, the Bianchi IX cosmology is no
longer affected by the chaotic behavior, typical in the vacuum of the Einsteinian
dynamics. In fact, the presence of the Kasner stability region and its attrac-
tive character are properly characterized. Finally, we investigate the canonical
quantization of the Bianchi I model, using as time variable the non-minimally
coupled scalar field and showing that the existence of a conserved current is
outlined for the corresponding Wheeler—DeWitt equation. The behavior of a
localized wave-packet for the isotropic Universe is also evolved, demonstrating
that the singularity is still present in this revised quantum dynamics.
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1. Introduction

The standard cosmological model [1], which provides a consistent and probed general picture
of the Universe thermal history, at least after a post-inflationary temperature (but also the infla-
tionary model is a reliable theoretical framework with observational favorable indications) is
entirely based on the standard Einsteinian formulation of the gravitational field (also the stan-
dard model of elementary particles has a fundamental role). However, it is a well-known fact
that at very primordial instants (say pre-inflationary age) its nature can be more complicated
than the simple isotropic model, and additional effects from modified and quantum gravity can
become important [2—5].

The most natural generalization of the isotropic Robertson geometry is provided by the
Bianchi classification [3, 6]. In particular, the Bianchi type VIII and IX cosmological models
(the most general allowed by the homogeneity constraint) have an Einsteinian chaotic dynamics
[7-9], which constitutes a valuable prototype for the asymptotic behavior to the singularity of
the generic inhomogeneous Universe (no space symmetries are imposed) [3, 10, 11].

Furthermore, it must be noted that, while the kinematic structure of general relativity (GR),
namely its covariant nature, expressed via the tensor language is a solid theoretical con-
struction, the Einstein equations are not very general in their derivation. In fact, Einsteinian
dynamics is fixed by the Einstein—Hilbert scalar action, which is the only one respecting the
assumptions of the Lovelock uniqueness theorem: the action is diffeomorphism-invariant; it
leads to second-order field equations for the metric; four-dimensionality; no fields other than
the metric enter the gravitational action [12—15]. Among the possible restatements of the grav-
itational dynamics, it stands out for its simplicity and its capability to explain phenomena like
dark matter and dark energy overall, the so-called f(R) model, whose Lagrangian is a function
of the Ricci scalar. The interest for this model relies also on the possibility to restate the f(R)
model in terms of a scalar—tensor formulation, in which a scalar field is non-minimally coupled
to standard gravity in the so-called Jordan frame or minimally coupled to it in the so-called
Einstein frame [13, 14, 16].

It is worth noting that, as well known [13], a simplification of the dynamical picture for the
scalar—tensor f(R)-gravity can be obtained passing to the so-called Einsteinian frame. This
configuration can be achieved by a conformal rescaling of the metric tensor, which provides
the scalar degree of freedom in the form of a scalar field minimally-coupled to gravity. On
a classical level, these two representations of the f(R) model are equivalent. However, the
real physical degrees of freedom naturally live in the Jordan frame, while the Einsteinian one,
being based on a non-physical transformation, must be regarded as a valuable technical tool
only. When studying the cosmological implementation of an f(R) model, the Jordan frame
appears privileged as the Universe dynamics unavoidably explore the Planckian era, where
the gravitational setting must be quantized. In the quantum sector, the equivalence between
the Jordan and the Einsteinian framework is no longer well-established. On a quantum level,
we are legitimated to quantize only the physical degrees of freedom of the scalar—tensor
theory and, in this respect, the use of the Jordan frame is mandatory. Since we intend to
construct a cosmological setting of the scalar—tensor formulation of the f(R) model, able to
cover, in principle, the whole Universe history, we will consider, in what follows, the Jordan
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frame as the natural arena for our study (see in particular the quantum analysis developed in
part VI).

We finally observe that the canonical quantization of the gravitational field is also an open
problem in the f(R) model, calling attention as in the case of ordinary Einsteinian gravity.
In fact, the idea that the corrections to the Einstein—Hilbert action must be relevant when the
Universe density overcome the nuclear density and, more in general, near enough to the ini-
tial singularity, must be conjugated with the idea that, in the same limit, at Planckian scales,
the quantum dynamics of the gravitational field is a mandatory description. In this paper, we
provide a general discussion of the primordial Universe in the f(R) formulation of the gravita-
tional field, as viewed in the Jordan frame, facing both symmetric and generic models, as well
as both classical and quantum effects; for related topics see [17—20]. We start by re-analyzing
the study presented in [21], in which the Hamiltonian formulation of the f(R) gravitational
dynamics in the Jordan frame is developed. In particular, we introduce a representation of the
three-metric tensor in which the three-determinant is isolated, like in the original analysis in
[22]. Thus, we outline that the conjugate momentum to the three-determinant enters linearly
only in the gravitational Hamiltonian. Considerations on the structure of the corresponding
Wheeler-DeWitt (WDW) equation are developed, clarifying how it seems to resemble the
morphology of a Schrodinger functional equation (although non-local) than a Klein—Gordon
(KG) functional equation as in standard gravity [2] with respect to the choice of the three-
determinant as the time-like variable. On the basis of the general formulation above traced,
we consider the formulation of a generic cosmological model in the Jordan frame, general-
izing similar studies developed in Einsteinian gravity, see [23—27]. Then, we specialize this
scheme to the symmetric case of the homogeneous but anisotropic Bianchi universes, for which
we construct the generic Hamiltonian picture, then focusing attention on the Bianchi I and
Bianchi IX models. Here we provide a detailed analysis of the Bianchi IX Universe, demon-
strating that, as far as the potential term of the non-minimally coupled scalar field (depending
on the form of f) is negligible, the chaos of the standard gravitational dynamics in vacuum
is removed. We outline the existence of the so-called generalized Kasner solution and, via a
numerical analysis, we show its attractivity during the system evolution. Finally, we face the
treatment of quantum features of the f(R)-gravity in the Jordan frame, by implementing the
Dirac canonical method to the restated Hamiltonian constraints. We pay attention to the Bianchi
I cosmological model, constructing a conserved current for the associated WDW equation. The
construction of an evolutive wave packet is limited to the isotropic case only, being that, if
the non-minimally coupled scalar field potential is negligible, the singularity still appears in
the generalized quantum gravity framework of the Jordan frame, having chosen such a field as
the system internal time. The comparison with the case of the standard Einsteinian isotropic
quantum Universe in the presence of a minimally coupled scalar field as a matter clock is
finally provided.

The manuscript is organized as follows: in section 2 we present the f(R) theories of gravity
in the so-called Jordan frame. We also introduce the f(R) Hamiltonian formalism and then we
quantize it using the Dirac scheme.

In section 3 we deal with the formalism of the generic cosmological problem of the f(R)
theories in the Jordan frame.

In section 4 we analyze the features of classical f(R) cosmology. We derive Kasner solu-
tions and then we use them to determine the conditions for which the scalar field potential is
negligible. We also perform an analysis of the Bianchi IX cosmology showing the attractivity
of the stability region.

In section 5 we perform a critical study on the canonical quantization of the Bianchi I model
and of the homogeneous and Friedmann-Lemaitre-Robertson-Walker Universe (FLRW) in the
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case of the f(R) theories of gravity in the Jordan frame. In particular, using the non-minimally
coupled scalar field as a quantum time, we carry out an analysis on the quantum dynamics of
the FLRW model, and finally, we make a comparison with the case of a minimally coupled
external scalar field in GR.

In section 6 concluding remarks follow.

2. f(R)-gravity

Einstein’s theory of GR represents the current classical theory of gravity. Its geometrical and
tensorial structure determines the kinematics of the gravitational field in a very consistent for-
mulation, but its dynamics admits a wide class of different proposals. In fact, as stated in
the introduction section, the Einstein—Hilbert Lagrangian Ly = R is only the most simple
proposal.

2.1. The Jordan frame

A more general formulation of the gravitational field dynamics consists in the replacement of
the Ricci scalar by a generic function f(R). In the f(R) theories of gravity the corresponding
action of the gravitational field takes the form:

1

S=_
2k

d*xy/=gf (R) + Sur (8 ). (1)
where k = 87Gc~* and —g is the positive determinant of the metric tensor 8, and ¢ denotes
a generic matter field. In this way, a new geometric degree of freedom is included in the theory

(the function f), which induces different field equations [13]. Variation d,,, S = 0 with respect
to the metric g, gives the following set of fourth-order covariant field equations

1
f/(R)R/w - Ef(R)g/w - [V/IV/I - g/wD] f/(R) = kT/u/, (2)

where f'(R) = % and [J = g7?V,V,, is the d’ Alembert operator in curved manifolds.
The action (1) can take the form

1

S=—
2k

d*xy/=glgR — V()] + Sw (8w V) 3)

This is the Jordan frame representation of the action of a Brans—Dicke theory with
Brans—Dicke parameter wy = 0. Action (3) is also known as the f(R) gravitational action in
the Jordan frame. It is the scalar—tensor equivalent representation of the action (1), expressed
through a non-minimal coupling between a scalar field (¢) and the curvature (R).

2.2. Jordan frame Hamiltonian of f(R)-gravity

The Arnowitt-Desner-Misner (ADM) action of f(R)-gravity in the Jordan frame (with k = 1)
is the following

SN (hijy NN, ) = /

2 1
dtd*x NVh V’ (TK. K— K+ 3R> — ~V(®)+
RxS 2 2

3
- g(qi) - N"a,-qs) + ;a@a’N] , @)
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where 3R (hija a[]’l,'j, Bmalh,»j) is the Ricci three-scalar, TKij = (K, — %]’l,‘jK); TK.TK =7 KijTKij
and h = det (hij) .

In analogy with the articles [21, 28], by performing a Legendre transformation, we obtain
the following Hamiltonian density

2 . 1 1
HAPM = N[—( ] —m)+

Vh\ ¢ 6 3
h . . )
+ g (V(¢) — ¢°R+2D:D'¢) | + N'[my0;¢0 — 2Dy =
= NHgur + N'Hp, (5)

where we have highlighted respectively the so-called superHamiltonian Hgyr and supermo-
mentum ’Hf 1= Which represent the two secondary constraints of the theory as we can see from
Hamilton’s equations

aHADM
NSEM =0 — — af/ — Heyr =0,

3HADM (6)
Sy =0 — — azJ\?i — Hip = 0.

The prefix super, conceived by Wheeler, indicates that the configurational space of canonical
gravity is the space of all Riemannian three-metrics Riem(3) modulo the spatial diffeomor-
phisms group Diff(3) on the slicing surface 3. Explicitly

Riem(Y)

hij} = — . 7
This is the space of all three-geometries and it is known as the Wheeler superspace: the oo-
dimensional functional space of all the equivalence classes of three-metrics /;;(t, x') linked
together by three-diffeomorphisms.

As discussed in [21] the constraints 7, jr and H£;; comprise a first class constraint similar

to GR as:
{HEND, /HEJF(N/)} = Hz'g,JF([Ni,Ni/] ),
{HS (N, Hyge(N)} = Hgie(Lyi), ®)
{Hear(N), Hoe(M)} = Hig,JF(NDaM — MD'N),

where L is the Lie derivative.

A confirmation of the closure of this algebra is also provided by the independent gauge
covariant analysis in [29, 30]. It is there demonstrated that the basic mode of the linearized f(R)
theory, in the Jordan frame, are only three. A scalar mode is added to the two standard tensorial
representations. This result confirms the first-class character of the obtained constraints. By
a simple counting of the theory degree of freedom, we have 22 phase space variables and
the usual eight first-class constraints of the standard gravity, which eliminate 16 degrees of
freedom. It is straightforward that we arrive at the right number of six phase space degrees of
freedom for the considered modified gravity.
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2.3. Wheeler-De Witt equation

The canonical theory of gravity, also in his f(R) extension, can be written as a dynamical
system subjected to first-class constraints with a Dirac algebra. In Wheeler’s superspace, the
dynamics of the gravitational field is generated by imposing the superHamiltonian constraint,
which leads to the WDW equation. It is well known that in GR the WDW equation can be seen
as a KG equation with a varying mass. By defining the new set of variables {&, u;;}

€= hi,
s ©))
hij = &3u;j,  u = det(u;)) =1,
and imposing the canonical transformation
Wgatf + Wijatuij = pija,hij, (10)
we can immediately obtain the WDW-KG-like equation in GR
. 2k (i im 3 5. Vh
Hg|\1/> = ? <7T j’/Tl M,'[Mjm — 325277%) — 27]( 3R |\I/> =
3 6 1 52
= U | S — ity ——
{32 TR
__& 5 R| (& {uy}) =0, (11)
(2kh)

where the variable £ is timelike (internal time), while the variables u;; are spacelike. We now
review the corresponding formalism in the case of the f(R) theory in the Jordan frame. Fol-
lowing the same procedure described above, the superHamiltonian H, r in the new canonical
variables {&, m¢; uij, m;j; ¢, 7, } takes the form

2011, . 1 1
Hg,JF = ? |:¢(7Tl]ﬂ_lmui1ujm) + 6@1771'3) — Zgﬂ'gﬂ'@—F
54

+7 (V() — ¢ R (&, uij, O, Ouyj) + 2D,~D’¢)] . (12)

Applying the Dirac quantization, we obtain the WDW-KG-like equation in the Jordan frame

» 21 ~ij~lm 1 ~ 1 A oA
Hg,JF|\Ij> = ? |:$ (71' 17'('1 uilujm) + gd)ﬂ'é — Zfﬂ'fﬂ'@+

4
+ %(vms) —¢’R+ 2DiD'¢)} |),

_2_1.‘52_¢52 1 &
o_zh[ 5" S S~ 662007 T ag se0g
2
+ 45712 (V) — &R + 2D,-D"¢)] V(& {ui}. ). "

We immediately notice that we cannot identify a d’ Alembert operator in the equation, so it is
not straightforward to identify a phase space variable playing the role of a quantum time in
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the theory. One result that deserves to be taken seriously, is the linearity of the equation with
respect to the conjugate momentum 7¢. Differently from the case of GR, the equation (13) is
linear in 7¢. This makes the WDW equation in the Jordan frame conceptually more similar to
a Schrodinger-like equation, in which & would be the timelike variable. There are, however,
substantial differences between the equation (13) and a Schrodinger one, such as the functional
nature and the undefined role of variables {&, ¢} as spacelike or timelike variables of the theory.
In fact, there is a non-trivial coupling between the variables {&, ¢}, which is expressed in the
third term containing mixed partial derivatives. It is also evident that, even if we choose ¢
or ¢ as a quantum timelike variable, we will have to face the impossibility of performing a
frequency separation procedure. This critical feature is due to the presence of the potential
term V(¢) — ¢’ R + 2D;D'¢$ which depends on {&, ¢} and their derivatives.

3. The generic cosmological problem in the Jordan frame

The generic cosmological problem represents the Hamiltonian formalism of gravity for an
inhomogeneous space. In what follow we outline the main results in the canonical formalism
of the generic cosmological problem in the JF.

3.1. Hamiltonian formulation in a general framework

Using the triadic formalism, the three-metric associated with a generic inhomogeneous space
can be written as

hij(t, x*) = nap(t, X (1, xel (1, x1), (14)

where 1, 1s its triadic representation and a = 1,2, 3 are the SU(2) indices. The corresponding
line element is

ds* = =N dr* + hij(1,x")(dx' + N'dr) (dx/ + N/ dr),
where N = N(z, x*) and N' = Ni(z, x*).
We can define a generic set of three-vectors on the hypersurfaces Ef of the ADM foliation
as

el(t, x*) = 05(x")0p" (1, x*), (15)

where y” denotes three scalar functions and O¢ is a SO(3) matrix such that O¢0¢ = §¢. This
definition of the three-vectors ¢, allows us to rewrite the three-metric tensor #;; as

k a(txk k ky _
hij(t, xb) = et el (1, xN)efl(r, xF) =

= > e D059 1, ¥ 0Ly (1, 5), (16)

where g,(t, x*) = In(a*(t, x*), b*(1, x¥), (¢, x¥)) denotes the three inhomogeneous cosmolog-
ical scale factors.
Imposing the canonical transformation (h;j, p) = (qa, Pa; Yas Ta)

PIOhi; =" puOiqa + Y _TaOYas (17)



Class. Quantum Grav. 39 (2022) 175011 N Bamonti et al

we obtain the superHamiltonian € )¢ and the supermomentum % in the new generic
framework

2
2 Zpg - é(ZPa) 1 ) 1
Hg k= ﬁ P + 6(;57T¢ - g;pﬁw +
h ,
+ % (V(¢) = ¢°R+2DiD'9), (18)
Aoy = mo0ip + w0y + pudig” + 2pa(01) 0,05 (19)

3.2. The generic cosmological problem in Misner-like variables

Let us introduce the Misner-like variables as { a7, x*), B1.(t, x*) } via the transformation
@102 = (alt) + o025 + V3B (.49),
0200, 6) = (a6, ) + B (1,6 = V3B (1.6, (20)
g3(t, ) = (a1, x) = 28,1, 4Y)).

Imposing the canonical condition (g4, p,) — (@, pa; Bx, p+)

PaGi+pi By +p B = PuOida @1)

we can rewrite the f(R) superHamiltonian (18) of the generic cosmological problem in Misner-
like variables

3
2e 241 1 1 1
Fqip == — [@ (o +r)+ 6775#5 3P0 + Ula, Bz, )|, (22)

where U(a, B, @) = %263“ (V((;S) —¢3R+ 2D,D’¢) and v(x') = det(e?).
It is clear that, differently from the case in GR [3] where the superHamiltonian takes the
form

3
2e 2¢

M, = (=pe+ Py + P2 + Ul By)), (23)
in the case of the f(R) theories in the Jordan frame, we lost the pseudo-Riemannian structure.
It is also evident that the equation (22) is the classical counterpart in the cosmological context
of the WDW quantum-gravitational equation (13). Therefore, the same considerations about
the problem of identifying a time variable apply. As we have already done, we highlight the
linearity of the equation with respect to the conjugated momentum p,, and, therefore, the formal
analogy between the equation (22) and a Schrodinger-like equation, once one assigns to « the
role of the timelike variable of the theory. The presence of a potential term still does not allow
the construction of a Hilbert space for physical quantum states.
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4. Classical f(R) cosmology

When we use the term classical cosmology we refer to the description of the Universe using
the tools provided by GR and, in this case, the equivalence with Brans—Dicke theory of f(R)
models. Our purpose is to analyze the Bianchi IX model, which is the prototype of the generic
cosmological solution, in the Jordan frame and try to solve an already known issues of this
model in standard GR: its chaotic behavior as we are going through the cosmological singu-
larity. In order to achieve this result we need to follow some intermediate steps: recall some
interesting properties of the Bianchi IX cosmology in standard GR, find a solution for the
Bianchi I model, i.e. the Kasner solutions, and use these solutions to discuss some properties
of the potential terms. We want to define a class of f(R) theory for which we can neglect the
term V(¢) in a way that the solutions became independent from the specific functional form of
the theory.

About the assumption of neglecting the potential term of the scalar mode, it is justified
a priori because of the presence of a volume factor e** which vanishes towards the initial
singularity. However, only a posteriori, we can select those f(R) Lagrangians for which the
considered assumption holds, as discussed above in detail.

Then we discuss the properties of the potential term of the Bianchi IX model and try to
find a region, in the space of parameters that describes the Kasner solutions, which removes
the chaos. Finally, we will discuss the properties of our cosmological model, studying the
dynamical features of the bounces that characterized the Bianchi IX model.

4.1. Bianchi IX cosmology in GR

The Bianchi models are a class of cosmologies that obey the homogeneity constraint but not
the isotropy constraint. The relevance of the dynamics of Bianchi models consists in the role
these geometries could have played in a very primordial Universe, before the inflation phase.
For a quantum discussion on the Bianchi IX model see [31, 32]. We will focus our attention
on the Bianchi IX model because we are looking for the most general cosmology allowed by
the homogeneity constraint, since we do not have any clue to the need for specific symmetries
and because it also admits the isotropic limit. We would like to present some properties of the
Bianchi IX model in standard GR which will be useful for our further analysis.
We start with the line element of a general Bianchi model [2]:

ds? = —N*(dr* + @’ (DWW + B (OW") + D)W (24)

In order to discuss the most important properties of the Bianchi models we use the Misner
variables introduced in (20).

The choice of these variables allow us to separate the isotropic contribution, related to the
variables « i.e. the logarithm of the Universe’s volume, from the two degrees of anisotropy
related to 5. The Misner variables make the kinetic part of the Hamiltonian diagonal [4].
Adopting the coordinate «, 5, the super-Hamiltonian constraint, in standard GR, takes the
form:

Hp = —po +P5 + P~ + Va(a, Bu), (25)

where Vg denotes a potential term, different for each Bianchi model and due to the spatial
curvature and « seem to be the right time-like variable of the system.

9
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Writing down the potential term for the Bianchi IX model we obtain:

2V1X _ <e4(y+43++4\/§3, + e4(y+43+—4\/§3, + e4(y—83+)+

(26)
_ 2<e4(1+45+ n ha—3B1+2V35- n e4(y—25+—2\/§5,).

The first parenthesis dominates as we are going through the cosmological singularity, placed
at @ — —o0, and the potential term is reduced to an infinite well with the form of an equilateral
curvilinear triangle.

Far from the potential well, we can find the equations of motion by neglecting the poten-
tial term. These solutions are known as Kasner solutions for the so-called Bianchi I model
(Vg =0).

The Hamiltonian constraint (25) can then be solved with respect to p,, [33] as:

p(y:_ha:_\/Pi +P2_ (27)

Using the Hamilton’s equation we can find 3, as functions of «:

% = pe = const, (28)
da Pa

with (%)2 + (%)2 —1.

The chaotic behavior of the Bianchi IX model in standard GR is a well known problem and
it means that the vacuum Bianchi IX classical evolution is constituted by an infinite series of
Kasner regimes (free motions of the point-Universe), associated with continuous scatterings
against the infinite potential walls [34, 35].

Since the Bianchi IX model is not integrable [36], the scattering dynamics can be charac-
terized deriving a function which maps the solutions before a bounce into the solutions after
the bounce.

The ADM-Hamiltonian of the system can be rewritten as:

1
Hix = \/P%s- +pE+ 5 exp(4a — 83,), (29)

where we included only one wall thanks to the symmetry of the potential. The Hamiltonian

‘Hix is independent from S_ and so p_ is a constant of motion. Another constant can be found

comparing p/, and Hiy, so we can define a new constant of motion as: ¢ = 1/2p; + Hix.
These two constant of motion allow us to find the value of 3/, and 3’ after the bounce as

dp—
Jda

N 2
function of their value before. Since (d‘5+) + ( ) = 1 we can parameterize 5’ = sin 6

“da
and (', = cos 6.
The constancy of p_ and ¢ gives us, using (28)

i . £ .
Hix sin 6; =H;x sin 6y,

) (30)
Hix (—1/2 cos 6; + 1) =Hiy (+1/2 cos b + 1).
These can be combined to find an equation for 6 as function of 6;,
1
sin 0 — sin 6; = 3 sin(6f + 6;), 31

which is sufficient for our purpose.

10
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4.2. Kasner-like solutions in f(R)-gravity

The Bianchi I Universe corresponds to set Vg(«, 51+) = 0, since the structure constants of the
isometry group are all zero. Strictly speaking, we are assuming also the potential V(¢) to be
negligible. This assumption can be supported in relation to the inflation theory, for which during
the Planck era the inflation field ([3, 37]) is a non-interacting field (for an alternative paradigm
about the power-law inflation in the f(R) gravity see [38, 39]). The conditions under which the
potential of the f(R) theory is negligible will be discussed later. The superHamiltonian (22)
becomes

1 1
20— = PaTy |- (32)

3
2e72¢| 1
Higr = B @(pi +p2) + 6™ 3

In the framework of Bianchi models, it is easy to recognize the coincidence between the set of
variables emerging from the ADM reduction method and the Misner variables. In particular, the
anisotropies of the Universe 3, represent the two physical degrees of freedom of Einstenian
gravity, the variable « represents an embedding degree of freedom and the variable ¢ is a
massive mode. Solving classically the superHamiltonian constraint (32) with respect to the
conjugate momentum 7, we get the following quadratic equation:

2 20 (Pt

M= et T = 0, (33)

which admits the solutions

_ P 1 — ‘
R =k R = e o4

where in the last equality we highlighted the role of 44 as the new Hamiltonian which regulates
the dynamics with respect to the time variable ¢.

The next step in the procedure consists in the imposition of the so-called time gauge which
sets the lapse function N

. 0N INe 3@
-N BM LJF €

¢ 87T¢ - Iv (¢7Td) - p(y) - 1, (35)
= Nabm = 72@)7% — Pa) .

Since N is always positive, we obtain the condition ¢, > p, which constrains the choice of
the positive sign in equation (34).
From the Hamilton’s equations

Ja 8h¢ 1 DPa

= |,

00 O O\ \fR-R-p @
8pa - 8h¢ -0

¢ da

we can derive the equation of motion

a(¢) = —K In(¢) + o, (38)
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where we can set g = 0 by choosing the initial condition a(1) = 0 and where K is a constant
of motion defined as:

Pa

R-r-r

Since the Misner variable « is related to the volume of the Universe, the constant K must always
be real. Consequently, we must impose the relation:

K=1+ (39)

>+, (40)

which constrains the value of |K| > 1.

The Hamilton equations takes the following form: dj, /d¢ = 0h,/Op, and, since the
Hamiltonian does not depend on the coordinates, the momenta are constant.

We can express the Misner coordinates as function of the scalar field:

Pa

a=—|14+4 ———————]1n ¢,

A-r—

41)
By = = In ¢
R-r -1
By dividing between 8. (¢) and a(¢) we can find:

Ba(e) = e . (42)

Dot Pi - Pi - sz

4.3. Potential term of f(R) theory

‘We want to deal with the most general scenario, without fixing the functional form of the theory.
As the model we are analyzing is important only in a pre-inflation scenario, we are interested
in the limit & — —oo and so we want that the potential term of ¢ in the Hamiltonian of the
system vanishes as we are going to the cosmological singularity. So we can work with a class
of theories, that obeys to this constraint, instead to deal with a specific theory with a specific
functional form of the potential. In order to achieve our goal we will use the Kasner solutions
found in the previous section and then we will discuss the functional form with the dominant
diverging term which admits the limit we are looking for. Finally, we will define a concrete
constraint of the functional form of the potential of the f(R) theory.

We have to rewrite the Kasner solutions because we are interested in ¢ as a function of a.
The Kasner solution (equation (41)) gives us a(¢) that can be easily inverted in order to find:

da) =e K. (43)

We can assume that V(¢) o< ¢" as the limit form of the potential, because potentials that
diverges faster than this are forbidden by the condition chosen on the potential.
With this choice of the potential we have:

63(1V(¢) x e3(y e—my/K — e(3—n/K)(1, (44)

12
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we have to study the sign of 3 — n/K because it must be positive in order to have a vanishing
potential. We will now calculate the maximum » that respects the condition

pOé
R -1

The function of the momenta is strictly increasing and his maximum and minimum value
are defined by its limits, respectively to -co:

n<3|1+ (45)

pOé
R

and so the value of K is also limited between 0 and 2.
Since we are interested to the maximum value of n, given K = 2 we find:

-1< <1, (46)

nVAX = 6. (47)

For all f(R) theories, leaving to a potential term which diverges slower than ¢° the present and
following analysis hold.

The form of the function f, due to a polynomial form of the potential V(¢), can be derived
using the following differential equation:

F'"®IR = V'(f'(R)] = 0. (48)

Substituting a polynomial potential we obtain the following form of the function:

R\ i
f(R)=(n—1)<;> : (49)

so we can fix n € (1, 6].
Imposing f(R) = R+ (n — 1)(®) " the potential term V(¢) takes the following form:

V() = (o — D" (50)

It is straightforward that for low curvatures, since n/(n — 1) > 1, GR is recovered.

We observe that, for n = 1 a singular behavior of the obtained f(R) model emerges (49)
and this suggests to exclude this value in a physical formulation of the model. However, in
principle, we can consider a potential term for the non-minimally couple scalar field, having
the form

6
V()= cnd. (51)
n=0

For such a general choice, actually to be thought as a Taylor expansion of the potential,
an analytical expression for the corresponding f(R) expression can not be found (for generic
constants c,), but it is natural to expect a resolution of the singularity discussed above, even
when n = 1 is included in the development.

We observe that, in the early Universe, the scalar field ¢(¢) has its own dynamics and the
cosmological gravitational field significantly deviates from the Einsteinian picture, while in
the late Universe, near the minimum of its potential ¢ ~ 0, we recover Einsteinian gravity for
ap # 0 or also a cosmological constant term.

13
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4.4. Chaotic behavior of the Bianchi IX potential

We have already seen that the dynamics of the Bianchi IX model is completely determined
by its potential. The form of the potential, in its asymptotic form, is a wall with a triangular
symmetry but in a f(R) theory it is multiplied by the scalar field ¢. This feature gives us
the chance to remove the chaotic behavior of this model, characterized by oscillations from
one Kasner solution to another. We are looking for a region, in the space of parameters that
characterized the Kasner solutions, that ensures us that the potential term will vanish as we are
going to the cosmological singularity. We analyze the role of scalar field using the method of
consistent potential (MCP), i.e. we assume that the approach to the singularity is asymptotically
velocity term dominated [40]. If this is true, the model approaches closely to a Kasner solution.
The superHamiltonian constraint takes the form:

Hixgr = Hi + Hy, (52)

where H is the kinetic term and H,, stands as
2H, = pe { (625++2\/§Bf L2238 ef4ﬁ+)
_2 (e2*5‘+ etV | e‘ﬁrﬁﬁ*) } + V(). (53)

In these variables, the singularity occurs as o« — —oo, and as we have discussed in the pre-
vious section e3*V(¢) — 0 going to the singularity, so we shall ignore this term. The MCP
will be used in order to define a Kasner stability region in which the characteristic oscilla-
tion of the Mixmaster Universe are suppressed after a given sequence. The MCP requires to
assume Hyx jrp = H. Variation of this Hamiltonian yields equations with the solution obtained
in equation (41) which we are going to express as function of «

Be =B,
N (54)
p=e K,
where K is defined in equation (39) and /3 are defined as
g, = - : (55)

Do+ pi_p%r_pZ_

The minisuperspace potential is dominated by the first three terms of rhs of equation (53) so
ZHV ~ ¢620z (625++2\/§B7 + e+25+72\/§57 + 6745+) (56)
we can write K as a function of 3/ and 3" considering that
Pt
2 b
(pa+\/pi_p%r _pz)

and find p2. + p? as function of A7, 5 and, inserting it into the definition of K, we can write:

BT+ 8% =

1 _ st 57)
2K 4p7 +4p7

14
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Substitution of (55) and (57) into (56), yields to:

2 2
Hy ~ exp{Za(l + B, +V38. — ‘W)
2 &
72 2 —1
+ exp{Za(l + 8 —V38 — m>}
2 &
12 2 -1
+exp{2a<l — 28, — %)}- (58)
2 2

We are looking for the values of 5, and 3 which makes all the terms going to zero as
a — —oo. In order to achieve our purpose we had to request that all the three terms inside
round brackets to be positive.

With the help of the software Mathematica we have solved the three inequalities to find the
values of 3, and 3_ which can make all the three exponential to vanish at the same time. The
stability region is the blue region shown in figure 1.

We want to check if actual the Kasner stability region is an attractor for the Mixmaster
dynamics. First of all, we shall remember that, near the singularity, the matter and radiation den-
sity terms are negligible because the dynamics of the Universe is dominated by the curvature
term due to the geometry of the space-time. The potential term of the Bianchi IX cosmology
depends on the variable « and this feature complicates the dynamics with respect to the Kas-
ner solution, generating in principle a chaotic evolution. The vacuum Bianchi IX dynamics is
constituted by an infinite series of Kasner regimes, associated with the continuous scatterings
against the infinite potential walls. The purpose of this chapter is to verify if, thanks to the addi-
tional degree of freedom introduced by the choice of f(R) framework, we are led to remove
the chaotic behavior. We have already find a region, in the space (5., 5_) of the parameters
that describe the Kasner solutions, for which the point-Universe does not impact against the
potential walls. Now we want to verify if the natural evolution of the system, starting from
any point in the parameter’s space, will bring the point-Universe to the Kasner stability region.
The calculus of the equation of motion is very complicated because of the potential term, so
we will not integrate numerically the equation of motion (which are not clearly analytical inte-
grable) to determinate the evolution of the cosmological model. Instead, recalling the method
used by Misner in [34] to find the equation (31) we will search for three constants of motion
that allow us to find the new Kasner solution, after the bounce, as a function of the previous
solution.

The superHamiltonian constraint takes the form:

Hix e = ¢, — 2mopa + pi;pz_ + ¢V(a, By) =0, (59)

where the potential of the model is given by equation (56) and the potential V(¢) was neglected,
as we saw previously.
We will solve the superHamiltonian constraint with respect to the variable ¢:

7T¢:;{pa+\/p§—1ﬁ—l72—¢2V(OZ,5¢)}- (60)

In the standard case, the evolution of the Universe is described by giving 3. as functions of
the scalar field ¢. The entire problem is governed by the function V(a, 3, ), which has the
symmetry of an equilateral triangle.

15
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Figure 1. The Kasner stability region is the blue region in the plane 3, 5" . In figure
is shown the evolution of 10* models with different initial conditions. The models are
divided in four circles placed at the corners of the square 3/, < 1and 8’ < 1. The mod-
els were evolved thanks to the Kasner map (68) which allow us to find the new Kasner
solution after the bounce of the point-Universe against the potential wall of the Bianchi
IX potential. After three bounce all the models reach the stability region and then no
other bounces occur. Thanks to the Kasner stability region and Kasner map the chaotic
behavior of the Bianchi IX model is removed in the context of f(R)-gravity in the Jordan
frame, in the limit of a negligible potential term of the additional scalar field.

For 3, — —oo it gets the following asymptotic form
Vo~ g2t (61)

showing one of the three exponentially steep walls on which the equipotentials are straight
lines. The corners of this triangular potential are open, it satisfies the condition V > 0 and
vanishes only at the origin, where V ~ 2(@2F + ﬂ%). Because the potential rises so steeply for
large $3, little time is spent with the 5 bouncing against the potential wall and most of the time
is spent in free motion when V can be neglected, so the motion is described by the Kasner
solutions (41) and (42).

16
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By defining the velocities as the derivatives with respect to the logarithm of scalar field

a’:1+p—a’
PR—ry—r
(62)
P+
Vi_ ’
R-R P

with the condition (o/ — 1)* — (8,)* — (8.)* = 1.

For the sake of simplicity we study the bouncing against the potential of an assigned Kasner
solution, considering the vertical wall which intersects the axes 5 . We recall that the choice of
this wall is equivalent to any other one, due to the triangular symmetry of the potential (under a
rotation of Z). We consider the asymptotic form of the superHamiltonian using equation (61):

1
Hixr = 5{1% + \/Pzzw —py - pt - et } (63)

Itis independentof 3_ in this approximation, so p_ will be constant during the bounce. Another
constant of motion can be found by comparing this equation

0
P = — Hixgr _ U)o
, 0B+ ’ (64)
Hix jr _ o
Py = — oo _ZHIXI,JF 2

with the results that % P+ + po = const. A third constant of motion can be found in the same
way, by comparing the two terms

a h 8 (e
o7, O (65)
oo ¢

and so we have ¢, + p, = const.
Thus, the explicit form of the constants of motion is:
Ky =2p, + \/p?l_pi_p%’
1

KZ - §P+ + Pas (66)
K3 = p-.

The system of equation we want to solve is: Ki(p),, P/, P ) = Ki(pa, p+, p-), withi = 1,2,3
and the primate quantities are the ones after the bounce. We chose these three constants of
motion to reproduce the analysis of the Mixmaster Universe made by C Misner in GR and
properly extend it to f(R) gravity in the Jordan frame.

However, we have to stress that this choice of integrals of the motion is not strictly unique,
as typically occurs in general in analytical mechanics: given a set of constant of motions,
generic functions of them are still constants of motion for that system. Unless some constant
of motion have a clear physical meaning (energy, angular momentum, etc... ), the best choice
is the simplest one, which makes immediate the dynamics description. We followed here just
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this criterion to select our constant of motion, having in mind that the physical properties of
the Bianchi IX dynamics, like non-integrability and chaoticity, are not affected by the specific
form given to the available set.

In order to solve the system we use the Kasner solution to write the equations as function
of vy and v, with v, = o — 1. The velocities satisfy the condition: v2 — v}, —v2 = 1, which

suggest the following change of variables:
Vo = cosh ¢, vy = sinh ¢ cos 0, v_ = sinh ¢ sin 6. (67)
We can rewrite the constant of motion as function of ¢ and 6:

H(2 cosh -+ 1),

- (1
H(E sinh ¢ cos 6 + cosh cp), (68)

H(sinh p sin 0),

where H = /p2 — p2. — p*.

We have developed a software to help us to simulate the evolution of the system. We have
performed many simulations to understand if the system was able to reach the stability region
starting from any point in the space of the parameter that describes the Kasner solutions
(B, B"). Since |B.| < 1 we choose to evolve 10000 models inside four circles on the four
corners of the square with a radius 0.1.

The constants of motion are written as function of v and v, while the Kasner stability
region is a function of 3%, we can write 8} = ;57 and evaluate the position of the model in
the Kasner parameters’ space after every bounce against the potential walls. Every run of the
model, started with random parameters inside the circles, has reached the stability region and
so we can deduce that the natural evolution of a Bianchi IX cosmology in the Jordan frame
naturally removes chaos.

5. Quantum f(R) cosmology

With the term quantum cosmology (QC) we refer to the application of the quantum theory of
gravity to the entire Universe. The existence of such a theory would clarify the physics of the
Big Bang, describing the entire Universe like a relativistic-quantum object.

5.1. Bianchi | Universe

By promoting the superHamiltonian constraint (32) to a quantum operator annihilating the
wave function p(a, S+, ¢), we obtain the WDW equation

3
“ 2e 2% 1 ,. . 1. 1.
Hee|p) = v [6(;5(1)1 +P2_) + gﬂzﬂﬁ - 31%%] %)
3
2e72¢ 1 10) 1
= w|—-— (03 ) - 0; 5 YaUy = V.
- { 6¢(8++a_) 6304—380]90 0 (69)

In the kinetic term mixed impulses in the variables («, ¢) appear and consequently, it is impos-
sible to trace the formalism back to the problem of a free relativistic particle. We choose a
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particular factor ordering of the WDW equation rewriting the equation as

3
2e 30

A%

1
60

Substituting in equation (70) the natural solution

1 1
130006 — 25 (0% + 02) = 204(90y) | ¢ = 0. (70)

p(a, B, ¢) = A eilks P Fhi-thaa) g(g5) (71)

we obtain a Bessel differential equation for the function f(¢)

o? 0 .
5+ 0Th =2k — (B )7 =0, 72

of solution
o) = engt B (o g VR, 73)

where (cy, ¢p) are arbitrary constants to be fixed by the initial conditions. As is usually done in
QC in the presence of a scalar field, we will assume ¢ as a timelike variable. Such a choice,
in the Jordan frame is interesting for the idea of using a gravitational degree of freedom as a
quantum time. In this way, the problem of time in quantum gravity could be addressed through
a generalization of GR. It is worth stressing that the scalar field emerging in the Jordan frame is
not physically different from a minimally coupled matter scalar field, apart from the non-trivial
coupling with the metric tensor. In [30] it has been shown that this additional degree of freedom
is a real massive mode, whose presence introduces new polarizations in the gravitational wave
of a f(R) theory, viewed in the Jordan frame. Near the cosmological singularity, we consider
as negligible the scalar potential, so that we deal with a free massless non-minimally coupled
scalar field, which can play the role of a relational matter clock, in the same way the kinetic
term of a self-interacting scalar matter field is commonly adopted in QC to describe the system
evolution [41]. Also the interaction with the thermal bath with the non-minimally coupled mode
is indistinguishable from a matter field, since both these fields have no a direct coupling with
the radiation component. By other words, here we propose that in a modified gravity theory
of having the f(R) morphology, a natural clock is provided within its gravitational degrees of
freedom, since the non-minimally scalar mode manifests itself as a scalar matter field coupled
to standard gravity. We would like to stress that, adopting in quantum gravity a physical clock,
as we did for our minisuperspace model choosing ¢ implies that the resulting dynamical picture
is the only available for the system. In fact, on a quantum level, it is not possible to pass to a
description based on a label time, e.g. the synchronous time. Such a mapping is, in fact, possible
only if and when the quantum Universe approaches a classical limit. For an example of the
discrepancy existing between the description in terms of an internal clocks and a synchronous
time, see [42—44]. However, our choice of ¢ as an internal clock should be regarded as a natural
one, since, according to the standard quantum gravity literature [45], we identify an internal
scalar degree of freedom as the time coordinate after the quantization procedure is performed.
Of course other choices would be possible, for instance the volume of the Universe, but the
present analysis makes immediate the comparison to standard geometrodynamics when an
external scalar field is considered, according to a large number of cosmological analyzes in the
quantum regime [3].

We finally observe that, the possibility to neglect, near enough to the cosmological singu-
larity, the presence of the potential term V(¢), is of crucial relevance in defining its role of time
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coordinate. In fact, the presence of such a term could induce a non-monotonical behavior of
the scalar field (for instance due to oscillations around the minimum of the potential) and this
(in principle classical) feature of the time variable is one of the ground level requirement to
deal with a suitable relational clock [46].

One can easily note that, by choosing the variable ¢ as the internal time of the theory, the
frequency separation procedure is unfeasible due to the lack of the term e+, Since the WDW
equation (70) is linear, the superposition principle holds, so we can construct the following
Gaussian wave packet describing the quantum dynamics of the Bianchi I Universe

“+o00 “+o00
(e, B, §) — / / dy dks d_ Ao, ke)p(, B, 6, (74)

where we choose

(ko) (4 Bs), (1)
1 ei( 202 * 201 * 202

2V (27r)3 0a04+0_ '

as a Gaussian probability distribution, in order to properly localize the quantum state.

We note that by constructing Gaussian-like wave packets, we are assigning a specific state
morphology to our dynamical system, a degree of freedom always ensured by a Cauchy
problem for the quantum evolution. The Gaussian states have the peculiarity that their mor-
phology is summarized by the mean value and the standard deviation of the considered config-
urational coordinate. If we would have considered more generic localized states, the role of the
higher probability distribution moments can no longer be disregarded, in principle. Nonethe-
less, the physical intuition on the spreading properties of the quantum evolution is certainly
contained in the Gaussian packets, since their Fourier representation provides an immediate
elucidation of the uncertainty relation.

A(k(w ki) - (75)

5.1.1. The probability density. In order to define a Hilbert space, we must introduce a positive-
defined scalar product and, therefore, a positive-defined probability that is preserved over time.
We can build the scalar product induced by the WDW equation (70) by imposing the relation

@ (71) — (71)" = 0, (76)

where ¢* is the complex conjugate wave function and (71)* represents the complex conjugate
WDW equation. In particular, the relation (76) explicitates as

| 1
%o (9 0% — 907" + 0" 0% p — 07 ™) + ¢ (#705(8000) — 905 (800") ) +

1
~3 (" 0a0s0 — 9D 0s") = 0. (77)

In order to search for a probability density, we want to trace back the quantity (77) to a
continuity equation

Ou" =0 p = (0, By, -, ). (78)
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We emphasize that we have relaxed the request to use a covariant four-divergence, in favor of
a Minkowskian one. Considering the so-called minisupermetric g"” in the equation (70)

1

0 0 0o —-

6

0 L 0 0
g = 6 (79)

0 o — 0

1 60 10)

—Z 0 0 h

6 6

we can explicitate the relation (78) as
81“——1(81 +8J)+1J +¢8J 1aJ 18] (80)
1 __6¢ +J+ —J—= 6¢ 6¢¢ 604¢ 6¢04

By comparing equations (77) and (80), the components of the conserved four-current J* take
the form

Ji = (¢ 0rp — p0r"),

Jo = (9"0pp = 900¢"), 81)
Jo = (¢*0atp — @0a"),
and, in analogy with the KG theory, the quantity
/ i/, dfida = (plp). (82)

00

turns out to be a good candidate for a probability. However, this scalar product is not positive-
defined and, unlike the case of the KG theory, the separation of frequencies cannot be per-
formed. We now define the probability density

po = i(0* s — 00s") = i(f*0pf — fOuf"). (83)
Considering the function f in equation (73)
F(o) = ¢i(k,,f,/k§7ka_7k27) (1 + ¢2i,/k§ki_k2>
_ ko ((b—i,/k%—ki—kZ I ¢i1 /k,z,,—ki—k2>’ (84)

with the choice ¢; = ¢, = 1, the probability density takes the form

po = =2 (2 6+ 67) (85)
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Figure 2. The trend of the probability density p,, as a function of the time ¢. The oscilla-
tory cos?[In(¢)] regime is shown in orange; the hyperbolic cosh?[In(¢)] regime is shown
in blue.

where R = k% — k%r — k2. Doing some math, we arrange the term in parentheses

(24 ¢75R 4 §%R) =2+ SIn() | In(o-R)
=2+ (eizR In(@) | o—i2R ln(q‘)))

=2+ 2 cos(2R In(¢))
=2[1 + cos(2R In(¢))] =2 {z cos? (@)] . (86)

Finally, we can rewrite the probability density (85) as

ps = —% cos? <ln(¢)\ k2 — K5 — k2>. (87)

It is easy to see that p, € R and imposing the condition p, > 0, we find the constraint k, < 0.
Using polar coordinates

ky =rsin 0,
(88)
k_ =rcos 6.

we can find two trends for the probability density function, depending on whether the term

\/K2 — K% — k2 = \/k2 — r? is real or imaginary (see figure 2).
In particular, being » > 0 and k, < O,

ifr < —k, oscillatory cosz[ln(¢)]regime,

{ifr > —k, hyperbolic cosh h2[In(¢)]regime. )

Considering the condition (40) derived from the Hamilton’s equations and the relation p = 7k,
we conclude that only the oscillatory regime is physically acceptable. Therefore, the wave
packet (74) can be rewritten as
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0 —kq 27
(e, B, §) — / / / dk, dr 46 [rAGKa, 7, O)p(c, By D], (90)
—00J0 0

where

20%

32 in 0—r 0 7)? o8 07 o5 0)?
1 B ((ku*/;(y) 4 (r sin (; 12 sin 9) 4 (r cos §—r cos 9) )
e

Alka,1,0) = ———=—e \ ™ )Y
VQ2rYo.o0-
Consequently, the normalizable probability density is
po =i(P 00 — PO,P"). (92)

5.2. The isotropic and homogeneous FLRW Universe

In this section, we will analyze the quantum behavior of the FLRW Universe in the context
of the f(R)-gravity in the Jordan frame. In the assumption 3. = 0 (and hence p, = 0) the
superHamiltonian (32) reduces to the simpler form

2e 2 [1 1
— 2
HeLrRwIF = v {6%(15 - gpa%} > 93)

and quantum dynamics is described by the WDW equation

3
2e 30

\%

1 1
" {—gaﬁ(q@) + 58084 o(a, ¢) = 0. (94)

We note that the quantization of a homogeneous and isotropic model has no clear physical
meaning, since we lost the two Einstenian gravitation degrees of freedom. In this respect, we
can infer that the quantization of the FLRW Universe must be mainly regarded as a toy model
on which the different QC approaches can be easily tested. Considering the natural solution

© =A™ f(¢), (95)

we obtain a second-order differential equation for the function f(¢)

o? 0 .
%735 + %(1 — 2iky) = 0, (96)
having as solution
1 .
f(@)=ci+c (E) ke, (97)

5.2.1. Time before quantization:the ADM reduction method. Inthe model under examination,
we consider the variable ¢ as the embedding variable and the Misner variable « as the physical
degree of freedom. Solving classically the superHamiltonian constraint with respect to the
conjugate momentum 7, we derive the equation

1 1
L (g%@ - §Pa> =0, (98)
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having as solutions

mp1 = 0,
2, ©9)
Tp2 = — -
2T
Considering the non-trivial one, we can define
2pa
hy =———, (100)
‘ o}

as the physical Hamiltonian that regulates the dynamics with respect to the time ¢. The next
step consists in the imposition of the so-called time gauge

1

3
2Ne 2% (1
OHrLRW,IF _«ve? (37T¢¢ _ 3Pa> =1, (101)

. N
¢ 87qu, A%

which sets the lapse function N

3
3ve2?

N = Napm = m,

(102)

and allows us to write the reduced action

Sted = /d¢<l’agz - h¢> . (103)

The Hamilton’s equations are defined as

da 8h¢ 2

¢ Opa ¢ (104)
Opa _ 0o _
oo da
from which we obtain the classical trajectory with respect to time ¢
P) = =2 In(®) + ap = =2 In(¢), (105)

where we have set g = a(0) = 0.

5.3. The probability density and the comparison between the classical trajectory and
quantum evolution

In analogy to the case of the Bianchi I Universe we want to define a Hilbert space through the
introduction of the probability density

po = i(¢ s — py"). (106)
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Figure 3. The trend of the probability density p(c, ¢) as a function of the coordinate «
for different values of ¢. ¢ = 0.1 is shown in green; ¢ = 1 is shown in blue; ¢ = 10 is
shown in orange.

Replacing the wave function (95) assuming ¢; = 0,¢; = 1, we obtain the non-normalized
probability density

1
P (107)

ko’
which is positive if k, < 0. Considering that there are no monochromatic physical wave
functions, we construct the Gaussian wave packet which is a solution of the WDW
equation (94)

0
B, §) = / dkaA(ka)e“‘a“<ﬁ)¢”a, (108)
where
Alk,) = ! _<(ka2;i;) ) (109)
N (7 '

The normalized probability density
ps = i(®*0,® — ®9, "), (110)

gives the probability of finding the FLRW Universe at a certain instant ¢ per unit of ‘spatial
coordinate’ a.

‘We now study the trend of the quantity (110) with respect to ¢ > 0 as we can see from (105)
(see figure 3).

From figure 3 we see that there’s no spreading of the wave packet and the probability den-
sity remains perfectly localized over time. We now prove the validity of the Ehrenfest theorem
by comparing the classical trajectory provided by Hamilton’s equations and the values of
the coordinates o corresponding to the maximums of the probability density p, as ¢ varies
(strictly speaking, we should study the expectation value (®|&|®), but for highly localized
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Figure 4. Comparison between the classical trajectory (solid blue line) and the values
a(¢) where the probability density is maximally localized as ¢ varies (dotted orange
line).

Gaussian probability density the values of o where there’s a maximum is a good approxima-
tion). From figure 4 it is evident that the quantum dynamics perfectly follows the classical
dynamics of the FLRW Universe in the Jordan frame. This result demonstrates that such a
quantum-cosmological model reaches the singularity (¢ — +0o0) in a classical way, allowing
us to consider the quantum effects in the Planckian regime, as effects of lower order on a
semiclassical Universe. It should be emphasised that the proposed quantization is not capa-
ble of solving the problem of the presence of the classical singularity and, therefore, is not a
satisfactory solution to this still open problem.

5.4. Comparison with the FLRW model filled with a scalar field in general relativity

The WDW equation in Misner variables for the FLRW Universe in GR filled with a minimally
coupled scalar field ¢ is

3
2e 2% R
HELRW+¢ = (=52 + 73] 1)
2¢ 3¢
== (9= %) e, 9) =0, (111)

where we neglected the potential term U(¢) related to the derivatives of the scalar field. Differ-
ently from the case (94) in the Jordan frame, this equation resembles a two-dimensional KG
equation describing a free and massless particle, where the external scalar field ¢ plays the role
of the time variable. The wave function ¢ solution of the equation is a plane wave

o, ¢) = Aeilharthod) (112)

and assuming a Gaussian wave packet at the initial time ¢, we write the general solution

0
B, §) = / Ak AR, (113)

[o¢]
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Figure 5. Evolution of the probability density p(c, ¢) as a function of the coordinate «
for different values of ¢. » = 0 is shown in orange; ¢ = 5 is shown in green; ¢ = —5 is
shown in blue.

where

(5
Al = e \ 77 (114)
V2o ’
and k = ky = k, < 0. Through the study of the probability density
po =i(P 00 — O,P"), (115)

we can infer the absence of the spreading phenomenon typical of a free quantum particle
(figure 5).

We conclude that even in the case of GR with a minimally coupled scalar field, the FLRW
Universe admits a classical limit valid up to Planckian regimes. In support of this claim, we
apply the ADM reduction procedure and derive the Hamilton’s equations

da by 1
9 Opa  2\/Pa

o D (116)
6 da

from which the classical trajectory takes the form
) = —c (117)

where ¢ is a constant of the motion.

From figure 6 it emerges that quantum dynamics perfectly follows the classical dynamics
of the FLRW Universe filled with a minimally coupled scalar field. Furthermore, it is possible
to fix the constant of motion ¢ = 1. In conclusion, we stress two main differences between the
two models under consideration: the first one is the linear vs logarithmic trend of a(¢) with
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Figure 6. Comparison between the classical trajectory (solid blue line) and the values
a(¢) where the probability density is maximally localized as ¢ varies (dotted orange
line).

which the singularity is approached; the second one is the range of values assumed by the time
variable ¢ which, in the case of the Jordan frame, was limited only to the positive semi-axis
of the real numbers. In both models, however, the canonical quantization based on the WDW
formalism does not solve the problem of the existence of a cosmological singularity, paving
the way for different theoretical approaches.

6. Concluding remarks

In this paper, we provided a systematic and detailed analysis of the cosmological implication
of an f(R)-gravity in the Jordan frame, especially in the limit of a negligible potential term of
the non-minimally coupled scalar field. Some interesting results have been clearly stated and
here briefly re-analyzed. As first step, we show in the general Hamiltonian formulation, as well
as in its implementation to the dynamics of a generic Universe, that if we use the three-metric
determinant as a separated variable, like in [22], its conjugate momentum enters linearly only in
the scalar Hamiltonian constraint. Differently from what it takes place in the standard WDW
equation, we are here always able to set up a Schrodinger formulation in which the three-
determinant plays the role of a time variable, although the associated Hamiltonian turns out to
be a non-local functional operator. The second very significant result we developed consists of
the proof that the Bianchi IX cosmology is no longer characterized by a chaotic dynamics in an
extended f(R) theory of gravity, as soon as the potential term bringing the information on the
form of f is negligible near to the singularity. Here we adopted Misner variables to describe
the Bianchi IX line element and we demonstrated both the existence and the attractivity of a
Kasner stability region. The definition of the region where a Kasner regime becomes stable is
derived analytically, while the proof that the system always reaches such a configuration has
been performed on a numerical level. This latter study relies on the existence of three con-
stants of the motion and it can be regarded as the natural generalization of the original Misner
approach [34]. The result obtained here about the chaos suppression is coherent with the anal-
ysis in [18], where the same issue is discussed using a f(R) approach in the so-called Einstein
framework and adopting Misner—Chitré-like variables. Finally, we touch the question of the
canonical quantization of the Bianchi I dynamics, concentrating our attention to the quantum
evolution of a isotropic Universe. For the Bianchi I, the WDW equation is constructed and
a conserved current and a probability density are identified by interpreting the non-minimal
scalar field as the internal time variable. A localized wave packet is then constructed for the
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isotropic Universe and we show how the singularity is still present in such a quantum sce-
nario. Furthermore a comparison between the evolutionary cosmologies using as internal time
a minimally and a non-minimally coupled scalar field respectively is provided. Apart from a
different dynamics of the peak of the localized packet, we clarify how the non-minimally cou-
pled scalar field emerging in a Jordan frame is a valuable internal time and opens a new point
of view on the interpretation of modified f(R) theory of gravity: the additional scalar mode,
summarizing the functional form f, can be interpreted as a time-like degree of freedom for
the gravitational quantum dynamics, although a viable approach could also emerge by dealing
as stressed above, with the three-metric determinant. Since the Bianchi model dynamics has
paradigmatic features of the generic inhomogeneous cosmology, we are lead to infer that the
present analysis has a relevant impact on a more general sector of the cosmological problem.
However, it must be recalled that, when the potential term, associated to the non-minimally
coupled scalar field is no longer negligible near the singularity, its presence can significantly
affect the validity of some of the present issues, including the non-chaoticity of the Bianchi IX
Universe.
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