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Abstract: In this paper, a theory of force-free magnetic field useful for explaining the formation of
convex closed sets, bounded by a magnetic separatrix in the plasma, is developed. This question is not
new and has been addressed by many authors. Force-free magnetic fields appear in many laboratory
and astrophysical plasmas. These fields are defined by the solution of the problem∇× B = ΛB with
some field conditions B∂Ω on the boundary ∂Ω of the plasma region. In many physical situations, it
has been noticed that Λ is not constant but may vary in the domain Ω giving rise to many different
interesting physical situations. We set Λ = Λ(ψ) with ψ being the poloidal magnetic flux function.
Then, an analytic method, based on a first-order expansion of ψ with respect to a small parameter
α, is developed. The Grad–Shafranov equation for ψ is solved by expanding the solution in the
eigenfunctions of the zero-order operator. An analytic expression for the solution is obtained deriving
results on the transition through resonances, the amplification with respect to the gun inflow. Thus,
the formation of spheromaks or protosphera structure of the plasma is determined in the case of
nonconstant Λ.
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1. Introduction

Force-free magnetic field are important for plasma physics in various magnetically
dominated environments, like spheromaks in the laboratory and relativistic jets in astro-
physical plasma. Relaxed magnetohydrodynamic (MHD) states with negligible pressure
gradient contribution negligible to the force balance were introduced by Taylor in 1974 [1]
(see also [2]). Taylor postulated that they are minimum of the magnetic energy and arise
as a consequence of a self-organization of the magnetic field B. The defining property is
∇× B = ΛB, with Λ a constant for all the plasma region V. This equation is derived by
minimizing the magnetic energy

∫
V d3rB2/2µ0 (where µ0 is the magnetic permeability of

free space) in a volume V (r is the radius) subject to the constraint of conservation of the
helicity

∫
V d3rA · B and that the vector potential A is orthogonal to the boundary ∂V, i.e.,

A‖ = 0 on the boundary ∂V, such a state is called Taylor state. The theory of Jensen and
Chu [3] predicts conditions for accessing the Taylor states, the eigenvalues of the above
equation being barriers. There is experimental evidence that a magnetized plasma inside
a conducting boundary will spontaneously reach a configuration near a Taylor state [4].
In [3], a mechanism of electrostatic helicity injection is described. This is done by providing
conducting limiters with electric gaps that divide limiters into sections for which magnetic
field lines enter and leave the limiter. When these sections are electrically connected to
a terminals of a DC (direct current) power supply, electrostatic helicity injection may be
accomplished, thus allowing DC drive of toroidal configurations. On much larger scale of
kilo-to-mega parsec are the self-organized magnetic bubbles generated by an accretions
disk of a black hole of a billion stellar mass [5,6], or the magnetic field in the Sun photo-
sphere [7,8]. According to the theory of Jensen and Chu, the force-free magnetic relaxation
takes place for Λ smaller than the smallest eigenvalue of the problem ∇× B = ΛB, B = 0,
on the boundary of the volume. More complicated force-free solutions such as flipped
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spheromak and multiple internal magnetic islands were not accessible. However, the
situation is more complex because some situations not forecasted by the theory of Jensen
and Chu take place. In the actual driven plasma the Λ factor may change in the domain
and then other energetic configurations can appear. This has been noticed in [9]. There, it is
reported that in a compact toroid experiment (CTX) which give spheromaks equilibria (de-
termined in a non perturbing manner) Λ is not constant. The departure in magnetic energy
of these equilibria with respect to the minimum-energy state is small. Coherent oscillations
are seen, generated by rotating kink modes within equilibria. The onset of the modes is
shown to be consistent with the slope of Λ(ψ) from the equilibrium measurement. If the
scalar Λ depends weakly on the poloidal flux ψ then a broad range of force-free solutions
can become accessible like the flipped spheromak described by Rosenbluth and Bussac [10],
a configuration of the plasma being a toroid bounded by a magnetic separatrix. Such a
configuration is in agreement with the results of Tang and Boozer [11]. In such a situation,
it is interesting to study the neighbors of the Taylor state with Λ weakly depending on ψ.
Such a study has been already done in [11] using numerical methods.

In current paper, an analytic theory, based on a perturbation method, is developed to
investigate some other cases of Taylor states, a magnet in the upper half of the spheromak
is introduced, the effect on the formation of the plasma structure and the influence on the
resonance condition are studied, the resonance being responsible for the formation of the
closed convex level curves of ψ. An explicit model for the magnet [12] is considered in this
paper as well as a model for the gun [13], the gun is a stationary inflow of magnetic field.
There are results using the gun also in [14]. Since we find an analytic solution, it is easier to
study the dependence of the solutions on the boundary conditions.

This paper is organized as follows. In Section 2, the nonlinear dependence of Λ on the
flow function ψ is introduced, and to a small parameter is given; then, the problem with
magnet condition on the boundary is solved and the corresponding graphs are plotted. In
Section 3, the problem without the magnet condition is solved showing the possibility of
having the spheromak [13] or protosphera [15,16] condition. Section 4 gives the conclusions.

2. Nonlinear Grad–Shafranov Equation
2.1. Nonlinear Λ(ψ)

In order to obtain the condition of the spheromak or protosphera existence, one
needs to find the level curves of the poloidal flow function ψ. Thus, one needs to find the
properties of the solutions of the Grad–Shafranov (G-S) Equation [17,18],

∂2

∂r2 ψ− 1
r

∂

∂r
ψ +

∂2

∂z2 ψ + µ0 I
d

dψ
I = 0 , (1)

where I and ψ are axisymmetric functions depending on (r, z). ψ is a poloidal flow through
a circle of radius r at axial location z, and I is a poloidal current.

In what follows, we analyze an axisymmetric plasma and introduce a nonlinear depen-
dence of Λ on ψ. The nonconstant values of Λ were observed in many different plasmas.
We start with the smallest power dependence on ψ higher than 1 and choose a quadratic de-
pendence since the states corresponding to a linear one can be stable but can also decay [11].
A normalization value for the flow function is used, i.e., let ψ be the maximal flux; then,
condition is chosen being similar to the one introduced in [13],

Λ(ψ) = λ[1 + α(3ψ2/ψ
2 − 1)] . (2)

The nonlinear dependence on ψ is introduced by means of a small parameter α. The
maximal flux ψ must be introduced in order to have the spatial excursion of Λ of the order
of α. We introduce a small nonlinear dependence on ψ of the order of α. This choice of
Λ(ψ) satisfies the normalization condition,
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1
ψ

∫ ψ

0
[1 + α(3ψ2/ψ

2 − 1)]dψ = 1 . (3)

This kind of normalization does not fix the value of α. Since we are going to expand
our solution in the parameter α, the parameter has to be small enough with respect to
the maximal flow ψ, thus we are free to make the optimal choice. The expression for the
poloidal current I is derived from

µ0
d

dψ
I = Λ(ψ) = λ[1 + α(3ψ2/ψ

2 − 1)] . (4)

Then,

I =
λ

µ0
ψ[1 + α(ψ2/ψ

2 − 1)] , (5)

so that
µ2

0 I
d

dψ
I = λ2ψ[1 + 2α(2ψ2/ψ

2 − 1)] , (6)

where the terms of the order α2 are neglected.

2.2. First-Order Perturbation in α

Now, let us settle the perturbation method for computing analytically the solution of
the G-S equation with the nonlinear Λ(ψ).

Define the operator D as

D =
∂2

∂r2 −
1
r

∂

∂r
+

∂2

∂z2 . (7)

Then one has to solve the G-S equation dropping the µ0 term:

Dψ + λ2ψ[1 + 2α(2ψ2/ψ
2 − 1)] = 0 . (8)

Then, scaling the ψ→ ψ/ψ by using the first-order expansion,

ψ = ψ0 + αψ1 , (9)

and taking only the zero-order and first-order terms of Equation (8),

D(ψ0 + αψ1) + λ2ψ0 + 2λ2α[2(ψ0 + αψ1)
3 − (ψ0 + αψ1)] = 0 , (10)

and separating the term of different orders in α, one obtains the system{
Dψ0 + λ2ψ0 = 0
Dψ1 + λ2ψ1 + 2λ2(2ψ3

0 − ψ0) = 0 .
(11)

The calculations in this paper are done in axis symmetric situation in a cylinder of the
height h and the radius a, with a “gun” magnetic flux injection at z = 0 [13]. ψ0 satisfies
the non-homogenous boundary conditions (b.c.) defined in the next Section. ψ1 satisfies
the non-homogeneous equation with zero b.c.

In this way, ψ1 can be found by expanding it in eigenfunctions of the equation of
the zero-order operator with zero b.c. conditions at the boundary of the cylinder, r ∈
(0, a)) × (z ∈ (0, h). These eigenfunctions can be found using the variable separation,
ψ0(r, z) = Φ1(r)Φ2(z):

1
Φ1(r)

(
∂2

∂r2 −
1
r

∂

∂r

)
Φ1(r) +

1
Φ2(z)

∂2

∂z2 Φ2(z) + λ2 = 0 , (12)
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which can be separated into the two equations:(
∂2

∂r2 −
1
r

∂

∂r

)
Φ1(r) +

(
λ2 − m2π2

h2

)
Φ1(r) = 0, (13)

∂2

∂z2 Φ2(z) +
m2π2

h2 Φ2(z) = 0 , (14)

where m is an arbitrary integer.
Then Φ2(z) = sin(mπz/h), define

γ2
1 = λ2 − m2π2

h2 . (15)

The equation for Φ1(r) can be solved choosing Φ1(r) = rJ1(γ1r) and using the identity,(
∂2

∂r2 −
1
r

∂

∂r

)
Φ1(r) = −γ2

1Φ1(r) . (16)

The b.c. in a can be satisfied if one sets γ1 = x1n/a, where x1n is the n-th root of the
Bessel function J1(r). Thus, the eigenfunctions of the zero-order operator are:

φm,n = rJ1(rx1n) sin(mπz/h) (17)

and
λ2

m,n = x2
1n + m2π2 .

Here, a = h = 1 are set and λmn are the eigenvalues of the homogenous problem,
which is used below to obtain the equation for ψ1.

2.3. Solution of Zero-Order Equation and Boundary Conditions

In order to have a realistic model for the protosphera, one needs to choose realistic
non-homogenous boundary conditions. Below, a cylinder of radius a = 1 and height h = 1
are considered. At the boundary z = 1, a magnet is inserted which generates a magnetic
field of the form [12]:

Bz(r, h) =

{
B0(2(r/re)3 − 3(r/re)2 + 1) for 0 < r < re ,
0 for re < r < 1 .

(18)

Since the solutions of the problem under study can be found expanding in Bessel
functions, it is more suitable the boundary condition on B is given in terms of the Bessel
functions. Then, one can approximate the expression of Bz(r, h) with the Bessel function
J0(x02r):

Bz(r, h) =

{
J0(x02r) + 0.15 for 0 < r < re ,
0 for re < r < 1 .

(19)

Let us choose re = 1/2. x02 is the second root of J0(x), the Bessel function of zero
order. The behaviour of Bz(r, h) of Equations (18) and (19) are quite similar, as shown in
Figure 1.



Physics 2022, 4 25

1

2
0.1 0.2 0.3 0.4 0.5

r

0.2

0.4

0.6

0.8

1.0

1.2

Bz (r, h)

Figure 1. Bz-component of the magnetic field as a function of the radius r. The blue curve (curve 1)
represents Bz(r, z = h) as in [12], and the yellow curve (curve 2) is the approximation of Bz(r, h) of
Equation (18) with the Bessel function J0(x02r) + 0.15 (see Equation (19)).

Then, the following boundary conditions are chosen:
Br(r, 0) = 0,
Br(r, 1) = 0,
Bz(r, 0) = Bgun

z ,
Bz(r, 1) = J0(x02r)θ(a/2− r) .

(20)

Here, Bgun
z is the magnetic field created by an external coil which penetrates at the gas end

wall, θ(y) is the Heaviside theta function.
Let us remark here that there is a general theorem shown by Solov’ev and Kirichek [19]

such that a necessary condition to have a force-free Taylor field with nonconstant Λ is to
have an applied longitudinal external field Bz. Then, the b.c. (20) at r = 1 is a necessary
condition for having a force-free Taylor state with a nonconstant Λ.

We apply the general theory of the force-free magnetic field to solve the equation for
ψ1. One needs to find the expression of ψ0 which is at the right-hand side of Equation (11)
for ψ1. The general force-free equation together with the b.c. for B to solve is

∇× B = Λ(ψ)B . (21)

The solution of this equation to be used for getting ψ0. However, using the nonlinear
expression of Λ(ψ), defined here, introduces terms of the higher-order αs. So, one finds the
B solution of the linearized equation,

∇× B = λB. (22)

From the general theory of force-free field [13], one knows that the solution B of this
equation has the form

B = λ∇χ×∇z +∇× (∇χ×∇z) , (23)

where ∇z = ez is the unit vector on the z-axis, and χ is a scalar function satisfying the
Helmholtz equation,

∇2χ + λ2χ = 0 . (24)
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From this theory, one obtains: 
Br =

∂2χ
∂r∂z ,

Bφ = −λ ∂χ
∂r ,

Bz = γ2χ .

(25)

Let

χ = χ1(r) cos(2πmz), (26)

then,

∂2χ1

∂r2 +
1
r

∂χ1

∂r
+ γ2χ1 = 0 . (27)

where γ2 = λ2 − 4π2m2 is generated from the separation of variables of the problem.
Choosing m = 1, one finds the solution

χ(r, z) =
1

γ2 J0(γr)θ(1/2− r) cos
2π

h
z . (28)

This choice allows us to obtain the solution for the magnetic field B which satisfies the
boundary conditions. In fact, the components of the magnetic field are obtained using the
identity J0(x)

′
= −J1(x):

Br(r, z) = π
1
γ

J1(γr)θ(1/2− r) sin 2πz,

Bφ(r, z) = λ
1
γ

J1(γr)θ(1/2− r) cos 2πz, (29)

Bz(r, z) = J0(γr)θ(1/2− r) cos 2πz .

From these expressions, it follows that Bz(1, z) = Br(1, 1) = 0 because θ(−1/2) = 0,
θ(r) being the theta function. Bz(r, 1) concides within a good approximation with the b.c.
(19) as soon as one chooses γ = x02, thus another condition for λ is obtained:

λ2 = x2
02 + π2 .

We find that the choice of B for z = 1 fixes the value of Bgun
z from the solution (28) for

χ, so the incoming flux from the gun is not arbitrary:

Bz(r, 0) = Bgun
z . (30)

Thus:

Bgun
z = J0(γr)θ(1/2− r) . (31)

The flow function is found in the following way. The most general B is given by

B =
1

2π
(∇ψ×∇φ + λψ∇φ) , (32)

where ∇φ = eφ/r. Using Bφ = −λ∂χ/∂r, one gets:

ψ0 = −2πr
∂χ

∂r
= 2πrBφ/λ . (33)

From this:

ψ0(r, z) = 2πr
1

x02
J1(x02r)θ(a/2− r) cos 2πz . (34)
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2.4. Solution of the First-Order Equation

Let us study the solution of the first-order equation,

Dψ1 + λ2ψ1 + 2λ2(2ψ3
0 − ψ0) = 0 . (35)

ψ1 is expanded in eigenfunctions of the zero-order equation:

ψ1 = ∑
mn

cmnrNn J1(x1nr)Cm sin mπz , (36)

where x1n are the roots of J1(r). The functions rJ1(x1nr/a) are normalized with the norm
of the eigenfunctions, Nn: ∫ 1

0
rJ1(x1nr)2dr =

1
2

J
′
1(x1n)

2 = N−2
n . (37)

So, the orthogonality of the Bessel function is given by∫ 1

0
r J1(x1n r)J1(x1m r)dr = δ(n, m) . (38)

The sine functions are also normalized:∫ 1

0
sin2(πmz)dz = 1/2 = C−2

m . (39)

Inserting in the equation for ψ1, one gets:

∑
mn

cmn(λ
2 −m2π2 − x2

1n) r J1(r x1n)Nn sin(m π z)Cm = (40)

= −2λ2(2 (2π)3

x3
02

r3 J3
1 (x02 r) cos3(2 π z)θ(a/2− r)− (2π)

x02
rJ1(x02 r) cos(2 π z)θ(a/2− r)

)
.

Multiplying both sides of this equation by J1(x1n r)Nn and by sin(mπz)Cm and then
integrating, one finds:

cnm = −2
λ2

(λ2 − (mπ)2 − x2
1n)

(
2
(2π)3

x3
02

HnGm −
2π

x02
FnLm

)
, (41)

where the constants are:
Hn = Nn

∫ 1/2
0 r3 J1(x1n r)J3

1 (x02 r)dr,

Fn = Nn
∫ 1/2

0 rJ1(x1n r)J1(x02 r)dr,
Gm = Cm

∫ 1
0 cos3(2πz) sin mπzdz,

Lm = Cm
∫ 1

0 cos(2πz) sin mπzdz .

(42)

The integrals over z give:Gm =
√

2 2m(−7+m2)(1+cos mπ)
(9−10m2+m4)π

,

Lm =
√

2 m−m cos mπ
(−4+m2)π

.
(43)

The integrals over r are computed numerically.
The values of Hn, Fn and Nn, computed for n = 1, 2, 3, 4, are shown in Table 1 for

a = 1.
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Table 1. First four values of Hn, Fn and Nn; see Equations (37)–(42).

n Hn Fn Nn

1 4,214 × 10−3 4.214 × 10−3 3.51131
2 4.13661 × 10−3 4.13661 × 10−3 4.71224
3 −3.32075 × 10−4 −3.32075 × 10−4 5.66356
4 7.77266 × 10−3 −2.9967 × 10−3 6.47654

In Table 2, the first six values of Gm and Lm are shown.

Table 2. First six values of Gm, Lm. see Equations (37)–(43).

m Gm Lm

1 − 36
35π − 2

√
2

3π

2 8
√

2
5π

0
3 76

45π
6
√

2
5π

4 0 0
5 20

77π
10
√

2
21π

6 32
√

2
315π

0

The results are summarized as follows:
ψ0(r, z) = 2πr 1

x02
J1(x02r)θ(a/2− r) cos 2πz ,

ψ1 = −2 ∑6
m=1 ∑5

n=1
λ2

[λ2−(mπ)2−x2
1n ]

×
[

2 (2π)3

x3
02

HnGm − 2π
x02

FnLm

]
Nn J1(x1nr)θ(a/2− r)Cm sin mπz.

(44)

The singularities in the denominator of the function in Equation (44) are not new as
were already found in [3] and confirmed by the results of [11]. The singularities generate
the energy barriers between different Taylor states having different properties. A diverging
behaviour as λ approaches the first eigenvalue implies flux amplification that is desired
in any dynamo theory. The Taylor state in [11] around the primary resonance is that of
spheromak magnetic topology. The state after the first resonance is the flipped spheromak
obtained in [11], a single connected toroid bounded by a magnetic separatrix, also described
by Rosenbluth and Bussac [10].

Figure 2 shows the contour plot of ψ0(r, z), and Figure 3 shows the contour plot of ψ1

for a = h = 1, λ =
√

x2
02 + 4π2, and γ = x02. In the following Sections, the dependence on

the parameter λ is explored for different models that allow free choices of λ by dropping
the boundary conditions due to the magnet.



Physics 2022, 4 29

-0.2

-0.1

0.

0.

0.1

0.1
0.2

0.2

0.0 0.1 0.2 0.3 0.4 0.5

0.0

0.2

0.4

0.6

0.8

1.0

r

z

ψ0

Figure 2. The zero-order flow function ψ0 for λ =
√

x2
02 + 4π2, case of the magnet. See text for details.
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Figure 3. The first-order flow function ψ1 for λ =
√

x2
02 + 4π2, case of the magnet. See text for details.

Interestingly, the contour lines, created by the boundary condition on the magnet, tend
to remain concentrated in the left part of the figure with increasing α. The perturbed field
shows localized closed convex field lines typical of the plasma. So, the boundary condition
on the magnetic field support the plasma structure of the spheromak or the protosphera.
The model has too many contraints: the magnet condition Bz(r, 1) = J0(γr)θ(1/2− r) is
a constraint also for the gun inflow and there is no free choice for λ values because the
condition on Bz(r, 1) imposes γ2 = λ2 − 4π2 = x2

02, so that, with this model, one cannot
study the resonances due to the zero of the denominators in ψ1; see Equation (44). It has
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been already shown that λ can pass through these resonances [11,14]. Thus, the model
without magnet, discussed in the next Section, is of higher interest because one can study
the transitions through the singularities and how they depend on α. In this model, one
can study the stability of the solution ψ = ψ0 + αψ1 with respect to the variation of α.
The graphs are plotted for α = 0.001, 0.01, 0.1, 1 are shown in Figure 4. With the increase
of α, the fluctuations of ψ increase; for values larger than 0.001, the graphs demonstrate
instability of the solution.
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Figure 4. Dependence of the flow function ψ on α in the case with magnet: α = 0.001 (top left panel),
0.01 (top right panel) 0.1 (bottom left panel), and 1 (bottom right panel). See text for details.
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3. Taylor States without the Magnet

Let us drop the magnet condition and use other boundary conditions. Bz(r, 1) is not
given by the assigned magnetic field but is equal to free solution of the problem:

Br(r, 0) = 0 ,
Br(r, 1) = 0,
Bz(r, 0) = Bgun

z ,
Bz(r, 1) = γ2 J0(γr).

(45)

Solving the equation for χ,

∇2χ + λ2χ = 0, (46)

and using the variable separation, one obtains:

∂2χ1

∂r2 +
1
r

∂χ1

∂r
+ γ2χ1 = 0, (47)

where γ2 = λ2 − 4π2m2. Choosing m = 1, the solution is χ1(r) = J0(γr) with γ a free
parameter:

χ(r, z) = J0(γr) cos 2πz , (48)

This choice allows us to obtain the solution for the magnetic field B which satisfies the
boundary conditions. In fact, the components of the magnetic field are obtained using the
identity J0(x)

′
= −J1(x): 

Br(r, z) = 2π
h γJ1(γr) sin 2πz,

Bφ = λγJ1(γr) cos 2πz,
Bz = γ2 J0(γr) cos 2πz.

(49)

Thus, in this theory, one again obtains that the incoming flow of the gun is constrained
by the solution.

However, in this case, there is no constraint on γ, so the parameter λ is free and one
can investigate the resonances. The solution ψ0 is found using ψ0 = −2π∂χ/∂r:

ψ0(r, z) = 2πrγJ1(γr) cos 2πz . (50)

Inserting this expression in the equation for ψ1, one obtains:

ψ1 = −2
6

∑
m=1

5

∑
n=1

λ2

[λ2 − (mπ)2 − x2
1n]

[2(2πγ)3HnGm − 2πγFnLm] (51)

× Nn J1(x1nr)Cm sin mπz.

With γ2 = λ2 − 4π2 but with λ kept a free parameter one can study the transition
through the resonances.

First, the case λ = 7.3 is studied with the resonance at λ =
√

4π2 + x2
11 = 7.35937.

Figure 5 shows ψ0 and the level curves of ψ = ψ0 + αψ1 for α = 0.001 and 0.01. From
this graph, similar to the case of the magnet, the α = 0.001 value is used because the
perturbation ψ1 is too large with respect to the perturbed term ψ0.

Having found the value of α which gives a meaningful result one can study the
resonance. Clearly, this value of α is valid both for the resonance at 7.35937 and at 9.4178.
First, in Figure 6, the poloidal flux function around the first resonance is plotted for
α = 0.001 chosen.
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Figure 5. Study of the perturbation for λ = 7.3, i.e., not in the resonance region: ψ0 (upper left
panel); ψ for α = 0.001 (upper right panel) and 0.01 (bottom panel). The contribution of ψ1 is visible
to become larger than the contribution of ψ0 and, therefore, the linear approximation is not valid
above α = 0.001.

We remark here that there is a symmetry around z = 1/2 for λ = 7.3 and 7.35; there
are negative minima above the z = 1/2 line and positive minima below this line. For
higher values of λ, the situation becomes reverse .This could be a signature of an instability
of the solution. This instability can be caused also by the b.c. chosen in this particular
example. Of course, one would need to study this solution for other b.c. Moreover, the
numerical values are seen to be antisymmetric with respect to z = 1/2. The level curves are
approximately ellypses and also the form of the ellypses are symmetric. It is not straight
to justify the form of the level curves, but the origin can be understood as follows. The
Bessel function has a simple form in the interval (0, 1), and the trigonometric function
obeys oscillations in z. Interestingly, the two functions combine giving rise to the typical
closed lines in spheromaks. It is remarkable that there is a sudden growth of the level
curves for λ = 7.36 indicating an existence of a resonance; the theoretical resonance exists
for λ = 7.35937 but there are numerical errors which influence the result. In addition,
one has to remark that this instability may cause problems in the numerical evaluation
of the magnetic energy; therefore, it is preferrable to study the level curves. The analytic
expressions obtained here have the advantage of making it relatively easier the study of the
effects of changing the b.c. The curves in Figure 6 are typical closed curves of the flipped
spheromaks, already observed by Rosenbluth and Bussac [10], which represents a single
connected toroid, bounded by a magnetic separatrix. As so, then, there is the formation
of a configuration of spheromak or protosphera. Such resonances, already obtained by
Tang and Boozer [11], coincide with those obtained by Jensen and Chu [3]. In [11], one can
find the peaks in magnetic energy located at the eigenvalues of the force-free G-S equation,
derived for a certain representation of the magnetic field B.
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The current study considers a different starting representation, the one in [13], the
corresponding eigenvalues are those obtained by different procedures for solving a different
partial differential equations. The other difference is that the b.c. for the magnetic field are
not introduced in [11], while here two different cases are explicitly treated, one with the
magnet and the other one without. In the first case, it is shown that there are no resonances,
and, in the second case, the resonances are obtained for values of λ coinciding with the
resonances obtained in [3,11]. The difference is that these resonances obtained in this study
take place in the case of the specially chosen b.c. (45). The advantage of the procedure used
in the current study is that the dependence on the b.c. is treated explicitly. Finally, here

the graphs for the case of the other resonance λ =
√

4π2 + x2
12 = 9.4718 are shown here.

Let us notice that ψ0 (Figure 7) remains invariant around this resonance, while ψ (Figure 8)
exhibits a resonant behaviour.
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Figure 6. Study of the resonance around λ = 7.35937: 7.3 (upper left panel), 7.35 (upper right panel),
7.36 (bottom left panel), 7.37 (bottom right panel). See text for details.
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Figure 7. Zero-order function ψ0 for λ varying in the resonance interval for ψ1: λ = 9.3 (upper left
panel), 9.4 (upper right panel), 9.5 (bottom panel). No changes in ψ0 visible. See text for details.
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Figure 8. Transition of ψ around the resonance value λ = 9.4179 and α = 0.001: λ = 9.3 (upper left
panel), 9.4 (upper right panel), 9.5 (bottom panel). See text for details.
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4. Conclusions

In this paper, an analytic approximation of the magnetic force-free theory of Taylor
states with the parameter Λ depending quadratically on the poloidal magnetic flux function
ψ by a small parameter α is performed. This choice is motivated by the fact that the linear
dependence may generate decaying states. In order to have the parameter Λ not depending
on the maximal flux, a particular nonlinear dependence of Λ(ψ) has been chosen. The
theory is obtained by a first-order expansion with respect to the parameter α which is
chosen to be small enough to obtain significant results. Such a theory has been already
developed in [11,14], where the Grad–Shafranov equation were solved for a similar case
also with a small parameter. Here, the results similar to those ones are obtained, while
more extended as soon as the flux contours for more resonances are considered. In addition,
a more detailed description of the contour lines of the Taylor states are found. Also, a
constant incoming flux generating a magnetic field Bgun at the z = 0 level and a magnet
generating a component Bz(r, z = h) similar to the one considered in [12] are introduced.
The obtained results are different from those of [12] since the magnet is concentrated in
half of the boundary. However, the theory with Bz(r, h) assigned is too deterministic
because all the values of all the parameters are fixed. Instead, it is of higher interest to
have more freedom and to drop the condition on Bz(r, h). For this case, the configurations
of spheromaks and protosphera with the typical closed contours of the field lines are
obtained. Two cases of transition through the resonances are analyzed which coincide
with the resonances obtained in [11]. The equations, obtained in the current study, are
similar to but not same as those in [11]. This is due to the fact that an analytic expression
of the found solution depends explicitly on the chosen boundary conditions, while no
such dependence are used in other studies. The analysis for the nonlinear case is done
numerically in other approaches. This method gives a possibility to study the existence of
resonances as a consequence of the boundary conditions.In addition, one can determine the
stability of the approximation of expansion used. Another interesting theoretical question
that one can deal with is to show which particular force-free field is the real minimum.
Also of interest is to show if there is a unique solution of the minimum problem defining
the Taylor state. It would be instructive to apply this method to astrophysical plasma, solar
corona, etc. Further developments should go in the direction of establishing the stability
properties of the Taylor states found in the curent study.
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