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Abstract
The umbral restyling of hypergeometric functions is shown to be a useful and efficient
approach in simplifying the associated computational technicalities. In this article, the
authors provide a general introduction to the umbral version of Gauss hypergeometric
functions and extend the formalism to certain generalized forms of these functions.
It is shown that suggested approach is particularly efficient for evaluating integrals
involving hypergeometric functions and their combination with other special func-
tions.

Keywords Umbral methods · Bessel functions · Hypergeometric functions ·
Gaussian functions · Integral representations

1 Introduction

The employment of umbral approach has been demonstrated to be a useful tool for
dealing with the unified handling of special and non-special functions [5–7, 9, 12]. The
philosophy that underpins umbral formalism is summarized as follows: a collection of
operators is designed to introduce the image functionof another functionwith unknown
attributes, knownas the object function.The image function is chosen in such away that
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the relevant (known) properties are used to determine the counterpart attributes of the
object function. The aforementioned objective is achieved by employing the principle
of permanence of formal properties proposed in [8] and previously discussed in [14,
15].

In this article, we apply the method to the theory of hypergeometric functions. The
Gauss hypergeometric function is defined by the series [2]

2F1[a, b; c; x] =
∞∑

r=0

(a)r (b)r
(c)r

xr

r ! , (1)

where (d)r denotes the Pochhammer symbol defined by

(d)r = �(d + r)

�(d)
(2)

and satisfies the umbral type identities, as for example [18]:

(k + d)r =
r∑

s=0

(
r

s

)
(d)r−s (k)s, (3)

which can be framed within the context of properties of Sheffer sequences, for fur-
ther comments see [18]. The umbral proof of Eq. (3) is easily achieved. We remind
that, according to the prescription considered in [12], the following definition can be
adopted:

ŝr ϕ0 = (s)r , (4)

where ŝ is an umbral operator and ϕ0 is the corresponding vacuum. The rule summa-
rized in Eq. (4) can be understood in different ways. However, in general, the operator
ŝ can be written as a shift operator and ϕ0 as a function (for further details see below
and reference [12]).We can cast Eq. (3) in the form of an ordinary binomial as follows:

(k̂ + d̂)r ϕ0,k ϕ0,d =
r∑

s=0

(
r

s

)
d̂r−s k̂s ϕ0,k ϕ0,d , (5)

which in view of Eq. (4) yields Eq. (3).
The Gauss hypergeometric family is characterized by the left and right indices

(p, q), which show the number of Pochhammer terms in the numerator and denom-
inator, respectively. These indices specify the order of hypergeometric functions and
consequently higher and lower order families can be formed. Accordingly, the hyper-
geometric function is reformed by making use of umbral operators, which allow a
convenient definition of its image function, realized through the following exponen-
tial function:

2F1[a, b; c; x] = e2χ̂1xφ0, (6)
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where 2χ̂1 is an ad hoc umbral operator introduced to realize an elementary image
function, which acts on the umbral vacuum φ0 such that

2χ̂1
r
φ0 = (a)r (b)r

(c)r
(7)

and satisfies the following property:

2χ̂1
r
2χ̂1

s
φ0 = 2χ̂1

r+s
φ0 = (a)r+s(b)r+s

(c)r+s
. (8)

Observation 1 The umbral notation used in Eq. (6), needs a clarification. The umbral
operator 2χ̂1 is the shift operator such that

2χ̂1 = e∂z1 e∂z2 e∂z3 , (9)

with z1, z2, z3 as the domain’s variables of the function on which the operator acts.
The function φ0 is called “vacuum" and should be specified by the following function:

φ(a, z1, b, z2, c, z3) = (a)z1 (b)z2
(c)z3

. (10)

The action of the umbral operator (7) on the vacuum is accordingly specified where
an explicit realization of the Pochhammer symbol in Eq. (10), may be written as

(a)z = �(z + d)

�(d)
. (11)

Therefore,

ed∂z (a)z = �(z + d + a)

�(a)
= (a)z+d . (12)

In conclusion, we can write

ŝrϕ0 = er∂z (a)z |z=0 = (a)r , (13)

en∂z1 en∂z2 en∂z3 φ(a, z1, b, z2, c, z3)|z1=z2=z3=0 = (a)n (b)n
(c)n

. (14)

Remark 1 We simplify the notations, as reported below

2χ̂1 → χ̂ , (15)

φ(a, z1, b, z2, c, z3)|z1=z2=z3=0 → φ0. (16)
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In view of the above procedure, the exponential in Eq. (6) is expanded as

eχ̂xφ0 =
∞∑

r=0

χ̂r

r ! xrφ0 =
∞∑

r=0

(a)r (b)r
(c)r

xr

r ! . (17)

It is also evident that the identities of type (3) are easily framed within the umbral
formalism leading to identity (17). The hypergeometric function is therefore restyled
as an elementary exponential function.

The analysis of the characteristics of 2F1[a, b; c; x] under the signs of derivation
and integration is an intriguing application of the approach outlined in the introductory
session. After these few opening observations, we consider a more comprehensive
examination of applications of the method in forthcoming sections.

In the incipit of this section, we have underscored that the umbral method we
have outlined is based on the concept of umbral image. We have indeed reduced a
hypergeometric to an exponential function, namely an elementary function, with well
known properties. A further example is provided by the cylindrical Bessel functions,
whose umbral image is a Gaussian function. The umbral form of 0th order cylindrical
Bessel function can indeed be written as

J0(x) = e−ĉ( x2 )2ϕ0 =
∞∑

r=0

(−1)r

r !
( x
2

)2r
ĉrϕ0. (18)

If ĉ and ϕ0 are chosen in such a way that

ĉrϕ0 = 1

�(r + 1)
, (19)

accordingly Eq. (18) yields

J0(x) = e−ĉ( x2 )2ϕ0 =
∞∑

r=0

(−1)r

(r !)2
( x
2

)2r
, (20)

which is the series expansion of a higher transcendental function, while the Gaussian
is an elementary transcendental function (for further comments see reference [12]).

2 Integrals involving hypergeometric and Gaussian functions

Before entering the main part of this section and in order to understand the framework
of the formalism, following examples are considered:

Example 1 Taking the derivative of Eq. (6) w.r.t. x while treating χ̂ as an ordinary
algebraic entity, we find

d

dx
2F1[a, b; c; x] = χ̂eχ̂xφ0 = χ̂

∞∑

r=0

χ̂r

r ! xrφ0 =
∞∑

r=0

(a)r+1(b)r+1

(c)r+1

xr

r ! , (21)
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which, in view of the identity

(d)n+m = (d)m (d + m)n, (22)

yields the well-known recurrence formula

d

dx
2F1[a, b; c; x] = ab

c
2F1(a + 1, b + 1; c + 1; x). (23)

Similarly, using the following identity:

(d)−r = (−1)r

(1 − d)r
, (24)

it follows that
∫

2F1[a, b; c; x] dx =
∫

eχ̂xdx φ0 = χ̂−1eχ̂xφ0.

Consequently, the following integral is obtained:

∫
2F1[a, b; c; x] dx = (c − 1)

(a − 1)(b − 1)
2F1[a − 1, b − 1; c − 1; x]. (25)

In order to demonstrate the validity of the umbral formalism, we explore another well
known, but less trivial example.

Example 2 Consider the evaluation of following integral [1]:

I (a, b; c; ν) =
∫ ∞

0
tν−1

2F1[a, b; c;−t] dt . (26)

In view of Eq. (6), the r.h.s. of above equation can be expressed in the following form:

∫ ∞

0
tν−1

2F1[a, b; c; −t] dt =
∫ ∞

0
tν−1e−χ̂ tdt φ0, 0 < Re(ν) < min(Re(a),Re(b)).

(27)
Making use of integral representation of Euler Gamma function in the r.h.s. of Eq. (27),
we have ∫ ∞

0
tν−1e−χ̂ tdt φ0 = �(ν)χ̂−νφ0, (28)

which on using Eq. (7), yields

I (a, b; c; ν) =
∫ ∞

0
tν−1

2F1[a, b; c;−t] dt = �(ν)
(a)−ν(b)−ν

(c)−ν

. (29)

The above integral is identical to the conclusion provided in reference [1], where the
criteria for convergence of the integral is also described.
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A further case, seemingly undisclosed in the literature, is provided in the following
example:

Example 3 Consider the evaluation of following integral:

I (a, b; c;μ; ν) =
∫ ∞

0
tν−1

2F1[a, b; c;−tμ] dt . (30)

Using Eq. (6) in the r.h.s. of above integral, we have

∫ ∞

0
tν−1

2F1[a, b; c;−tμ] dt =
∫ ∞

0
tν−1e−χ̂ tμdt φ0. (31)

In view of the following identity:

∫ ∞

0
tν−1e−αtμ dt = 1

μ
�

(
ν

μ

)
α

−
(

ν
μ

)

,

the r.h.s. of Eq. (31) simplifies to

∫ ∞

0
tν−1e−χ̂ tμdt φ0 = 1

μ
�

(
ν

μ

)
χ̂

−
(

ν
μ

)

φ0. (32)

Finally, using Eq. (7) in the r.h.s. of above equation, we get

I (a, b; c;μ; ν) =
∫ ∞

0
tν−1

2F1[a, b; c;−tμ] dt = 1

μ
�

(
ν

μ

) (a)−
(

ν
μ

) (b)−
(

ν
μ

)

(c)−
(

ν
μ

) .

(33)

As further illustrations of the umbral formalism, we consider the following extension
of integral given in Eq. (25):

∫
xα

2F1[a, b; c; x] dx =
∫

xαeχ̂xφ0 dx = xα+1
∞∑

r=0

χ̂r xr

r !(α + r + 1)
φ0. (34)

Making use of the identity

1

(α + r + 1)
= �(α + r + 1)

�(α + r + 2)
= �(α + 1)(α + 1)r

�(α + 2)(α + 2)r
. (35)

Simplifying the r.h.s. of Eq. (34), we have

∫
xα

2F1[a, b; c; x] dx = xα+1

α + 1

∞∑

r=0

xr (α + 1)r
r ! (α + 2)r

χ̂rφ0, (36)
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which, in view of Eq. (7), gives

∫
xα

2F1[a, b; c; x] dx = xα+1

α + 1

∞∑

r=0

xr

r !
(a)r (b)r (α + 1)r

(c)r (α + 2)r
. (37)

Consequently, we get

∫
xα

2F1[a, b; c; x] dx = xα+1

α + 1
3F2[a, b, α + 1; c, α + 2; x]. (38)

Taking into account the result obtained in Eq. (38), we conclude the following impor-
tant features:

(i) The hypergeometric function in r.h.s. of Eq. (38) has left and right indices (3, 2)
that are distinct from those that characterize the Gauss forms. Hence, we intro-
duce the (p, q) extension, which is described by the following series [16]:

pFq [a1, a2, . . . , ap; b1, b2, . . . , bq ; x] =
∞∑

r=0

[ap]r
[bq ]r

xr

r ! , (39)

where

[dm]r =
m∏

k=1

(dk)r , (40)

having non-zero radius of convergence for p > q + 1.
(ii) The hypergeometric functions with left and right indices (0, 1), (1, 0) and (1, 1)

can also be defined accordingly.
(iii) The image function of hypergeometric function of higher order can be realized

by a lower order geometric function, for example

3F2[a, b, α; c, α + 1; x] = 1F1[α;α + 1; χ̂x]φ0. (41)

This is also intriguing as it provides an additional extension of the proposed
formalism.

In order to provide further extension, let us now consider the following integral:

∫
xα e−x

2F1[a, b; c; x] dx =
∫

xα e−x eχ̂x dx φ0, 0 < x < 1. (42)
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Expanding the r.h.s. of Eq. (42) and simplifying, it follows that:

∫
xα e−x eχ̂xdx φ0 =

∞∑

r=0

(−1)r

r !
∫

xα+r (1 − χ̂ )rdx φ0

= xα+1

α + 1

∞∑

r=0

(
(−1)r

(α + 1)r xr

(α + 2)r r !
) r∑

s=0

(−1)s
(
r

s

)
χ̂ sφ0

= xα+1

α + 1

∞∑

r=0

(−1)r
(α + 1)r xr

(α + 2)r r !
r∑

s=0

(−1)s
(
r

s

)
(a)s (b)s

(c)s
,

(43)

which in view of the identity

(−r)s = (−1)s r !
(r − s)! , r > s, (44)

eventually yields

∫
xα e−dx eχ̂xφ0 dx = xα+1

α + 1

∞∑

r=0

(α + 1)r xr

(α + 2)r r ! 3F1[−r , a, b; c], 0 < x < 1.

(45)
It is interesting to note that the proposed formalism leads to several other new and
fascinating identities. We consider the following result:

The integral for the generalized hypergeometric function pFq [a1, a2, . . . , ap;
b1, b2, . . . , bq ;βx] is obtained in the form of following result:

Theorem 1 For the function pFq [a1, a2, . . . , ap; b1, b2, . . . , bq ;βx], for p ≤ q + 1,
the following integral holds:

∫ ∞

−∞
e−αx2

pFq [a1, . . . , ap; b1, . . . , bq ;βx] dx

=
√

π

α
2pF2q

[
a1
2

,
a1 + 1

2
, . . . ,

ap
2

,
ap + 1

2
; b1
2

,
b1 + 1

2
, . . . ,

bq
2

,
bq + 1

2
; 22(p−q)

(
β2

4α

)]
. (46)

Proof Let us introduce the umbral operator in the following form:

1χ̂
n
2 ψ0 = (a1)n(a2)n . . . (ap)n

(b1)n(b2)n . . . (bq)n
. (47)

Using the above definition of 1χ̂n
2 , the integral (46) can be written as:

∫ ∞

−∞
e−αx2

pFq [a1, . . . , ap; b1, . . . , bq ;βx] dx =
∫ ∞

−∞
e−αx2 eβ 1χ̂2 x dx ψ0. (48)
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Simplifying the l.h.s. of above equation using the rules for Gaussian integral and
inverting the sides, we find

∫ ∞

−∞
e−αx2 eβ 1χ̂2 x dx ψ0 =

√
π

α
e

β21χ̂22
4α ψ0. (49)

Now, expanding the exponential in the r.h.s. of above equation and using the properties
of the umbral operator 1χ̂2, we obtain

∫ ∞

−∞
e−αx2 eβ 1χ̂2 x dxψ0 =

√
π

α

∞∑

r=0

1

r !
(

β2

4α

)r

1χ̂2
2r

ψ0 =

=
√

π

α

∞∑

r=0

1

r !
(

β2

4α

)r
(a1)2r (a2)2r . . . (ap)2r
(b1)2r (b2)2r . . . (bq)2r

.

(50)

Finally, using the identity

(d)2r = 22r
(
d

2

)r (
d + 1

2

)r

(51)

in the r.h.s. of Eq. (50), Eq. (46) follows. ��
Corollary 1 For the function 1F2[a; b, c;βx], the following integral representation
holds:

∫ ∞

−∞
e−αx2

1F2[a; b, c; βx] dx =
√

π

α
2F4

[
a

2
,
a + 1

2
; b
2
,
b + 1

2
,
c

2
,
c + 1

2
;
(

β2

16α

)]
. (52)

Proof Let us introduce a slightly different umbral operator with its related vacuum in
the following form:

1χ̂
n
2 ψ0 = (a)n

(b)n(c)n
. (53)

Proceeding as in Sect. 1, we can write

∫ ∞

−∞
e−αx2

1F2[a; b, c;βx] dx =
∫ ∞

−∞
e−αx2eβ 1χ̂2 xdx ψ0 =

√
π

α
e

β2 1χ̂2
2

4α ψ0,

so that we have

∫ ∞

−∞
e−αx2

1F2[a; b, c;βx] dx =
√

π

α

∞∑

r=0

1

r !
(

β2

4α

)r

1χ̂2
2r

ψ0. (54)

In view of Eq. (7), we have

∫ ∞

−∞
e−αx2

1F2[a; b, c;βx] dx =
√

π

α

∞∑

r=0

(a)2r

(b)2r (c)2r

1

r !
(

β2

4α

)r

. (55)
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By taking into account the following identity:

(d)2r = 22r
(
d

2

)

r

(
d + 1

2

)

r
, (56)

we find

∫ ∞

−∞
e−αx2

1F2[a; b, c;βx] dx =
√

π

α

∞∑

r=0

( a
2

)
r

( a+1
2

)
r( b

2

)
r

( b+1
2

)
r

( c
2

)
r

( c+1
2

)
r

1

r !
(

β2

16α

)r

.

(57)
Finally, considering the series definition of hypergeometric function, assertion (52)
follows. ��

Even though not explicitly stated the previous theorems hold for a, b, c, β ∈ C. It can
be proved in general terms. Keeping indeed in the r.h.s. of Eq. (55)

β = βR + iβI = |β|eiφ

|β| =
√

β2
R + β2

I

φ = tan−1
{

βI

βR

}
.

On the r.h.s. of Eq. (55), we find

∫ ∞

−∞
e−αx2

1F2[a; b, c;βx] dx = Re(I ) + i Im(I ),

where

Re(I ) =
√

π

α

∞∑

r=0

(a)2r |β|2r
(b)2r (c)2r r !

{
1

4α

}r

cos(2rφ)

Im(I ) =
√

π

α

∞∑

r=0

(a)2r |β|2r
(b)2r (c)2r r !

{
1

4α

}r

sin(2rφ),

which is converging provided that Re(α) > 0.
Further, we establish an integral in terms of Fox–Wright �-functions [2]. This

family of functions is specified by the following series:

p�q

⎛

⎝
(a1, A1) (a2, A2) . . . (ap, Ap)

; x
(b1, B1) (b2, B2) . . . (bq , Bq)

⎞

⎠ =
∞∑

r=0

p∏
k=1

�(ak + r Ak) xr

q∏
s=1

�(bs + r Bs) r !
. (58)
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According to the above definition, integral (55) can be expressed as:

∫ ∞

−∞
e−αx2

1F2[a, b; c;βx] dx =
√

π

α

�(b)�(c)

�(a)
1�2

⎛

⎝
(a, 2)

; β2

4α
(b, 2) (c, 2)

⎞

⎠ .

(59)
In view of Eqs. (52) and (59), we also obtain the following relation:

2F4

[
a

2
,
a + 1

2
; b
2
,
b + 1

2
,
c

2
,
c + 1

2
;
(

β2

16α

)]

= �(b)�(c)

�(a)
1�2

⎛

⎝
(a, 2)

; β2

4α
(b, 2) (c, 2)

⎞

⎠ . (60)

This outcome provides insight into the adaptability and generality of the formalism
developed so far.

A further interesting integral can be obtained in the following example:

Example 4

∫ ∞

−∞
1F2[a; b, c;−αx2 + βx]dx =

√
π

α

∞∑

r=0

(a)r− 1
2

(b)r− 1
2
(c)r− 1

2

1

r !
(

β2

4α

)r

. (61)

The relevant proof is achieved by setting

∫ ∞

−∞
1F2[a; b, c;−αx2 + βx] dx =

∫ ∞

−∞
e−α 1χ̂2 x2eβ 1χ̂2 xdx ψ0,

from which, it follows that

∫ ∞

−∞
1F2[a; b, c;−αx2 + βx] dx =

√
π

α
1χ̂

− 1
2

2 e1χ̂2
β2

4α ψ0. (62)

Expanding the operator 1χ̂2, integral (61) is obtained.

The above results can be extended using certain special cases of hypergeometric func-
tions. These special cases are considered in the next section.

3 Applications

Special cases of hypergeometric functions are considered in the following subsections.
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3.1 Confluent hypergeometric

We focused on this particular case because the confluent hypergeometric function
plays a pivotal role in physics. For example, these functions are often employed in
the study of bound state problems for the simple harmonic oscillator in one, two, and
three dimensions; the Coulomb problem in two and three dimensions and the Cartesian
one dimensional Morse potential problem. All the aforementioned problems can be
solved in terms of confluent hypergeometric function (more specifically in terms of
Kummer’s function) [2]. Indeed, the radial function for Landau states can be written
as [13]:

R(ξ) = e− ξ
2 ξ

|ml |
2 1F1[a; b; ξ ], (63)

where

a := −λ + |ml | + 1

2
, b := 1 + |ml |, (64)

ml is a real parameter characteristic of the physical problem.
Without elaborating the physical significance, it is apparent that in umbral form,

we may write

R(ξ) = ξ
|ml |
2 e

−
(
1
2− 1χ̂1

)
ξ
γ0, 1χ̂

n
1 γ0 = (a)n

(b)n
. (65)

In view of Theorem 1, we have the following result for the confluent hypergeometric
function:

Corollary 2 For the confluent hypergeometric function 1F1[a; b;βx], the following
integral holds:

∫ ∞

−∞
e−αx2

1F1[a; b;βx] dx =
√

π

α
2F2

[
a

2
,
a + 1

2
; b
2
,
b + 1

2
;
(

β2

4α

)]
. (66)

Integrals involving the function R(ξ) are of similar type as those mentioned in
Eqs. (42)–(45). The umbral restyling in Eq. (65) can consequently be effective for
calculating overlapping integrals between distinct Landau states.

3.2 Hypergeometric representation of bessel functions

The 0th order cylindrical Bessel function of first kind can be written in terms of
hypergeometric function as [2]:

J0(x) = 0F1

(
−; 1;− x2

4

)
=

∞∑

r=0

(−1)r

(r !)2
( x
2

)2r
. (67)
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The relevant umbral representation is the same as used in previous publications, see,
for example [12]. Consider the 0th order Tricomi function [17]

C0(x) = J0(2
√
x) = 0F1[−; 1;−x] =

∞∑

r=0

(−x)r

(r !)2 . (68)

Accordingly, applying Theorem 1, it follows that

∫ ∞

−∞
e−αx2C0(βx) dx =

∫ ∞

−∞
e−αx2

0F1[−; 1;−βx] dx

=
√

π

α
0F2

[
−; 1

2
, 1;

(
β2

16α

)]
. (69)

3.3 Circular and hypergeometric functions

The hypergeometric representation of cosine function is given as:

cos(x) = 0F1

[
−; 1

2
;− x2

4

]
. (70)

As a consequence of previously derived identities, we obtain the following integral
for the cosine function:

∫ ∞

−∞
e−αx2 cos(

√
βx) dx =

√
π

α
0F2

[
−; 1

4
,
3

4
;
(

β2

28α

)]
. (71)

The above two equations are important within the umbral context developed here. In
fact, prior works have addressed the problem of incorporating trigonometric functions
into umbral formalism. The connection to the current formalism will be covered in
the last section as concluding remarks.

3.4 Geometric series and hypergeometrics

The hypergeometric representation for the geometric series is given by

1

1 + z2
= 1F0[1;−;−z2]. (72)

The following umbral operator is introduced:

1χ̂
n
0 p(b)0 := bχ̂n p0 = (b)n, (73)

so that, we can write

1F0[1;−;−z2] = e− 1χ̂ z2 p0. (74)
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According to the formalism discussed so far, the following integral is easily obtained:

∫ ∞

−∞
1F0[1;−;−z2] dz = √

π 1χ̂− 1
2 p0 = π. (75)

Further, we derive the following integral:

∫ ∞

−∞
1F0[1;−;−αz2 + βz] dz = π

√
α

(
1 − β2

4α

) . (76)

Using the method outlined above, we have

∫ ∞

−∞
1F0[1;−;−αz2 + βz] dz =

√
π

1χ̂ α
e
1χ̂

β2

4α p0 =
√

π

α

∞∑

r=0

1χ̂r− 1
2

r !
(

β2

4α

)r

p0,

which simplifies to

∫ ∞

−∞
1F0[1;−;−αz2 + βz] =

√
π

α

∞∑

r=0

(1)r− 1
2

r !
(

β2

4α

)r

. (77)

In view of Eq. (22), we have

(1)r− 1
2

= (1)− 1
2

(
1 − 1

2

)

r
= √

π

(
1

2

)

r
. (78)

Using Eq. (78) in the r.h.s. of Eq. (77), we find

∫ ∞

−∞
1F0[1;−;−αz2 + βz] dz = π√

α
1F0

[
1

2
;−; β2

4α

]
, (79)

which yields integral (76).
According to the current perspective, use of the ideas connected with Borel trans-

form [8] is a crucial concept that has been discussed previously in relation to the
rigorous foundations of umbral calculus. Even though it requires some more work,
the integral transform approach is a potent instrument for many of the findings so far.
The umbral approach combined with the integral representation of hypergoemetric
function is a handy tool for obtaining further results. It is widely acknowledged that
the integral representation of confluent hypergeometric function writes [2]

1F1[a; c; x] = �(c)

�(a)�(c − a)

∫ 1

0
ta−1(1 − t)c−a−1ext dt . (80)
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In accordance with integral (66), we have

∫ ∞

−∞
e−αx2

1F1[a; b;βx]dx

= �(b)

�(a)�(b − a)

∫ 1

0
ta−1(1 − t)b−a−1

(∫ ∞

−∞
e−αx2+βxtdx

)
dt, (81)

which further simplifies to

∫ ∞

−∞
e−αx2

1F1[a; b;βx] dx =
√

π

α

�(b)

�(a)�(b − a)

∫ 1

0
ta−1(1 − t)b−a−1e

β2

4α t
2
dt .

(82)
Comparison between Eqs. (66) and (81) eventually yields

2F2

[
a

2
,
a + 1

2
; b
2
,
b + 1

2
; β2

4α

]
= �(b)

�(a)�(b − a)

∫ 1

0
ta−1(1 − t)b−a−1e

β2

4α t
2
dt .

(83)
As another illustration, we establish the following integral representation for hyper-

geometric function:

2F1[a, b; c; x] = �(c)

�(a)�(c − a)

∫ 1

0
ta−1(1 − t)c−a−1

1F0[b;−; xt] dt . (84)

Using umbral operator (73), we can write

2F1[a, b; c; x] = 1F1[a; c; bχ̂ x]p0, (85)

which in view of integral (80) takes the form

2F1[a, b; c; x] = �(c)

�(a)�(c − a)

∫ 1

0
ta−1(1 − t)c−a−1 e

bχ̂ xt dt p0. (86)

Again using Eq. (73), we find

2F1[a, b; c; x] = �(c)

�(a)�(c − a)

∞∑

r=0

1

r !
∫ 1

0
ta−1(1 − t)c−a−1(b)r (xt)r dt, (87)

which consequently yields integral (84).
In the next section, we consider the embedding of theory of hypergeometric differ-

ential equations within the umbral formalism.

4 Umbral methods and hypergeometric differential equations

From earlier considerations, it may be evident that the construction of hypergeometric
functions is modular. These functions may be built by adding (or removing) sections
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that include Pochhammer terms and by altering the punctuations accordingly, as for
example 1F1(a; c; x) → 2F1(a, b; c; x). The structure of the corresponding differ-
ential equations ought to exhibit the same pattern.

In the past, the idea of Laguerre derivative [4, 10, 12] was proposed in relation to
the investigation of the monomiality principle. According to this formalism, the 0th
order Tricomi function C0(x), is an eigenfunction of Laguerre derivative, namely

L D̂x C0(λx) = −λC0(λx), (88)

where

L D̂x := d

dx
x
d

dx
. (89)

Keeping into account that

L D̂x →
(
1 + x

d

dx

)
d

dx
, (90)

we find
C0(x) → 0F1[; 1;−x]. (91)

Moreover, the νth order Tricomi functions are specified by

Cν(x) =
∞∑

r=0

(−x)r

r ! �(ν + r + 1)
(92)

and the associated eigenvalue equation reads

(
d

dx
x
d

dx
+ ν

d

dx

)
Cν(λx) = −λCν(λx). (93)

The link between Tricomi functions and hypergeometric functions is provided by

Cb−1(x) = 1

�(b)
0F1[−; b;−x]. (94)

Eventually, Eq. (93) can be written as:

(
x
d

dx
+ b

)
d

dx
0F1[−; b + 1;−λx] = λ 0F1[−; b + 1;−λx]. (95)

Using the umbral point of view, we introduce the following operator:

0χ̂
n
1 ε(b)0 := bχ̂

nε0 = 1

(b)n
(96)
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and the differential operator as follows:

d

d bχ̂ x
:= bDx . (97)

Accordingly, the eigenvalue problem (95) can be expressed as:

bDx eλ bχ̂ xε0 = λeλ bχ̂ xε0. (98)

Comparison of Eqs. (95) and (98), yields the following correspondence:

bDx →
(
x
d

dx
+ b

)
d

dx
, (99)

which will be used to derive the differential equation satisfied by 1F1[a; b; x]. Next,
we consider the following umbral form:

1F1[a; b; x] = e
a χ̂ bχ̂ x p0 ε0, (100)

which in view of notation (97) can be written as:

bDx e
a χ̂ bχ̂ x p0ε0 = aχ̂ e

a χ̂ bχ̂ x p0 ε0. (101)

In non-umbral terms, we obtain

(
x
d

dx
+ b

)
d

dx
1F1[a; b; x] = a 1F1[a + 1; b; x]. (102)

Again, by noting that

a 1F1[a + 1; b; x] =
(
x
d

dx
+ a

)
1F1[a; b; x], (103)

we find (
x
d

dx
− x + b

)
d

dx
1F1[a; b; x] = a 1F1[a; b; x]. (104)

Using the same methodology, it is possible to produce the differential equations
satisfied by higher order hypergeometric functions. Indeed, we get

2F1(a, b; c; x) = exp{aχ̂ bχ̂ cχ̂ x} p0,a p0,b ε0,c (105)

and

cDx exp{aχ̂ bχ̂ cχ̂ x} p0,a p0,b ε0,c = aχ̂ bχ̂ exp{aχ̂ bχ̂ cχ̂ x} p0,a p0,b ε0,c
(106)
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The above equations lead us to the following differential equation:

(
x
d

dx
+ c

)
d

dx
2F1[a, b; c; x] =

(
x
d

dx
+ a

) (
x
d

dx
+ b

)
2F1[a, b; c; x], (107)

which can eventually be cast in the “canonical” formofGauss hypergeometric function
as:

(
x
d

dx
+ a

) (
x
d

dx
+ b

)
−

(
x
d

dx
+ c

)
d

dx
→ x(1−x)

d2

dx2
−[c−(a+b+1)x] d

dx
+ab. (108)

We have envisaged in previous sections that the umbral modular nature of hyperge-
ometric function has impact on the relevant recurrences and differential equations.
Further, we note that

p∏

j=1

a j χ̂ p0, j =
p∏

j=1

(
x
d

dx
+ a j

)
, (109)

d

d
(∏q

r=1 br χ̂ x ε0,r
) =

q∏

r=1

(
x
d

dx
+ br

)
d

dx
. (110)

Also, we note that identity [2]:

(J0(x))
2 = 1F2

[
1

2
; 1, 1;−x2

]
, (111)

can be written in umbral form as follows:

(J0(x))
2 = exp{−

(
1
2 χ̂

) (
1χ̂

) (
1′ χ̂

)
x2} p0 ε0,1 ε0,1′ . (112)

Here, the prime indicates an umbral operator acting on the vacuum ε0,1′ . The structure
of prime and unprime umbral quantities is the same, but considered as separate entities.

Consequently, the integrals involving square of Bessel functions, can be expressed
as:

∫ ∞

−∞
e−αx2 (

J0
(√

x
))2

dx =
√

π

α
exp

{
1

4α

[(
1
2 χ̂

) (
1χ̂

) (
1′ χ̂

)]2}
p0 ε0,1 ε0,1′ ,

(113)
which on simplification yields

∫ ∞

−∞
e−αx2 (

J0
(√

x
))2

dx = 1√
α

∞∑

r=0

�
( 1
2 + 2r

)

(2r)!2r !
(

1

4α

)r

. (114)
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The relevant expression in terms of Fox–Wright function can be written as:

∫ ∞

−∞
e−αx2 (

J0
(√

x
))2

dx = 1√
α
1�2

⎛

⎝
(1/2, 2)

; 1
4α

(1, 2) (1, 2)

⎞

⎠ . (115)

In the next section, we consider extensions of the umbral approach to other functions.
Certain important concluding remarks for further investigations will also be discussed.

5 Concluding remarks

In previous sections, we have covered different aspects of the umbral formalism and
their relevance to hypergeometric functions. We have seen that umbral formalism
seems to be tailored suited to simplify the associated computational technicalities. In
this section, we further extend the formalism to explore the umbral hypergeometric
versions of circular functions. As an illustration, we consider relation (70). According
to the proposed formalism, we can write the cosine differential equation as follows:

(
y
d

dy
+ 1

2

)
d

dy
0F1

[
−; 1

2
; y

]
= 0F1

[
−; 1

2
; y

]
, (116)

where y := − x2
4 . After standard computations, Eq. (116) yields

d2

dx2
0F1

[
−; 1

2
;− x2

4

]
= −0F1

[
−; 1

2
;− x2

4

]
. (117)

The umbral version of the cosine function is given as [12]:

cos(x) = e−2,1d̂ x2 g0, α,β d̂
kg0 = �(k + 1)

�(αk + β)
. (118)

Accordingly, the umbral version of sine function is expressed as:

sin(x) = 2x 2,1d̂ e−2,1d̂ x2 g0, (119)

whose hypergeometric analog writes

sin(x) = x 0F1

[
−; 3

2
;− x2

4

]
. (120)

The potential for creating a seamless transition between elementary and higher tran-
scendental functions has attracted interest for the umbral restyling of circular functions.
It has been established that such a context permits the replacement of trigonometric and
spherical Bessel functions in a similar manner. Therefore, it is important to investigate
the connection between circular and hypergeometric functions.
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Before closing the article, we underline the following two important observations:

1. Using basic Gaussian identities, it is possible to express the integral transform of
the cosine function in the following way:

cos(x) = 1√
π

∫ ∞

−∞
e−ξ2e2i

√
2,1d̂ ξ x g0 = 1√

π

∫ ∞

−∞
e−ξ2 cos 1

2
(2iξ x) dξ, (121)

where

cos 1
2
(x) =

∞∑

r=0

�
( r
2 + 1

)

(r !)2 xr ,

whose association with Bessel like functions will be discussed later. The same
result can be obtained by making the use of hypergeometric formulation.

2. We have discussed so far the case of single variable hypergeometric function. Their
multi-variable extension is important from the point of view of applications. Even
though the full discussion will be presented elsewhere, here we outline the lines
for forthcoming treatment. The two-variable Appéll–Kampé dé Fériét functions [3]
defined by the series:

F(α; γ ;β;β ′; x, y) =
∞∑

m,n=0

(α)m+n (β)m xm yn

(γ )m+n (β ′)n m! n! , (122)

can be expressed in the umbral form as:

F(α; γ ;β;β ′; x, y) = eÂB̂x e Â/B̂′y φ0. (123)

In a forthcoming investigation, we will use and generalize the formalism developed
so far to establish the umbral theory of the multi-variable hypergeometric functions.
This will enable us to draw further consequences, complementing those obtained in
this article, using umbral definition of multi-variable hypergeometric functions.

In this article, we have shown that the umbral procedure employed to the theory of
hypergeometric functions and to the relevant generalizations offers significant advan-
tages, which, in turn yields non-secondary advancements from the computational point
of view. Reanalyzing the properties of the Pochhammer symbol, we like to mention
that most of the results established in this article are based on the computations related
to these mathematical tools. A central role is played by such type of tools in advanced
methods for the evaluation of integrals involving special functions, as for example,
the method of brackets [11]. In a forthcoming study, we will discuss in details the link
between the two methods along with a possible merging.
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