
Journal of Cosmology
and Astroparticle
Physics

     

PAPER • OPEN ACCESS

Effective quantum gravitational collapse in a
polymer framework
To cite this article: Lorenzo Boldorini and Giovanni Montani JCAP10(2024)090

 

View the article online for updates and enhancements.

You may also like
Corrigendum: Highly comparative time
series analysis of oxygen saturation and
heart rate to predict respiratory outcomes
in extremely preterm infants (2024 Physiol.
Meas. 45 055025)
Jiaxing Qiu, Juliann M Di Fiore, Narayanan
Krishnamurthi et al.

-

Erratum: Solvent Mediated Fabrication of
Ditched Hollow Indium Sulfide (In2S3)
Spheres for Overall Electrocatalytic Water
Splitting [J. Electrochem. Soc.,168,
066510 (2021)]
Umair Shamraiz

-

Prospects for the Crossing by Earth of
Comet C/2023 A3 Tsuchinshan-ATLAS’s
Ion Tail
Samuel R. Grant and Geraint H. Jones

-

This content was downloaded from IP address 192.107.88.250 on 26/03/2025 at 11:49



J
C
A
P
1
0
(
2
0
2
4
)
0
9
0

ournal of Cosmology and Astroparticle Physics
An IOP and SISSA journalJ

Received: August 7, 2024
Revised: September 17, 2024

Accepted: October 1, 2024
Published: October 25, 2024

Effective quantum gravitational collapse in a polymer
framework

Lorenzo Boldorini a and Giovanni Montani b,a

aDepartment of Physics, “La Sapienza” University of Rome,
P.le Aldo Moro 5, 00185 Rome, Italy

bENEA, Fusion and Nuclear Safety Department, C.R. Frascati,
Via E. Fermi 45, 00044 Frascati, Rome, Italy

E-mail: boldorini.1843532@studenti.uniroma1.it, giovanni.montani@enea.it

Abstract: We study how the presence of an area gap, different than zero, affects the
gravitational collapse of a dust ball. The implementation of such discreteness is achieved
through the framework of polymer quantization, a scheme inspired by loop quantum gravity
(LQG). We study the collapse using variables which represent the area, in order to impose
the non-zero area gap condition. The collapse is analyzed for both the flat and spherical
Oppenheimer-Snyder models. In both scenarios the formation of the singularity is avoided,
due to the inversion of the velocity at finite values of the sphere surface. This happens
due to the presence of a negative pressure, with origins at a quantum level. When the
inversion happens inside the black hole event horizon, we achieve a geometry transition
to a white hole. When the inversion happens outside the event horizon, we find a new
possible astrophysical object. A characterization of such hypothetical object is done. Some
constraints on the value for the area gap are also imposed in order to maintain the link
with our already established physical theories.

Keywords: quantum black holes, quantum gravity phenomenology, astrophysical black
holes, modified gravity

ArXiv ePrint: 2406.03279

© 2024 The Author(s). Published by IOP Publishing
Ltd on behalf of Sissa Medialab. Original content from

this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must
maintain attribution to the author(s) and the title of the work,
journal citation and DOI.

https://doi.org/10.1088/1475-7516/2024/10/090



J
C
A
P
1
0
(
2
0
2
4
)
0
9
0

Contents

1 Introduction 1

2 Hamiltonian Oppenheimer-Snyder model 3
2.1 The Oppenheimer-Snyder geometry 3
2.2 Hamiltonian model 4
2.3 Area variables 6
2.4 Classical dynamics 7

3 Effective OS model 10
3.1 Polymer effective theory 11
3.2 Sphere surface equation of motion 14
3.3 Sphere momentum equation of motion 19

4 Phenomenology 23
4.1 Polymer pressure 23
4.2 Macroscopic phenomena 24
4.3 Quantum effects 27
4.4 The scale of quantum effects 29

5 Conclusions 30

A Integrals of the Equations of Motion 31
A.1 Classical dynamics integrals 31
A.2 Effective dynamics integrals 32

1 Introduction

One of the most notorious features of the theory of General Relativity (GR) is the fact that it
predicts the formation of black holes during gravitational collapse of stars [1, 2]. The theory
predicts that when the internal pressure of a star is not strong enough to counterbalance
the gravitational pull of its mass, the star collapses to become a black hole. Sometimes this
collapse could be halted by an internal pressure with quantum origins: electron degeneracy
pressure is responsible for the formation of white dwarfs, while neutron degeneracy pressure,
with the aid of the strong force, is responsible for the formation of a neutron star. More
details can be found in [3].

This is a remarkable result to keep in mind for the scope of this paper: a quantum effect
induces a pressure which has macroscopic consequences.

When the mass is too high the internal quantum pressure is not enough to prevent
the formation of a black hole. The mass range after which collapse is inevitable is called
Tolman-Oppenheimer-Volkoff Limit, the most recent theoretical esteem being 2.2 − 2.9M⊙ [4],
while constraints from gravitational wave signals put the limit at 2.01 − 2.16M⊙ [5].
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When such limits are passed, the collapsing solution present also one of the most critically
discussed points of the theory: the singularity.

Singularities are mostly though to be a sign of incompleteness for the theory of GR,
invoking for the search of a more complete theory which encompass quantum mechanics. The
first approach to achieve the quantization of gravity was the Wheeler-DeWitt formulation [6].
This approach was rather conservative, since it was based off canonical quantization of a
constrained system: gravity.

The evolution of this canonical quantization procedure is today called Loop Quantum
Gravity (LQG), a canonical quantization scheme based on the Ashtekar-Barbero-Immirzi’s
connection variables. This approach more closely resembles the usual gauge theories encoun-
tered in theoretical physics, but possessess also very peculiar features, such as a discrete
spectrum for the operator which represents the area, or like a diffeomorphisms invariant Hilbert
space. A very detailed account for such a quantization procedure for gravity is given in [7].

Our analysis in this work is based on such a canonical approach. We will adopt the
Oppenheimer-Snyder [8] model (OS) for gravitational collapse, which is the first model
developed to describe the gravitational collapse of a sphere without internal pressure.

This model is described internally by an evolving FLRW metric, while outside the
geometry is fixed to be the Schwarzschild spacetime. Our quantization procedure is applied
then to the internal dynamical FLRW metric.

We make use of the so called polymer quantization [9], a canonical quantization scheme
which implements the non-vanishing area gap and the diffeomorphisms invariance of the
Hilbert space, like in the LQG framework.

The main difference is that the scale factor a(t) of the FLRW solution does not act as a
field but rather as a single degree of freedom, so the polymer technique is to be understood
as a LQG-like quantization for a single degree of freedom.

We will build an effective Hamiltonian for the OS model where it gets corrections from
the polymer quantization procedure. The meaning of such a method of analysis is that we
consider the classical trajectories to be the trajectories for the expectation values of the
quantum operators, which we assume to be peaked around the classical trajectory.

Our aim in this paper is to understand whether or not the implementation of the
quantum nature of gravity could prevent the formation of the above mentioned singularity.
This phenomenon is already known in the canonical quantization approach for the collapse
of shells [10] and for the Lemaitre-Tolman-Bondi (LTB) model [11, 12].

The main result of our study is to demonstrate that the collapse singularity is removed
in favor of a possible guess on the existence of a quantum black-to-white hole transition.

Furthermore, as an interesting phenomenological outcome, we see that under suitable
conditions, but independent of the object mass, the collapse is unable to cross the horizon. As
a result, we deal with a new hypothetical astrophysical object, which could also be over-critic
but radially oscillating between two super-horizon configurations.

Finally we show how the emergence of the polymer phenomenology can be interpreted
as a negative quantum pressure, which form is explicitly determined.

The paper is organized as follows. In section 2 we first give a review of the Hamiltonian
formulation of the Oppenheimer-Snyder model, then we introduce a new pair of canonical
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variables and we use them to study the classical model. In section 3 we introduce the effective
model, built using the polymer corrections, and solve the equations of motion for both the
area and momentum. Some relevant aspects are discussed after presenting each solution.
In section 4 the phenomenology of the effective model is discussed: we will characterize a
kind of quantum gravitational pressure generated by polymer quantization, and macroscopic
and quantum effects will be analyzed.

Section 5 closes the paper with a summary, some remarks and future perspectives for
this line of research.

Throughout all this paper we will use geometrized (G = c = 1) units.

2 Hamiltonian Oppenheimer-Snyder model

In this section we are going to analyze the geometry behind the gravitational collapse model.
First we will introduce the solution found by Oppenheimer and Snyder [8], then we

will see how an Hamiltonian description of the very same model can be formulated [13–15],
giving rise to a constrained model.

We will later introduce a new set of canonical variables, well suited for the effective
analysis to be made in the next section. This new variables will then be used to solve the
classical model, in order to compare it to effective one developed in section 3.

2.1 The Oppenheimer-Snyder geometry

Let’s start our analysis with the description of the Oppenheimer-Snyder model geometry.
The spacetime manifold is composed of mainly three pieces [16]: an interior region, where

a dust is present, an exterior vacuum region and at last a boundary, which will be set to infinity.
The manifold, denoted by Ω, is then split into two portions: the matter region Ω− and

the vacuum region Ω+ = Ω \ Ω−. The timelike boundary between the two portions of the
manifold is denoted by Γ while the boundary of the manifold is denoted by Γ+ .

We are willing to give an Hamiltonian description of the model, so we need to apply
the same subdivision also to the spacelike hypersurfaces.

Denoted the spacelike hypersurfaces by Σt, the spacelike interior matter region is given
by S− = Ω− ∩Σt while the exterior vacuum is given by S+ = Ω+ ∩Σt. The boundary between
the two regions is where the spatial surface of the dust sphere lies, given by ΣS = Γ ∩ Σt.

The boundary of the manifold is given by Σ+ = Γ+ ∩ Σt.
Since we are dealing with a spherical symmetric distribution of matter, the geometry of

the spacelike hypersurface is well described by the set of spherical coordinates xi = (r, θ, ϕ)
where r ≥ 0 has the meaning of a radial coordinate, with r = 0 in the center of the dust ball.
The boundary surface ΣS is held fixed at a finite constant coordinate radius r = rS while
the boundary of the manifold Σ+ is placed at a coordinate radius of r = r+.

It is very important to note that the coordinates are not observables here, since observables
are given by functions on the phase space. The coordinates thus are just a parametrization
of the manifold, useful to relate canonical variables.

Let’s see now how the geometry in each manifold portion is described.
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The geometry inside the region Ω− is determined by the Friedmann-Lemaître-Robertson-
Walker (FLRW) metric [1]:

ds2
(−) = −dτ2 + a2(τ)

(
dr2

1 − ϵr2 + r2dΩ2
)

(2.1)

Where ϵ ∈ {0, +1, −1} respectively for flat, spherical and hyperbolic Ω−. The dimensions
are such that

[
ϵ
]

= L−2 and a(τ) is dimensionless.
a(τ) is the scale factor, while the coordinate τ is the proper time measured by an observer

comoving with the dust in Ω−.
The flat geometry describes collapse starting from infinity with zero velocity, the hy-

perbolic geometry describes collapse starting from infinity with a given initial velocity and,
at last, the spherical geometry describes collapse starting from an initial finite radius with
zero initial velocity [17, 18].

The geometry inside the region Ω+ is determined by the Birkhoff theorem and is the
Schwarzschild spacetime geometry [1] given by:

ds2
(+) = −F (R)dT 2 + F −1(R)dR2 + R2dΩ2 (2.2)

The function F (R) is given by the usual:

F (R) = 1 − 2MS

R
(2.3)

Where MS is the dust sphere mass, namely the ADM mass of the system.
The vector ∂/∂T is a Killing vector of the line element (2.2) and it’s orthogonal to the

constant T hypersurfaces, while R is the radial Schwarzschild coordinate.
From now on will only cover the flat and spherical cases, since they appear to be the

most interesting from an astrophysical point of view.

2.2 Hamiltonian model

Let’s turn our attention now to the Hamiltonian description of said model, which is portrayed
in [19, 20].

The dust model adopted is the one provided by Brown and Kuchař [21] of an isotropic,
homogeneous pressureless dust. The canonical variable τ describes the dust proper time,
while its conjugate momentum Pτ is the energy inside the dust sphere.

We identify the lapse function to be N2
τ (t) =

(
dτ
dt

)2
.

Before the derivation of the other canonical variables we define the useful quantity:

Υϵ
S =

∫ rS

0
dr

r2
√

1 − ϵr2
=


r3

S/3 ϵ = 0
−

√
εr2

S−r4
Sε2+arctan

( √
εr2

S√
1−εr2

S
−1

)
+ π

2

ε3/2 ϵ = +1ε

(2.4)

Where ε ≡ 1[L]−2 for dimensional reasons.
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For a ball of coordinate radius r = rS we denote as V ϵ
S the coordinate volume of the

ball and as Vϵ
S the proper volume of the same sphere. With the help of the function Υϵ

S

it is easy to see that:

V ϵ
S = 4πΥϵ

S (2.5)
Vϵ

S = a3(t)V ϵ
S = a3(t)4πΥϵ

S (2.6)

Defining ρ as the dust energy density, the momentum Pτ is given by:

Pτ = 4πVSa3(t)ρ = Vpρ (2.7)

The canonical variables which describe the interior geometry are the scale factor a and its
conjugate momentum Pa, while the exterior geometry is described by the canonical variables
(R, T ), the Schwarzschild coordinates, and their conjugated momenta (P̃R, PT ).

To obtain the Hamiltonian description of the model the following canonical transformation
is made:

Rs = arS Ps = Pa/rS (2.8)

Those are the proper radius and momentum of the surface of the dust cloud.
The relation between the sphere mass and the dust energy is given by:

MS = ΞPτ (2.9)

Where we have defined Ξ to be:

Ξ = V0
S

V+1
S

= r3
S

3Υϵ
S

(2.10)

We see that this represents, for the sphere, the ratio between its proper volume when
embedded in a flat space and its proper volume when embedded in the actual geometry
of the configuration.

Notice that when the dust ball lives in a flat geometry, the mass and the energy coincide,
while when the geometry is curved the relation is altered.

The last ingredient needed to obtain an Hamiltonian formulation of the theory is a
parametrization of the Schwarzschild time on the dust surface, labeled TS(t), which is
required to make the action canonical.

Following [19] we see that we have two choices.
For the flat case, i.e. ϵ = 0, the function is given by:

T P G
S = t +

∫
dr

√
2MS/R

1 − 2MS
R

(2.11)

Those are called Painlevé-Gullstrand [22, 23] coordinates. For the spherical case, i.e. ϵ = +1,
the function is given by:

T GH
S = 1

1 − 2MS
R

t +
∫ R

Ri

dy

√
2MS

y − 2MS
Ri

1 − 2MS
y

 (2.12)
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Where:
Ri = 2MS

Rϕ
θϕθ

(2.13)

Those are called Gautreau-Hoffman [24] coordinates.
For increased readability we define:

κS = ϵr2
S (2.14)

Which is a dimensionless parameter.
We are now ready to write down the action for the Oppenheimer-Snyder model:

S =
∫

dt

{(
Pτ τ̇ + PsṘs − H−

)
+
∫ ∞

rS

dr
[(

P̃RṘ + PT Ṫ
)

−
(
βT PT + βRP̃R

)]}
(2.15)

With the Hamiltonian:

H− = Nτ H−

H− = −Ξ
2

(
P 2

s

Rs
+ κS

Ξ2 Rs − 2Pτ

Ξ

)
(2.16)

The constraints are:

H− ≈ 0 PT ≈ 0 P̃R ≈ 0 (2.17)

This means that the only dynamical degrees of freedom are τ and Rs, or more properly a

since Rs is just one of the possible rescaled versions. The variables (R, T ) are then fully
constrained, with no dynamics: the external geometry really is fixed to be Schwarzschild up
to the diffeomorphisms generetad by the last two constraints in (2.17).

2.3 Area variables

We now aim to develop a new formulation in order to solve both the classical and the effective
dynamics. We will build a new set of variables and use them to recast the Hamiltonian
OS model from a different point of view.

We start by making a canonical transformation, adopting the new set of variables more
suited for the effective model.

This new change of variables is made through the following canonical transformation
and its inverse: A(Rs, Ps) = 4πR2

s

PA(Rs, Ps) = Ps
8πRs

(2.18)

Rs(A, PA) =
√

A
4π

Ps(A, PA) = PA
√

16πA
(2.19)

Where A is the proper surface area of a sphere of proper radius Rs and PA is its conjugate
momentum.

– 6 –
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It is clear that PsṘs = PAȦ so that the action in the new variables reads:

S =
∫

dt

{(
Pτ τ̇ + PAȦ − Nτ H̃

)
+
∫ ∞

rS

dr
[(

P̃RṘ + PT Ṫ
)

−
(
βT PT + βRP̃R

)]}
(2.20)

With the new Hamiltonian given by:

H̃ = Nτ H̃

H̃ = −Ξ
2

(
32π

3
2 P 2

A
√

A + κS

Ξ2

√
A√
4π

− 2Pτ

Ξ

)
(2.21)

The constraints become:

H̃ ≈ 0 PT ≈ 0 P̃R ≈ 0 (2.22)

We will choose now the comoving gauge, which corresponds to the choice of Nτ = 1,
from which the following equations of motion are deduced:

Ȧ = δH̃

δPA
= −32π3/2ΞPA

√
A (2.23)

ṖA = −δH̃

δA
= κS

8Ξ
√

πA
+ 8Ξπ3/2P 2

A√
A

(2.24)

τ̇ = δH̃

δPτ
= 1 (2.25)

Ṗτ = −δH̃

δτ
= 0 (2.26)

We now start to develop the classical dynamics.

2.4 Classical dynamics

We now aim to solve the classical equations of motion in this new variables.
Equations (2.25) and (2.26) are easily solved, yielding:

τ(t) = t (2.27)

Pτ (t) = const = MS

Ξ (2.28)

Now we get onto the equations of motion for the area and its conjugate momentum.

2.4.1 Classical surface equation

Starting from the one relative to the area, we first try to express the equation for the dust
surface as only a function of its area. In order to do so we first evaluate P 2

A(A) solving
the constraint H̃ ≈ 0, which gives:

P 2
A = 4MS

√
πA − κSA

64π2Ξ2A
(2.29)

Extrapolating PA from this and substituting it into Ȧ we obtain the equations of motion:

Ȧ± = ±4
√

π

√
4MS

√
πA − κSA (2.30)
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Here Ȧ− is the equation for the in-falling dust ball while Ȧ+ is the one for the outgoing
dust sphere.

Before solving this we seek for the maxima and minima of the canonical variable.
In order to achieve this, we impose the condition Ȧ2 = 0, which we can solve easily

for A after the substitution of P 2
A into Ȧ2.

The solutions of the equation are:

Amax = 16πM2
S

κ2
S

Amin = 0 (2.31)

Here Amax is a maximum while Amin is a minimum, as shown by the domain restrictions
on the equations of motion.

Analyzing the maximum will shed some light on the parameter κS : if we identify the
maximum with the initial surface of the sphere, namely Amax = A0, we see that the κS = 0
case is equivalent to saying that the maximum for the flat case is at Amax = +∞: this
is consistent with the previous statement that ϵ = 0 is associated with the collapse from
infinity, so the surface has no maximum value.

To study the spherical case we start by defining the Schwarzschild-surface as the surface
of the event horizon:

ASC = 4π (2MS)2 = 16πM2
S (2.32)

Defining also α as the ratio between the initial surface and the Schwarzschild-surface of
the dust ball:

α = A0
ASC

(2.33)

We immediately see that the parameter κS is related to the initial value of the surface via:

κS =
√

1
α

= 2MS

Rmax
(2.34)

Since for any physical situation α > 1, it means that κS < 1 always.
The κS = 0 case then corresponds to the choice of α = ∞, so the collapse starts at an

initial radius infinitely far from the event horizon.
We now turn back to solve our equations of motion (2.30).
The equations are separable, so that they become:

dA±√
4MS

√
πA − κSA

= ±4
√

πdt (2.35)

Those are two different sets of equations, two for the flat case and two for the spherical
case. With the help of the integrals defined in appendix A, and remembering that t = τ ,
the solutions read:

A− : −4
√

π τ = C− + ICA
ϵ (A) (2.36)

A+ : 4
√

π τ = C+ + ICA
ϵ (A) (2.37)

– 8 –



J
C
A
P
1
0
(
2
0
2
4
)
0
9
0

0.0 0.5 1.0 1.5 2.0 2.5
Comoving Time  [s] 1e 5

0

50

100

150

200

Sp
he

re
 S

ur
fa

ce
 

 [K
m

2 ]

In-Falling Surface
Schwarzschild-surface

= + 1
= 0

Figure 1. In-falling trajectories against comoving time τ for the two scenarios. The parameters
chosen are α = 2 and MS = M⊙.

We now need to obtain the constants of integration: for the in-falling branch we want that,
at τ = 0, the surface has value A = A0. This is also valid for the collapses coming from
infinity: since they need to start at τ = −∞ we can choose a finite value for A when the
comoving time is zero.

This means that:

C− = −ICA
ϵ (A0) (2.38)

For the outgoing solution, in order to have a continuous behaviour, we would like to join
the two branches at the minimum Amin = 0. This is impossible because both branches
are singular at Amin = 0.

If instead we take C+ = ICA
ϵ (A = 0+) we obtain the time reversal of the collapse.

The solution then reads:

A− : −4
√

π τ = −ICA
ϵ (A0) + ICA

ϵ (A) (2.39)
A+ : 4

√
π τ = ICA

ϵ (A = 0+) + ICA
ϵ (A) (2.40)

Clearly the time reversal is not a physical solution due to the presence of the singularity
in the conjunction point.

We show in figure 1 a plot of the classical in-falling trajectory in this new variables.
Now its the time to solve the momentum equations.

2.4.2 Classical momentum equation

We now solve the equation for the dust sphere momentum.
We will not solve the equation in function of the comoving time τ but solve for PA as a

function of A. The reason why this appears more useful is because it gives the momentum
when the sphere has surface A, and since we have τ(A) we can evaluate PA(τ) from such

– 9 –
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relation. We have that:

P ′
A := dPA

dA
= ṖA

Ȧ
= −

κS
π2Ξ2 + 64P 2

A
256PAA

(2.41)

Which yields the separable equation:

256PAdPA
κS

π2Ξ2 + 64P 2
A

= −dA
A

(2.42)

This is solved exactly with the aid of the integrals in appendix A:

ϵ = 0 : PA(A) = e− C0
4

4√A
(2.43)

ϵ = +1 : PA(A) = ±

√√√√ e− C1
2√

A − κS

64π2Ξ2 (2.44)

The constants of integration are obtained by setting the momentum to be zero at the initial
surface for the spherical case, while for the flat case, according to equations (2.23) and (2.30),
is recovered by setting at some given surface A0:

P ±
A (A0) = −Ȧ±(A0)

32π3/2√
A0

= ∓
√

MS

4π3/4 4√A0
(2.45)

This is because the momentum is zero only at infinity in this scenario. Note that the
momentum switches sign when the branch changes, since (2.30) has opposite signs in the
two branches.

The final solutions, after simplifying, read:

ϵ = 0 : P ±
A (A) = ∓ 4

√
M2

S

256π3A
(2.46)

ϵ = +1 : P ±
A (A) = ∓

√√√√√κS

(
−1 +

√
A0
A

)
64π2Ξ2 (2.47)

The P +
A is the equation for the outgoing solution and P −

A for the in-falling surfaces, and
we will only keep the in-falling solution as before, since here the outgoing is unphysical for
the same motivations. The signs are inverted since, from equation (2.23), the momentum
has always the opposite sign of the velocity.

Figure 2 shows the behaviour of the momentum against the surface. As it approaches
the singularity it clearly diverges.

Now we tackle the effective model.

3 Effective OS model

For this section our work will be centered on the construction of an effective dynamical model,
where the effective dynamics is built to take into accounts the quantum effects rooted into
the implementation of a polymer quantization of the theory [9].
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Figure 2. In-falling momentum trajectory for both scenarios. The parameters chosen are α = 2 and
MS = M⊙.

First we will briefly resume what this quantization procedure implies, and then we
will develop a new formulation for the OS model, where we apply quantum corrections to
the classical dynamics and solve the corresponding equations for the sphere surface and
momentum.

Non trivial effects will emerge in both the solutions, hinting at what a fully quantization
of the model could imply.

Let’s now introduce the polymer quantization scheme.

3.1 Polymer effective theory

The framework of Polymer Quantization falls naturally into the quantization procedure
referred as “Weyl Quantization”, a generalization of the usual Heisenberg-Dirac procedure [25].

In this framework the operators associated to the canonical variables (q, p) are obtained by
differentiating the corresponding one-parameter exponential operators, namely U(α) = eiαq

and V (β) = eiβp. When one of the exponential operators isn’t continuous with respect to the
parameter, the operator corresponding to its canonical variable is not defined, since the opera-
tion of derivation is ill defined. The polymer quantization is then the Weyl quantization asso-
ciated to the invariance under the diffeomorphisms group [26], and contains multiple schemes.

We choose the polymer scheme in which the momentum operator in the momentum
polarization is not defined, since this corresponds to a choice of discrete areas. This choice
is inspired by the literature on loop quantum gravity [27, 28].

The Hamiltonian in equation (2.21) contains the squared momentum P 2
A that in the

Schrödinger representation is well defined, and in the momentum polarization would lead
to an equation of the type:

P̂ 2
Aϕ(PA) = P 2

Aϕ(PA) (3.1)

This is not allowed in the polymer representation that we are going to utilize in this paper,
since the operator P̂A does not exist in this context.
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We then need to regularize the momentum operator present in the Hamiltonian.
From loop quantum gravity we know that the area cannot smoothly shrink to zero, since

the spectrum of the area operator is discrete, hence P̂A cannot be a differential operator,
but at best a difference operator. We implement this idea in the polymer regularization
by introducing a graph structure on the phase space, where the A variable values increase
only by steps of µ0.

The introduction of this regularization implies that there is a cutoff on the momentum
values, which we will define as p0 = ℏ

µ0
.

A similar scheme is also present in the literature on Loop Quantum Cosmology(LQC),
called µ0 scheme [29], from which our notation is inspired. In this context the field strength
operator is to be regularized, since the connection operator does not exist, in the same way as
our momentum one does not, and this is achieved through the use of holonomies around a loop.
The field strength is recovered in the limit where the area enclosed by the loop goes to zero.

Since the area is discrete, it cannot shrink to zero: in the µ0 scheme the fixed value of
the gap is found by acting with the area operator on the µ0-dependent holonomies, which
are eigenfunctions of the area, thus fixing the value of the µ0 parameter via the area gap
∆ of the theory.

There also exist a different scheme in the context of LQC, referred to as the improved
µ̄ scheme [30], which works conceptually in the same way. The difference is that what is
fixed to be equal to the area gap is not the eigenvalue of the holonomy, but rather the
physical area enclosed inside the loop: in this way the improved ‘area regulator’ gets a
dependence on the area Ar as µ̄ = µ0

Ar .
This scheme is known to be equal to one where the ‘area regulator’ actually is constant

if seen as a ‘volume regulator’. The improved scheme is thus more suited when one works
with a volume metric variable rather than with the area one.

The main difference between the two schemes, other than the definitions, relies in the fact
that in LQC the µ0 procedure allows for quantum effects to arise at curvatures far from the
Planck regime, being the scale dependent on the initial conditions of the system, while the µ̄

procedure allows quantum effects only at the Planck scale, regardless of the initial conditions.
We will stick to the fixed µ0 scheme for the polymer theory since it is more suited for

the area variable and discuss this implication later.
To see how to implement such a scheme into our effective model we show how it affects

the quantum dynamics.
We approximate PA with a translation operator T̂ :

P̂A ≃ ℏ
µ0

1
2i

(
T̂ (µ0) − T̂ (−µ0)

)
(3.2)

When this operator acts on wave functions we get:

P̂Aϕ(PA) ≃ ℏ
µ0

1
2i

(
ei

µ0
ℏ PA − e−i

µ0
ℏ PA

)
ϕ(PA) (3.3)

This means that we have the following relation:

P̂ 2
Aϕ(PA) ≃ p2

0 sin2
(

PA
p0

)
ϕ(PA) (3.4)

– 12 –
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Figure 3. Phase Portraits in Geometrical Units for both the Flat and Spherical models. In red, lines
of constant PA = kp0π, k ∈ Z.

So we can obtain an effective model, with the natural inclusion of a momentum cutoff, by
substituting the squared momentum with its corresponding polymer eigenvalue, namely by
allowing P 2

A → p2
0 sin2

(
PA
p0

)
.

After this substitution into the Hamiltonian, we can derive the effective equations
of motion.

The effective Hamiltonian, in the comoving gauge, is given by:

Hpol = −Ξ
2

(
32π

3
2 p2

0 sin2
(

PA
p0

)√
A + κS

Ξ2

√
A√
4π

− 2Pτ

Ξ

)
(3.5)

The equations for the variables Pτ and τ are unchanged, so their solutions remain the same
as equations (2.27) and (2.28). The equations for the dust momentum and area are instead
modified by our quantum correction, and those read:

Ȧ = δHpol
δPA

= −32π3/2Ξ p0 sin
(

PA
p0

)
cos

(
PA
p0

)√
A (3.6)

ṖA = −δHpol
δA

= κS

8Ξ
√

πA
+

8Ξπ3/2p2
0 sin2

(
PA
p0

)
√

A
(3.7)

It is clear that now the momentum plays the role of an angle variable, with a period of p0π.
This is also clear if we look at the phase space portraits. The phase space shown in

figure 3 is clearly periodic, with the period previously given by p0π. Being periodic, we can
identify in the phase space PA = PA + p0π, so that the momentum takes values on a circle.

This reduced phase space is shown in figure 4.
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Figure 4. Reduced Phase Portraits in Geometrical Units for both the Flat and Spherical models. In
red the line of constant PA = p0π.

It is immediately clear that the spherical case oscillates between a finite maximum and
a finite minimum, while the flat case possesses a finite minimum but has its maximum at
infinity. The analysis of those features is done in the subsections 3.2 and 3.3.

We know seek the solutions of the effective equations (3.6) and (3.7).

3.2 Sphere surface equation of motion

We start by studying the equation of motion for the area variable. In order to do so, we adopt
the same technique we used in the previous section to solve the classical equations of motion.

The first step is again to obtain sin2
(

PA
p0

)
as a function of A from the constraint,

solving Hpoly ≈ 0.
Defining:

κp = 64π2Ξ2p2
0 (3.8)

Such procedure gives:

sin2
(

PA
p0

)
= 4MS

√
πA − κSA
κpA

(3.9)
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From this it is immediate to obtain cos2
(

PA
p0

)
, which is just:

cos2
(

PA
p0

)
= 1 − sin2

(
PA
p0

)
(3.10)

Setting for readability:

a = 4MS

√
πA − κSA
κpA

(3.11)

We see that:

sin
(

PA
p0

)
cos

(
PA
p0

)
= ±

√
a
√
1 − a (3.12)

Substituting this into Ȧ, the equation of motion simply becomes:

Ȧ± = ±32π3/2Ξ p0

√
A(a − a2) (3.13)

The plus and minus signs represent again the in-falling and outgoing solutions.
Making explicit a yields:

Ȧ± = ±32π3/2Ξ p0

4MS

√
πA − κSA
κp

−

(
4MS

√
πA − κSA

)2

κ2
pA


1
2

(3.14)

As before, instead of solving directly this couple of equations, we search for the maxima
and minima for the dust ball surface.

We do this by setting Ȧ2 = 0 and solving for A after the substitution of the constraint
solution (3.9).

The one for ϵ = +1 the solutions are:

Amax = 16πM2
S

κ2
S

Amin = 16πM2
S

(κS + κp)2 (3.15)

From the domain restrictions in equation (3.14) we see that Amax is a maximum, the same as
in the classical case, while Amin is a minimum, now different from zero. The most important
aspect is that on the minimum now our solution will not be singular anymore, allowing us
to match the two branches through such point.

The solution for the ϵ = 0 case yields:

Am = 16πM2
S

κ2
p

(3.16)

Which again, from the domain restrictions in equation (3.14), we see that Am is a regular
non-zero minimum, while the sphere surface has no maximum, just like in the classical case.

A more precise analysis of the physical meaning of such findings is given below in the
sub-subsection 3.2.1.

With the maxima and minima in our hands we now turn to solve the equations of motion.
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The equations (3.14) are separable, so the differential problem can be cast as:

dA±√(
4MS

√
π − κS

√
A
) (√

A (κS + κp) − 4MS
√

π
) = ± 1

2Ξp0
√

π
dt (3.17)

Setting t = τ from the comoving time solution, and making use of the integrals defined
in appendix A, we get the solutions:

A− : − 1
2Ξp0

√
π

τ = C− + IEA
ϵ (A) (3.18)

A+ : 1
2Ξp0

√
π

τ = C+ + IEA
ϵ (A) (3.19)

The integration constant for the in-falling surface is found just like before, by setting
A(τ = 0) = A0, yielding:

C− = −IEA
ϵ (A0) (3.20)

An important note: since we can choose for the κS = 0 case whatever initial surface we desire,
it is important to choose one which is always bigger than the minimum. For the ϵ = +1
case this is always assured by the fact that Amax > Amin always.

Since now the minimum is not a singular point, we can ask for a continuity condition
to find the constant C+ inside the outgoing solution:

A−(τ = τmin) = A+(τ = τmin) (3.21)

Where τmin is given by:

τmin = −2Ξp0
√

π
[
−IEA

ϵ (A0) + IEA
ϵ (Amin)

]
(3.22)

This gives us:

C+ = +IEA
ϵ (A0) − 2IEA

ϵ (Amin) (3.23)

By substitution in the above integrals of the respective minima, it is easy to see that
IEA

ϵ (Amin) = 0 for both cases.
The constant for the outgoing solution then become:

C+ = +IEA
ϵ (A0) (3.24)

The meaning of such an integration condition lies in the fact that τ , the comoving time,
is continuous as a function of A. This implies that there is no reason to restart the clock
once the dust ball has reached the minimum.

Finally the equations of motion read:

A− : − 1
2Ξp0

√
π

τ = −IEA
ϵ (A0) + IEA

ϵ (A) (3.25)

A+ : 1
2Ξp0

√
π

τ = +IEA
ϵ (A0) + IEA

ϵ (A) (3.26)
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Figure 5. Bouncing object for the ϵ = +1 scenarios. The parameters chosen are α = 2 , MS = M⊙
and µ0 = 6π ℓ2

p. The minimum is Amin = 40.6 Km2.
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Figure 6. Bouncing object for the ϵ = 0 scenarios. The parameters chosen are α = 2 , MS = M⊙
and µ0 = 6π ℓ2

p. The minimum is Am = 35.1 Km2.

A plot of the trajectory, against comoving time, is shown in figure 5 and figure 6 for the
two cases.

The trajectories show clearly that the dust ball bounces, so that after the minimum it
starts to expand again, eventually crossing the event horizon.

In the regime where the quantum effects become important, namely the high momentum
regime, a change in the geometry is induced by quantum effects, and a black hole geometry
makes a transition to a white hole geometry. This will be analyzed clearly in the sub-
subsection 3.3.1.

Now let’s review the physical meaning of the minima we have found.
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3.2.1 Minima and cut-offs

Now we analyze more critically the significance of the minima we have found.
The graph structure on the phase space that we introduced was meant to regularize the

P 2
A operator, since this is not a sensible operator in the full quantum theory. The quantum

theory suggests that only finite area shift operators exist, and that the infinitesimal version,
the PA operator, is just a classical approximation which emerges for low momenta. This
means that a full quantum theory could possess some sort of minimal area gap, which is small
but not infinitesimal, which we emulated in our effective theory with the parameter µ0 [31].

The minima that we have found in this work are much bigger than simply µ0, in
fact they also strictly depend on the physical parameters of the model and on the specific
Hamiltonian which describe the collapse. What this means is that our newly found minima
arise dynamically and are not the fundamental area gap µ0.

The presence of such dynamical minima is nonetheless related to the existence of a
fundamental discreteness of the area, which enables some kind of quantum gravitational
pressure to slow the collapse and halt it at a non zero value of the surface, ultimately creating
a bouncing object. Like in the case of the neutron stars or white dwarfs, a quantum pressure
has macroscopical effects on the collapse.

The minima clearly go to zero when we take the limit µ0 → 0, equivalent to the
p0 → ∞ limit, so µ0 is supposed to be the source of such quantum gravitational pressure. In
subsection 4.1 we will characterize such phenomenon more accurately.

We also want to notice that the points Amin and Am could lie outside the Schwarzschild-
surface for some values of the minimum area gap.

Before analyzing such conditions, we recall that ℏ is expressed in geometrized units
and it corresponds to ℏ = ℓ2

p, so p0 = ℓ2
p/µ0 is the rateo between the Planck area and the

minimum area gap.
We also define Ap = 4πℓ2

p = 4πℏ to be the Planck area of a sphere of Planck radius.
We now see for what values of the parameter µ0 we have a dynamical minimum bigger

than the Schwarzschild-surface.
In the ϵ = 0 case the condition Am > ASC for a minimum outside the event horizon

holds only if:

16πM2
S

κ2
p

> 16πM2
S =⇒ µ0 > 8πℓ2

p (3.27)

For the ϵ = +1 case the condition Amin > ASC holds only if:

16πM2
S

(κS + κp)2 > 16πM2
S =⇒

ℓ2
p

µ0
<

√
1−κS

Ξ2

8π
(3.28)

So, after a quick substitution, the conditions to have a dynamical minimum outside the
event horizon, in both cases, are given by:

ϵ = 0 : µ0 > 2Ap

ϵ = +1 : µ0 > 2Ap
Ξ√

1 − κS

(3.29)
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Those are reasonable parameters for a quantum cut-off, being of the same order of the
Planck-sphere area, and those may have a macroscopic effect on the dust ball collapse, since
for such values the formation of an event horizon is avoided.

Such conditions could then pose a constraint on the minimum area gap.
An analysis of the scale at which those effects take place will be presented in section 4.
We now solve the equation of motion for the momentum.

3.3 Sphere momentum equation of motion

As in the classical section, we will not solve the equation in function of the comoving time
τ but again we aim to solve for PA as a function of A.

We recall that P ′
A = dPA

dA = ṖA
Ȧ , so we substitute the constraint solution (3.9) inside

Ȧ and ṖA, thus obtaining the equation:

P ′
A = ± Pτ

64π3/2Ξ p0A
√

4MS

√
πA−κSA
κp

− (4MS

√
πA−κSA)2

κ2
pA

(3.30)

The plus and minus equations are associated to the in-falling and outgoing velocity equations.
We can directly integrate those two equations without the need of defining some external

integrals and without treating separately the flat and spherical case, since if we substitute
κS → 0 and Ξ → 1 in the solutions we obtain the same expression as if we evaluate the
two integrals separately.

The solution then is:

P ±
A (A) = ±p0arctan


√√√√−4MS

√
π +

√
A (κS + κp)

4MS
√

π − κS

√
A

+ C± (3.31)

To find the integration constant C− we set the momentum to be zero at the initial surface
A0, which is Amax for the spherical case and A = +∞ for the flat case. In both the cases
the argument of the arctangent goes to infinity.

This yields:

0 = −p0
π

2 + C− =⇒ C− = p0
π

2 (3.32)

We now need to impose the continuity on the minimum for the outgoing branch:

P −
A (Amin) = P +

A (Amin) (3.33)

The arctangent is zero on the minimum, so we obtain:

p0
π

2 = C+ (3.34)

So the two constants are C− = p0
π
2 = C+ for both flat and spherical cases, and the

solution reads:

P −
A = −p0

arctan


√√√√−4MS

√
π +

√
A (κS + κp)

4MS
√

π − κS

√
A

− π

2

 (3.35)

P +
A = +p0

arctan


√√√√−4MS

√
π +

√
A (κS + κp)

4MS
√

π − κS

√
A

+ π

2

 (3.36)
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Figure 7. Momentum as a function of the surface for the ϵ = +1 scenario. The parameters chosen
are α = 2 , MS = M⊙ and µ0 = 6πℓ2

p.

Where P −
A is the in-falling momentum and P +

A is the outgoing one.
We show in figure 7 and figure 8 the trajectories for the momentum in both the spherical

and flat case.
As can be seen, in the spherical case the sphere has zero momentum at surface A0,

and the same is true for the flat case, which has it at A = ∞, so at finite surface A0 it
possesses a non-zero momentum.

Since the arctangent is zero on the minima, the momentum value PA(Amin) = p0
π
2 is

the one associated to the velocity inversion.
We also notice that while in equation (2.23) there is a minus sign, so that the momentum

needs always to have the opposite sign of the velocity, in the effective case this is not true,
due to the velocity inversion after reaching the minimum.

We will tackle the meaning of such inversion in subsubsection 3.3.1.
We now aim to analyze the inversion behaviour.

3.3.1 Velocity inversion and transition amplitudes

We are ready to understand the implications of the inversion of the velocity.
To understand the physical meaning behind this behaviour, we will firstly analyze the

time evolution of the system, to check whether it is continuous or not.
The first thing we need to do is to evaluate Ä. Using the fact that:

Ä = dȦ
dt

= ∂Ȧ
∂t

+
{

Ȧ, H
}

= Ȧ∂Ȧ
∂A

+ ṖA
∂Ȧ
∂PA

(3.37)

We can obtain the surface acceleration:

Ä = −4πκS + 8π (κS + κp/2) sin2
(

PA
p0

)
(3.38)
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Figure 8. Momentum as a function of the surface for the ϵ = 0 scenario. The parameters chosen are
α = 2 , MS = M⊙ and µ0 = 6πℓ2

p.

We now show in figure 9 and figure 10 the trajectories against time of A, Ȧ, Ä and PA. The
acceleration in the spherical case has an inflection point:

AIN = Amax
(κS + κp/2)2

(κS + κp)2 (3.39)

In the flat case there are no inflection points. In the flat case is also clearly visible that both
the momentum and the velocity are not zero on some surface A0 at a finite time, except for
the zero velocity on the minimum: that is compatible with the fact that the zero velocity
condition is imposed at infinity.

The inversion has to be treated differently depending on whether it happens inside or
outside the event horizon. When it happens outside the event horizon, there are no problems,
since it means that the dust particles ‘bounce’ at a finite radius, like in the presence of a
potential barrier, and turn away from the event horizon.

The problem appears if such an inversion happens after entering the event horizon: inside
the Schwarzschild surface the velocity can only point in the decreasing radial direction, so
the meaning of the inversion is that of an inversion of causality, namely a transition to a
white hole geometry with an anti-horizon.

This could happen due to a quantum effect yet to be explored, and that make possible
the transition between the two geometries: that is what in the literature is known as a
black-to-white hole geometry transition [32–36].

This transition should happen when the corresponding location in the phase space for the
canonical variables is in a neighborhood of the point (Amin, p0

π
2 ), associated to the minimal

surface and inversion value of the momentum, with Amin < ASC . The inversion value of the
momentum is clearly Planckian, being of the same order of Mp/tp.

This is where we expect the quantum effects to have a strong influence on the dynamics
of the system.
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We also suppose that the bounce could be altered in a more accurate model.
This is because the dust model neglects all the internal thermodynamical properties, as

well as all the internal degrees of deformation and compressibility. Those could result, in a
more realistic model, in a different transition mechanism between the two regions, where
the momentum interacts with the internal degrees of freedom of the star to over-compress it
and change its thermodynamical properties. This, together with the inclusion of dissipative
effects, could avoid the bounce once inside the event horizon and stabilize the sphere at some
fixed surface less than the Schwarzschild surface, but still not singular.

Alternative bounce models with and without dissipative effects can be found at [37–42].
Also in string models the singularity is avoided due to T-duality effects [43].
Inhomogeneous density profiles show a very interesting property, that is, the formation

of shock-waves due to the most inner shells, which bounce first, colliding with the outer
layers of the cloud which are still collapsing. As a result, the horizon disappear when the
shock reaches said surface.

Those effects are not present is the OS model, being homogeneous.
The presence of such phenomena in an LQG setting was studied extensively in [44–46].
We expect similar effects to take place also in the polymer model, when pressure and

inhomogeneities are introduced, and those should alter significantly the bounce dynamics.
We are ready to analyze some phenomenological aspects of this effective model.
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4 Phenomenology

The scope of this section is to analyze the implications of the newly found model.
First we are going to characterize how the polymer quantization effects could be un-

derstood as a form of quantum gravitational pressure.
Then we will analyze the implications, divided in two categories: the phenomena which

arise already at a macroscopical scale, before the sphere reaches the quantum regime, and
the effects that take place only after the system has entered the quantum region. Both
regimes could have observational consequences.

4.1 Polymer pressure

Before diving into the description of possibly observable effects of this model, we wish to
give a proper description of the polymer quantum pressure mentioned to be the microscopic
cause of the modified collapse.

A similar quantum effective pressure was also found in [47] and [48].
Clearly there is no actual macroscopical pressure inside the dust, but as we will see,

the effective dynamics generated by the polymer implementation of the area gap can be
thought as the introduction of an internal pressure generated by quantum effects of the
gravitational field itself.

To achieve this result, we first recall the Friedmann acceleration equation for a homo-
geneous isotropic fluid, which reads:

ä

a
= −4π

3 (ρ + 3p) (4.1)

We can rewrite this equation as:

R̈s

Rs
= −4π

3 ρ − 4πp (4.2)

Since the l.h.s. is given by:

R̈s

Rs
= Ä

2A
− Ȧ2

4A2 (4.3)

This can be evaluated using equation (3.37) for the classical case, and yields:

R̈s

Rs

∣∣∣∣∣
CL

= −8π3/2MS

A3/2 = −4π

3 ρ (4.4)

So there is no pressure in the classical case, as expected. For the polymer case the situation
is different.

Using equation (3.38) we see that:

R̈s

Rs

∣∣∣∣∣
POL

= −8π3/2MS

A3/2 + M2
S

A2Ξ2p2
0

−

(
κSMS

√
A√

π

)
4A2p2

0
(4.5)
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So there are extra terms, coming from the introduction of the polymer corrections, which
we will call polymer pressure:

−4πPµ0 = + M2
S

A2Ξ2p2
0

−

(
κSMS

√
A√

π

)
4A2p2

0
(4.6)

Rewriting this in a more clean way gives:

Pµ0 = ASC

κp

1
A2

(√
A
A0

− 1
)

(4.7)

Now let’s analyze the pressure Pµ0 .
The quantum origin is very clear: if we take µ0 = 0 then 1

κp
= 0, so the pressure vanishes

identically. Then we see that the pressure vanishes also at the start of the collapse, when
A = A0. This is good since we have seen that quantum effects arise with the increasing
of the momentum.

The last thing to notice is that since A < A0 always, the pressure is always negative:
this means that Pµ0 has to be interpreted as a kind of 3D tension, which tries to restore
the surface to its initial value when it gets compressed.

An heuristic tentative explanation for that phenomenon is that the quanta of surface
make resistance when compressed against each other, due to gravitational self interactions.
In the classical scenario those quanta are not present and hence this new pressure is absent.

For this reasons from now on we will refer to this quantum gravitational pressure as
“polymer tension”.

With the nature of this tension made clear, we are now ready to study the phenomeno-
logical aspects of this model.

4.2 Macroscopic phenomena

The first thing we wish to accomplish is to understand whether we need to impose some
consistencies conditions on the newly introduced parameter µ0.

To do such a thing we need to check if the physical motion of the sphere exceeds the
light speed limit. Since we are working with a ball of pressureless homogeneous dust, the
velocity of the dust particles corresponds to the radial velocity of the star.

We then proceed to check if this velocity is consistent with the light speed limit. The
radial velocity must be obtained from the surface velocity, since after the introduction of
the effective correction we have lost the ability to make canonical transformations from PA
to Ps, but we can still obtain Rs from A.

We then have:

Ȧ = dA
dRs

dRs

dt
= dA

dRs
Ṙs (4.8)

Since dA
dRs

= 8πRs, after the substitution of A(Rs), we get:

Ṙs = Ȧ
8πRs

= −8πΞp0 sin
(

PA
p0

)
cos

(
PA
p0

)
(4.9)
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We then make the trigonometric substitution 2 sin(x) cos(x) = sin(2x), so we end up with
the equation of motion:

Ṙs = −4πΞp0 sin
(2PA

p0

)
(4.10)

Clearly the velocity is dependent on the value of the parameter µ0, so we need to impose
by hand the subluminal collapse speed condition. It is easy to see that the velocity has its
maximum value when the sine is equal to one, or minus one equivalently.

This means that the absolute maximum value of the velocity is:

ṘMAX
s = 4πΞp0 (4.11)

To impose ṘMAX
s to be subluminal, in geometric units, means that we need ṘMAX

s < 1,
yielding the following constraint on the parameter µ0:

4πΞℓ2
p

µ0
< 1 =⇒ µ0 > ApΞ (4.12)

This means that we have a lower constraint on the polymer area gap given by µ0 > ApΞ.
Remember that in the flat case Ξ = 1.

Equivalently the constraint reads:

p0 <
1

4πΞ (4.13)

With those constraints established, we see that the values for which we have a minimum
outside the event horizon in equations (3.29) are compatible with what we have found.

Regarding only the spherical case, which is a model more physically relevant than the
flat one, we can investigate deeper into the consequences of such scenario.

4.2.1 A new astrophysical object

Let us fix a value of the parameter µ0
Ap

= γ. Then the condition for a minimum outside
the event horizon reads:

2Ξ√
1 − κS

< γ (4.14)

To see when this condition is satisfied we explicit the rS parameter in the l.h.s. , which
yields the function:

f(κS) = 4κ
3/2
S

3
√

1 − κS

(
2arctan

(
−1+√

κS√
1−κS

)
+ π −

√
κS − κ2

S

) (4.15)

Recall that the rS dependence is recovered by κS since √
κS = rS

√
ϵ, where ϵ = 1 is kept

for dimensional reasons.
We show in figure 11 the behaviour of such function with rS ∈ (0, 1), as imposed by

the condition (2.34).
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f(r
S)

Outside Bouncing Function
f(rS)

Figure 11. Behaviour of f(rS) as a function of rS . The function clearly diverges as rS approaches 1.
γ is set to 2 for illustrative reasons.

The plot clearly shows that the closer to the event horizon the collapse start, i.e. the
closer we get to κS = 1, the greater the value of the area gap must be in order to avoid
the formation of the event horizon.

The plot gives the values of κS , far enough from the event horizon given a value of γ,
for which the sphere will oscillate between the initial collapsing size A0 and the minimum
value Amin, outside its event horizon.

This suggests that some astrophysical objects, massive enough that should form a black
hole instead of a neutron star, could instead become some new radially pulsating objects,
given the right conditions on the size and the polymer parameter.

The pulsation/oscillation is evident both from the phase space portrait in figure 3 and
from the fact that in figure 9, after a full collapsing/expanding cycle, the system comes
back at the initial values for all the four variables (A, Ȧ, Ä, PA) and hence the motion is
periodic, with a comoving period of:

TCyc = 2τmin = 4
√

πΞp0IEA
+1 (A0) (4.16)

Substituting the value of IEA
+1 (A0) yields:

TCyc = MS

2Ξp0

κp (κS + κp/2)
[κS (κS + κp)]3/2 (4.17)

For Sun-like parameters the comoving time period is of order 10−5 s, to which gravitational
time dilation should be applied in order to evaluate the cycle period for a distant observer.

We will call this new objects periodically radially pulsating objetcs (PRPOs).
A similar result was also found, in the context of LQC-inspired black hole collapse, by

Achour and Uzan [41], with some different aspects.
First of all, in their paper it is shown that the sphere is forced to always bounce outside

the event horizon, while in our model it depends on the initial surface dimension and on the
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value of the quantum parameter. Their solution also has a free IR cutoff for the density,
while in our model the IR cutoff is completely determined by the mass parameter MS and
the initial size parameter α, or equivalently κS .

In analogy with our findings, also their paper shows that the bounce, and hence the
strength of the quantum effects, can arise at scales much bigger than the Planck one: this
is a surprising fact since an oscillating behaviour is found for the same model even when
quantized with a different route. It could be argued that the “polymer pressure/tension”
hypothesized could be a phenomenon common to all these models, and resulting in a bouncing
behaviour, even if the tension specific expression will probably vary between different models
and quantization schemes.

One last difference between the two models is the restriction of the mass which is allowed
for bouncing objects: in their paper they found that macroscopic black holes are not allowed
to bounce, while in our model every black hole that respects condition 4.14 will oscillate,
independently of the mass.

In our model the mass influences only the comoving period of the oscillation.

4.3 Quantum effects

The dominant effect which arise in the quantum regime, as said in the previous discussion
on the inversion behaviour, is that of a quantum transition between the two geometries
of a black and a white hole.

The two geometries under evaluation are depicted by the Penrose diagrams [49] in
figure 12 and figure 13. We show only the flat model, since the spherical model cannot be
described by a single patch of coordinates at infinity.

In the transition we have a sudden change of geometry, but some of the spacetime
properties are identified between the two geometries. What we need to do is identify the
null-like infinity and the time-like infinity of the two geometries. Also the space-like infinity
and the minimal dynamical radius are to be identified. Those identifications are such that
the event horizon of the collapsing sphere effectively become an anti-horizon in the outgoing
picture, so the outgoing geometry is recognised to be the one of a white hole.

This means that, in the quantum regime, the transition actually transforms the horizon,
while the asymptotic geometry remains the same.

We now try to put some bounds on the transition rate ΓB→W with some simplified
arguments.

We will assume the following:

• ΓB→W does not depend on time.

• ΓB→W does not depend on the mass or the size of the black hole.

• The black hole density in our observation period, ρB, is constant in time.

Those are restrictive assumptions but are necessary in order to work with the rate.
Under those assumptions we wish to find the probability of k transitions to happen in

a time period T from an ensemble of initial black holes.
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Figure 12. Carter-Penrose Diagram of a Col-
lapsing Black Hole Geometry. In grey the area
excluded from the external geometry, in green the
sphere surface trajectory, in red the dynamically
removed area with RS < Rmin. The horizontal
purple line is the event horizon.

Figure 13. Carter-Penrose Diagram of a Col-
lapsing White Hole Geometry. In grey the area
excluded from the external geometry, in green the
sphere surface trajectory, in red the dynamically
removed area with RS < Rmin. The horizontal
purple line is the event anti-horizon.

Denote by N 0
B the number of detectable black holes at the start of the time period

T , given by:

N 0
B = ρBVobs (4.18)

Vobs is the volume where we can observe those events.
The probability of having k white hole events in a period T is given by the Binomial

distribution:

PT [k] =
(
N 0

B

)
!

k!
(
N 0

B − k
)
!
(
1 − e−ΓB→W T

)k (
e−ΓB→W T

)N 0
B−k

(4.19)

Assuming that we have not seen yet an astrophysical event recognizable as a white hole,
so that PT [0] ≈ 1, we can infer that:

PT [0] =
(
e−ΓB→W T

)ρBVobs ≈ 1 (4.20)

This is satisfied when ρBVobsT ΓB→W ≪ 1, so:

ΓB→W ≪ 1
ρBVobsT

(4.21)

Once that the N 0
B parameter is measured, one could constrain the transition rate.

As also stated in subsubsection 3.3.1, in a more realistic model is possible that no
transition occurs at all if the star is stabilized inside the event horizon, so in that scenario
the transition rate ΓB→W should be zero.
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4.4 The scale of quantum effects

It is now time to analyze the scale at which those effects take place, having ascertained that
the bounce happens at a minimal area that is far from the Planck regime.

We start this analysis by recasting the Ricci curvature scalar for the inside of the dust
sphere in the new variables. The Ricci scalar for the metric tensor inside the sphere is given by:

R = 6
(

ä

a
+ ȧ2

a2 + ϵ

a2

)
(4.22)

Using equations (4.3) this can be recasted as:

R = 6
(

Ä
2A

− Ȧ2

4A2 + Ȧ
A

+ 4πκS

A

)
(4.23)

On the minimal surface the second and third terms are zero, so we are left with:

R|Amin
= 3Ä

A
+ 24πκS

A
(4.24)

From equation (3.38) we see that on the minimum, where PA = p0
π
2 , the acceleration is

Ä = 4π(κS + κp).
This gives the curvature scale on the minimal surface, denoted by R̃:

R̃ =


3(κS+κp)2(3κS+κp)

4M2
S

ϵ = 1
3κ3

p

4M2
S

ϵ = 0
(4.25)

Defining the Planck curvature as Rp = 1
ℓ2

p
, and remembering that, in geometric units, the

Planck mass m2
p is defined by m2

p = ℓ2
p = ℏ, we see that:

R̃
Rp

=


3(κS+κp)2(3κS+κp)

4
m2

p

M2
S

ϵ = 1
3κ3

p

4
m2

p

M2
S

ϵ = 0
(4.26)

This means that the curvature scale is Planckian only if the sphere mass is the same order
of the Planck mass.

One could argue that if a quantization scheme where the µ0 parameter depends on the star
mass MS one could set the bounce scale to a universal Planckian value. This is true for the flat
case if one utilize the parameter µ0(MS) = µ0

M
1/3
S

, but it is impossible for the spherical case.
Nonetheless, the procedure cannot be regarded as universal since now the quantization

procedure itself depends on the parameters of each model.
For those reasons we stick with the usual µ0 scheme adopted in the literature.
The fact that the curvature is not Planckian is not a problem in principle, since as

stated in subsections 3.2.1 and 4.1, this already happens in compact stars, where a quantum
pressure stabilizes a star of macroscopic size.

While the fact that the curvature is not Planckian is not a problem, the main issue
with this quantization scheme relies in the fact that it seems that no scale of the theory
lies in the Planck regime, at first sight.
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This is only partially true: the momentum of the collapsing sphere, on the minimum,
is in fact Planckian.

Since the momentum on the minimum is PA(Amin) = p0
π
2 , and recalling that the Planck

momentum is Pp =
√

ℏc3

G , then the momentum is in the Planck regime:

PA(Amin) = π

2µ0

ℏc3

G
= π

2µ0
P 2

p (4.27)

Nonetheless this does not solve the problem: in the polymer theory the momentum is not
an observable of the theory.

The weakness of this procedure then lies in the fact that none of the observable quantities
of the theory enter the Planck regime, the only Planckian quantity of the theory not being
an observable.

5 Conclusions

In this paper we analyzed the role played by a non-zero area gap in the crucial setting
of gravitational collapse.

In section 3 we have found that, thanks to the polymer tension (4.7) caused by the
discrete nature of the area, the collapse is regularized both in the flat and in the spherical case,
avoiding the formation of a singularity. This implies the existence of a dynamical minimum
surface that the sphere can reach, given by equations (3.15)–(3.16). In equations (3.29) we
showed that exist values of the polymer parameter for which said minima lie outside of
the event horizon. Those are compatible with the subluminal collapsing speed constraint
imposed on µ0 in equation (4.12).

In section 4 we identified and characterized the polymer tension, conceptually not very
different from the various degeneracy pressures which appear in the usual treatment of
compact objects. The key points of this analysis show that the tension originates from
the polymerization of the area itself and that the tension opposes the collapse, trying to
restore the initial size of the sphere.

We have also found that on the new regular minima there is a velocity inversion, which
has two important consequences depending on whether or not it happens inside or outside
the event horizon.

We found that when such an inversion happens inside the event horizon, the associated
process has to be understood as a quantum transition from a black hole geometry to a white
hole geometry, in accordance with the literature cited. We also considered the possibility
that such process is avoided completely in a more realistic star model, and this is more
plausible according to our astrophysical data.

At last we pointed out the fact that a major weakness of this kind of quantization lies
in the fact that all the observables of the theory never enter the Planck regime, while the
only quantity which enters this regime, namely the sphere momentum, is not observable
for this particular scheme.

More work is needed in order to implement the polymer/LQG procedure for models
with rotating stars or internal pressure, which could provide a mechanism to dissipate the

– 30 –



J
C
A
P
1
0
(
2
0
2
4
)
0
9
0

quantum gravitational pressure into internal degrees of freedom of the star and stabilize
it without the formation of a white hole.

We then found the conditions for the bounce to happen outside the event horizon, finding
a new class of objects, PRPOs, which exhibit a periodic radially pulsating behaviour, with
the comoving pulsation period given by equation (4.17).

We state that those objects, due to the presence of the new polymer tension, could have
a different deformability with respect to neutron stars or black holes, and hence they could
leave a different signature in gravitational waves emitted by binary mergers.

A careful study of such signatures, in the case of more accurate star models, is left for
future investigations in the hope for new tests of quantum gravity.
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A Integrals of the Equations of Motion

We make use of this appendix to define the integrals defined throughout the sections 2 and 3.

A.1 Classical dynamics integrals

A.1.1 Surface integrals

We start with the classical integrals for the surface equations of motion.
Let’s define the classical area (CA) integrals as:

ICA
ϵ (A) =

∫
dA√

4MS

√
πA − κSA

(A.1)

Those are two integrals, one for each value of ϵ, and are equivalent to:

ICA
0 (A) = 2A

3
√

MS

√
πA

(A.2)

ICA
+1 (A) =

8MS
√

π atan
( √

κSA√
4MS

√
πA−κSA

)
(κS)3/2 −

2
√

4MS

√
πA − κSA

κS
(A.3)

Those can be directly put into the solutions of the equations of motion.

A.1.2 Momentum integrals

Let’s define the classical momentum (CM) integrals as:

ICM
ϵ (PA) =

∫ 256PAdPA
κS

π2Ξ2 + 64P 2
A

(A.4)

Those are two integrals, one for each value of ϵ, evaluated to be:

ICM
0 (PA) = 4 ln (PA) (A.5)

ICM
+1 (PA) = 2 ln

(
κS + 64π2Ξ2P 2

A

)
(A.6)
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The integral in the area variable instead yields:

−
∫

dA
A

= − ln (A) (A.7)

Plugging those integrals in the classical momentum equations we can invert the logarithms
to obtain PA(A).

A.2 Effective dynamics integrals

A.2.1 Surface integrals

We continue this appendix with the effective integrals for the surface equations of motion.
Let’s define the effective area (EA) integrals as:

IEA
ϵ (A) =

∫
dA√(

4MS
√

π − κS

√
A
) (√

A (κS + κp) − 4MS
√

π
) (A.8)

That evaluates to:

IEA
0 (A) =

(
MS + 8π3/2p2

0
√

A
)

384π7/2p4
0

√√√√(16π3/2p2
0
√

A − MS

)
MS

(A.9)

IEA
+1 (A) =

16MS
√

π (κS + κp/2) arctan
( √

κS(√
A(κS+κp)−4MS

√
π)√

−(κS+κp)(κS

√
A−4MS

√
π)

)
[κS (κS + κp)]3/2

− 2

√(
4MS

√
π − κS

√
A
) (√

A (κS + κp) − 4MS
√

π
)

κS (κS + κp) (A.10)

We got two different integrals, just like before, since those evaluate to different functions
for different ϵ parameters.

References

[1] C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation, W.H. Freeman, San Francisco, CA,
U.S.A. (1973).

[2] S. Weinberg, Cosmology, Oxford University Press, Oxford, U.K. (2008).

[3] S.L. Shapiro and S.A. Teukolsky, Black holes, white dwarfs, and neutron stars: the physics of
compact objects, John Wiley & Sons, Nashville, TN, U.S.A. (1983) [DOI:10.1002/9783527617661]
[INSPIRE].

[4] V. Kalogera and G. Baym, The maximum mass of a neutron star, Astrophys. J. Lett. 470 (1996)
L61 [astro-ph/9608059] [INSPIRE].

[5] L. Rezzolla, E.R. Most and L.R. Weih, Using gravitational-wave observations and quasi-universal
relations to constrain the maximum mass of neutron stars, Astrophys. J. Lett. 852 (2018) L25
[arXiv:1711.00314] [INSPIRE].

[6] B.S. DeWitt, Quantum theory of gravity. 1. The canonical theory, Phys. Rev. 160 (1967) 1113
[INSPIRE].

– 32 –



J
C
A
P
1
0
(
2
0
2
4
)
0
9
0

[7] T. Thiemann, Modern canonical quantum general relativity, Cambridge University Press,
Cambridge, U.K. (2007).

[8] J.R. Oppenheimer and H. Snyder, On continued gravitational contraction, Phys. Rev. 56 (1939)
455 [INSPIRE].

[9] A. Corichi, T. Vukasinac and J.A. Zapata, Polymer quantum mechanics and its continuum limit,
Phys. Rev. D 76 (2007) 044016 [arXiv:0704.0007] [INSPIRE].

[10] P. Hájíček and C. Kiefer, Singularity avoidance by collapsing shells in quantum gravity, Int. J.
Mod. Phys. D 10 (2001) 775 [gr-qc/0107102] [INSPIRE].

[11] C. Kiefer and T. Schmitz, Singularity avoidance for collapsing quantum dust in the
Lemaître-Tolman-Bondi model, Phys. Rev. D 99 (2019) 126010 [arXiv:1904.13220] [INSPIRE].

[12] D. Malafarina, Classical collapse to black holes and quantum bounces: a review, Universe 3
(2017) 48 [arXiv:1703.04138] [INSPIRE].

[13] E. Gourgoulhon, 3+1 formalism in general relativity, Springer, Berlin, Heidelberg, Germany
(2012) [DOI:10.1007/978-3-642-24525-1] [INSPIRE].

[14] R.L. Arnowitt, S. Deser and C.W. Misner, Dynamical structure and definition of energy in
general relativity, Phys. Rev. 116 (1959) 1322 [INSPIRE].

[15] E. Poisson, A relativist’s toolkit: the mathematics of black-hole mechanics, Cambridge University
Press, Cambridge, U.K. (2009) [DOI:10.1017/CBO9780511606601] [INSPIRE].

[16] P. Hájíček and J. Kijowski, Lagrangian and Hamiltonian formalism for discontinuous fluid and
gravitational field, Phys. Rev. D 57 (1998) 914 [Erratum ibid. 61 (2000) 129901]
[gr-qc/9707020] [INSPIRE].

[17] Y. Kanai, M. Siino and A. Hosoya, Gravitational collapse in Painlevé-Gullstrand coordinates,
Prog. Theor. Phys. 125 (2011) 1053 [arXiv:1008.0470] [INSPIRE].

[18] R. Casadio, Hamiltonian formalism for the Oppenheimer-Snyder model, Phys. Rev. D 58 (1998)
064013 [gr-qc/9804021] [INSPIRE].

[19] C. Kiefer and H. Mohaddes, From classical to quantum Oppenheimer-Snyder model: nonmarginal
case, Phys. Rev. D 107 (2023) 126006 [arXiv:2303.17924] [INSPIRE].

[20] T. Schmitz, Towards a quantum Oppenheimer-Snyder model, Phys. Rev. D 101 (2020) 026016
[arXiv:1912.08175] [INSPIRE].

[21] J.D. Brown and K.V. Kuchar, Dust as a standard of space and time in canonical quantum
gravity, Phys. Rev. D 51 (1995) 5600 [gr-qc/9409001] [INSPIRE].

[22] P. Painlevé, La mécanique classique et la théorie de la relativité (in French), Comptes Rendus
Acad. Sci. 173 (1921) 677.

[23] A. Gullstrand, Allgemeine Lösung des statischen Einkörperproblems in der Einsteinschen
Gravitationstheorie (in German), vol. 16,8 of Arkiv för matematik, astronomi och fysik, Almqvist
& Wiksell, Stockholm, Sweden (1922).

[24] R. Gautreau and B. Hoffmann, The Schwarzschild radial coordinate as a measure of proper
distance, Phys. Rev. D 17 (1978) 2552 [INSPIRE].

[25] F. Strocchi, Gauge invariance and Weyl-polymer quantization, Springer, Cham, Switzerland
(2016) [DOI:10.1007/978-3-319-17695-6] [INSPIRE].

[26] G. Morchio and F. Strocchi, Quantum mechanics on manifolds and topological effects, Lett. Math.
Phys. 82 (2007) 219 [arXiv:0707.3357] [INSPIRE].

– 33 –



J
C
A
P
1
0
(
2
0
2
4
)
0
9
0

[27] C. Rovelli and L. Smolin, Discreteness of area and volume in quantum gravity, Nucl. Phys. B
442 (1995) 593 [Erratum ibid. 456 (1995) 753] [gr-qc/9411005] [INSPIRE].

[28] C. Rovelli and L. Smolin, Spin networks and quantum gravity, Phys. Rev. D 52 (1995) 5743
[gr-qc/9505006] [INSPIRE].

[29] A. Ashtekar, T. Pawlowski and P. Singh, Quantum nature of the big bang: an analytical and
numerical investigation. I, Phys. Rev. D 73 (2006) 124038 [gr-qc/0604013] [INSPIRE].

[30] A. Ashtekar, T. Pawlowski and P. Singh, Quantum nature of the big bang: improved dynamics,
Phys. Rev. D 74 (2006) 084003 [gr-qc/0607039] [INSPIRE].

[31] A. Ashtekar, S. Fairhurst and J.L. Willis, Quantum gravity, shadow states, and quantum
mechanics, Class. Quant. Grav. 20 (2003) 1031 [gr-qc/0207106] [INSPIRE].

[32] H.M. Haggard and C. Rovelli, Quantum-gravity effects outside the horizon spark black to white
hole tunneling, Phys. Rev. D 92 (2015) 104020 [arXiv:1407.0989] [INSPIRE].

[33] J. Münch, Effective quantum dust collapse via surface matching, Class. Quant. Grav. 38 (2021)
175015 [arXiv:2010.13480] [INSPIRE].

[34] J.G. Kelly, R. Santacruz and E. Wilson-Ewing, Black hole collapse and bounce in effective loop
quantum gravity, Class. Quant. Grav. 38 (2021) 04LT01 [arXiv:2006.09325] [INSPIRE].

[35] E. Bianchi et al., White holes as remnants: a surprising scenario for the end of a black hole,
Class. Quant. Grav. 35 (2018) 225003 [arXiv:1802.04264] [INSPIRE].

[36] J. Ben Achour, S. Brahma, S. Mukohyama and J.-P. Uzan, Towards consistent black-to-white
hole bounces from matter collapse, JCAP 09 (2020) 020 [arXiv:2004.12977] [INSPIRE].

[37] C. Rovelli and F. Vidotto, Small black/white hole stability and dark matter, Universe 4 (2018)
127 [arXiv:1805.03872] [INSPIRE].

[38] T. De Lorenzo and A. Perez, Improved black hole fireworks: asymmetric black-hole-to-white-hole
tunneling scenario, Phys. Rev. D 93 (2016) 124018 [arXiv:1512.04566] [INSPIRE].

[39] V. Husain, J.G. Kelly, R. Santacruz and E. Wilson-Ewing, Quantum gravity of dust collapse:
shock waves from black holes, Phys. Rev. Lett. 128 (2022) 121301 [arXiv:2109.08667] [INSPIRE].

[40] J. Ben Achour, S. Brahma and J.-P. Uzan, Bouncing compact objects. Part I. Quantum extension
of the Oppenheimer-Snyder collapse, JCAP 03 (2020) 041 [arXiv:2001.06148] [INSPIRE].

[41] J. Ben Achour and J.-P. Uzan, Bouncing compact objects. II. Effective theory of a pulsating
Planck star, Phys. Rev. D 102 (2020) 124041 [arXiv:2001.06153] [INSPIRE].

[42] G. Barca and G. Montani, Non-singular gravitational collapse through modified Heisenberg
algebra, Eur. Phys. J. C 84 (2024) 261 [Erratum ibid. 84 (2024) 865] [arXiv:2309.09767]
[INSPIRE].

[43] K. Jusufi, Avoidance of singularity during the gravitational collapse with string T-duality effects,
Universe 9 (2023) 41 [arXiv:2301.03590] [INSPIRE].

[44] F. Fazzini, C. Rovelli and F. Soltani, Painlevé-Gullstrand coordinates discontinuity in the
quantum Oppenheimer-Snyder model, Phys. Rev. D 108 (2023) 044009 [arXiv:2307.07797]
[INSPIRE].

[45] F. Fazzini, V. Husain and E. Wilson-Ewing, Shell-crossings and shock formation during
gravitational collapse in effective loop quantum gravity, Phys. Rev. D 109 (2024) 084052
[arXiv:2312.02032] [INSPIRE].

– 34 –



J
C
A
P
1
0
(
2
0
2
4
)
0
9
0

[46] V. Husain, J.G. Kelly, R. Santacruz and E. Wilson-Ewing, Fate of quantum black holes, Phys.
Rev. D 106 (2022) 024014 [arXiv:2203.04238] [INSPIRE].

[47] C. Bambi, D. Malafarina and L. Modesto, Non-singular quantum-inspired gravitational collapse,
Phys. Rev. D 88 (2013) 044009 [arXiv:1305.4790] [INSPIRE].

[48] Y. Liu, D. Malafarina, L. Modesto and C. Bambi, Singularity avoidance in quantum-inspired
inhomogeneous dust collapse, Phys. Rev. D 90 (2014) 044040 [arXiv:1405.7249] [INSPIRE].

[49] R. Penrose, Asymptotic properties of fields and space-times, Phys. Rev. Lett. 10 (1963) 66
[INSPIRE].

– 35 –


