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This paper focuses on the search for a coherent and consistent formulation to describe quantum
gravity corrections to quantum field theory. We implement two fundamental ingredients discussed
in previous analyses: on one hand, the construction of the Wentzel-Kramer-Brillouin and Born-
Oppenheimer picture for the Wheeler-DeWitt theory of gravity and matter by using a reference
fluid as physical clock; on the other hand, we explicitly separate in the metric field its own purely
classical contribution from the quantum graviton degrees of freedom. This allows to derive, by the
expansion in a Planckian parameter, a unitary theory properly evaluating the quantum field theory
modifications in the considered regime. More specifically, we recover at zero order the standard
theory on curved space-time after averaging over the graviton sector. The physical corrections
are induced at first order by (quantum) gravitons, thought as the slow-varying component of the
system, as opposed to the fast quantum matter and reference fluid. The genuine contribution
due to gravitons, nonfactorizable into an independent phase, provides a coherent quantum gravity
modification on quantum field theory. We show this by determining the predicted inflationary
spectrum during an exact de Sitter phase of the primordial Universe, finding a breaking of the
scale invariant morphology even when the inflation potential is modeled by a cosmological constant
term. Remarkably, the behavior of such non-scale-invariant spectrum overlaps predictions previously
obtained in literature by neglecting nonunitary terms emerging in those formulations. In this respect,
the present model provides a satisfactory regularization of such approaches by virtue of a more
realistic construction of the physical clock for the total (gravity + matter) quantum dynamics.

I. INTRODUCTION

One of the most intriguing points addressed by propos-
als to quantize the gravitational field [1, 2] is the so-called
frozen formalism [3]. This feature, very distinctive of the
gravitational interactions with respect to other quantum
fields, is a direct consequence of the diffeomorphism in-
variance [4]. Thus, although related to the geometrical
nature of the gravitational field, this property is not di-
rectly associated to the conceptual problem of quantiz-
ing the space-time structure and it opens a related subtle
point: how can we recover the quantum field theory on
a classical curved space-time from the global quantum
gravity picture in the presence of that field? The appro-
priate limit can be constructed by developing the grav-
itational field dynamics in a Wentzel-Kramer-Brillouin
(WKB)-like scenario, which allows to recover the matter
field only as the intrinsically quantum structure.

In this respect, one of the first approaches aiming to
reconstruct the quantum field theory on a curved back-
ground from the Wheeler-DeWitt (WDW) equation was
presented in [5]. There a Tomonaga-like notion of time
was introduced and a functional Schrödinger-like scenario
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properly emerged for the matter field only. A more con-
vincing formulation of the same problem has been pro-
vided by [6] in a rather general minisuperspace context.
The separation of the system into a quasiclassical (WKB
expanded) background on which a “small” quantum sys-
tem lives, is a general framework in which the quantum
dynamics of matter field can be easily accommodated.
The crucial point here is the way to reintroduce a time
coordinate in the dynamics of the matter: a label time
presence comes out from the dependence of the matter
wave functional on the classical gravitational variables
(in turn functions of the label time itself). This scenario
has been generalized in [7], where the expansion param-
eter has been identified in a Planck-like scale, instead
of ~. For a discussion of the equivalence of the two ap-
proaches above, see [8], where it was also emphasized how
the nonunitarity emerging at first order in the quantum
gravity corrections cannot be overlooked, calling atten-
tion for a different formulation of the physical clock. By
other words, while the ideas of [6, 7] for a time recon-
struction provides a correct answer to deal with quan-
tum field theory on a classical geometry from the WDW
equation, it certainly fails in determining the quantum
gravity corrections to such a quantum field theory (QFT)
reconstructed formulation [9].

An alternative proposal for the time definition ver-
sus the QFT limit has been outlined in [8], where the
so-called “kinematical action” [4] has been added to the
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general formulation of the gravitational field. A system-
atic reformulation of the problem, on the base of the so-
called “Kuchař-Torre” [10] reference frame fixing, stands
in [11]. In this work, the similarities with the kinematical
action formulation have been emphasized and a cosmo-
logical implementation of the model has been provided.
This recasting of the WDW equation via a sort of Born-
Oppenheimer separation into a “slow” gravitational com-
ponent plus a “fast” contribution (i.e. the matter field
and the reference fluid) reinstated a unitary formulation
for the matter dynamics in the presence of quantum grav-
ity corrections. However, the implementation of this the-
ory to the determination of the inflationary spectrum [12]
demonstrated that the obtained generalized QFT theory
always contains a solution for which quantum gravity ef-
fects are removed, simply because they emerge as a phase
factor.

This result suggested the necessity to reconsider the
way in which the real degrees of freedom of the theory
must be weighted in the proposed model. In fact, in [13],
it has been clarified the necessity to assign to the WKB
quantum part of the gravitational field a specific identity,
i.e. separating the background metric into a purely clas-
sical background (the Bianchi I cosmology) plus quantum
(although slow) graviton degrees of freedom. The impor-
tant statement of this study has been the necessity to
somehow average over the graviton sector before we can
really speak of reconstructing a QFT model.

In the present paper, we combine together the idea
of defining a physical clock via the Kuchař-Torre fluid
with the classical-quantum separation of the gravita-
tional background. We first construct the theory up to
zeroth order in the Planckian parameter, in which QFT
can be identified as the result of an averaging proce-
dure over the graviton sector. As we will motivate, this
level presents an exact coincidence between the (WKB
expanded) graviton Wheeler-DeWitt equation and the
needed Born-Oppenheimer gauge condition [7, 14]. Then
we analyze the next order of approximation, at which
the quantum gravity corrections on QFT manifest them-
selves. Also adopting in this step an appropriate gauge to
eliminate some contributions from the quantum dynam-
ics, we arrive to a new Schrödinger-like equation which
has the simultaneous merit of being fully unitary and not
presenting the graviton contributions as a simple phase
factor anymore. In this step the graviton dependence of
QFT cannot be removed by a natural average procedure,
i.e. it is no longer possible to get a readable equation
in the average matter wave function. This fact leads us
to postulate the necessity of a phenomenological average
procedure, i.e. performed on the solution of the dynam-
ical system instead of on its formulation.

As the fundamental result of this study, we implement
the constructed theory to the calculus of the inflation-
ary spectrum during a pure de Sitter phase [15, 16]. We
arrive to determine quantum gravity corrections to the
scale-invariant spectrum, which have the same morphol-
ogy already obtained in [17–19] but now we can deal with

a unitary physical prescription for these corrections.
Thus, the present analysis is a first concrete and pre-

dictive step versus the setup of a revised QFT scenario,
amended for the presence of small ripples in the grav-
itational field, due to a relic of their quantum nature.
Despite the difficulty in experimentally detecting such
very small effects, the possibility to deal with a predic-
tive prescription for their evolution is to be regarded as
a basic step in our knowledge of quantum gravity.

The structure of the paper is as follows. In Sec. II,
we review Kuchař and Torre’s parametrized procedure
for the Gaussian reference fluid clock. In Sec. III we
revisit the treatment of graviton perturbations using the
WKB approach in a Bianchi I universe. This is subse-
quently integrated with the Kuchař-Torre clock proposal
in Sec. IV. We then employ this combined framework in
Sec. V to calculate the power spectrum corrections aris-
ing from quantum gravity effects for the inflationary uni-
verse. Discussion and concluding remarks are presented
in Sec. VI.

II. THE KUCHAŘ-TORRE CLOCK

In this section we shall review the procedure exposed
in [10] and [11], by means of which the reference fluid
concept is exploited to recover a time definition and de-
termine quantum gravity corrections to the matter dy-
namics.

The first step lies in identifying, among all the met-
ric components, those ones that represent the physical
degrees of freedom; namely those which describe the dy-
namical evolution of the gravitational field. This is ob-
tained by means of a frame-fixing procedure, i.e. choos-
ing as coordinates the Gaussian ones (T,X i) for which
the metric γαβ satisfies the following conditions:

γ00 = 1, γ0i = 0 , (1)

with signature (+,−,−,−) and latin letters labeling spa-
tial indices.

In absence of matter (see [10]), the conditions (1) can
be imposed by inserting an additional term in the total
action of the system:

S = Sg + Sf , (2)

where Sg is the Einstein-Hilbert action and

Sf =

∫

d4x

[√−γ
2

(

γ00 − 1
)

F +
√−γγ0iFi

]

. (3)

Here F and Fi are Lagrange multipliers, so that requir-
ing S to be stationary under their variation reproduces
exactly (1).

This additional term acts as a source in Einstein’s
equations, breaking the diffeomorphism invariance. Such
property can however be restored via a reparametriza-
tion of the Gaussian coordinates as functions of some
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arbitrary coordinates xα with metric gαβ , namely

Sf =

∫

d4x

[√−g
2

F
(

gαβ∂αT (x)∂βT (x)− 1
)

+
√−gFi gαβ∂αT (x)∂βX i(x)

]

.

(4)

It can be shown [10], by defining

Uα = gαβ∂βT, Fα = Fi∂αX i, (5)

that the energy-momentum tensor associated to Sf takes
the following form:

Tαβ = FUαUβ +
1

2

(

FαUβ + FβUα
)

(6)

i.e., a heat-conducting fluid having four velocity Uα, en-
ergy density F and heat flow Fα, which we refer to as
reference fluid.

By means of the 3+1 Arnowitt-Deser-Misner (ADM)
spacetime foliation [20] the Hamiltonian description of
the reference fluid is found:

Hf =W−1P +WW kPk, (7)

Hf
i = P∂iT + Pk∂iX

k, (8)

where

W =
(

1− hij∂iT∂jT
)−1/2

, W k = hij∂iT∂jX
k, (9)

with hij being the induced metric on the spatial hyper-
surfaces Σ of the foliation, and P and Pk are the conju-
gate momenta of T and Xk.

In the presence of matter, namely a test scalar field φ,
the super-Hamiltonian and supermomentum constraints
for the total system read as follows:

(

Ĥg + Ĥm + Ĥf
)

Ψ = 0, (10)
(

Ĥg
i + Ĥm

i + Ĥf
i

)

Ψ = 0, (11)

where the Dirac prescription for constraint quantization
has been implemented. However, in its general formula-
tion, the reference fluid approach does not admit a clas-
sical limit since its energy conditions are not satisfied. In
fact, such conditions in the heat-conducting case require
a precise relation between the (independent) multipliers
F and Fi, which can also be violated during the dynam-
ical evolution [10]. Such problem can be overcome by
regarding the reference fluid as a quantum component,
i.e. emerging at the next order in a a WKB expansion of
the system in the parameter 1/M , where

M =
c2

32πG
=
cm2

Pl

4~
. (12)

In this way, the zeroth order represents the pure gravity
limit and there is no classical limit for the reference fluid
[11].

In what follows, we will also use a Born-Oppenheimer
separation of the dynamics between the gravitational
variables and the quantum matter ones:

Ψ(hij , φ,X
µ) = ψ(hij)χ(φ,X

µ;hij) (13)

where Xµ = (T,X i) and the matter wave functional χ
parametrically depends on the background metric. In
this scenario, the gravitational degrees of freedom are
treated as slow variables, while the quantum matter ones
and the reference fluid are regarded as fast. The WKB
expansion up to O

(

M−1
)

of the wave functional brings

Ψ(hij , φ,X
µ) = e

i

~
(MS0+S1+

1
M
S2)e

i

~
(Q1+

1
M
Q2) , (14)

where the Qn(φ,X
µ;hij), Sn(hij) are complex functions

representing, respectively, the matter and gravity sectors
(n labels the order of expansion). We also impose an
adiabatic condition

δQn
δhij

= O
(

1

M

)

, (15)

and require the matter sector to live at a smaller energy
scale (in terms of expectation values on the associated
states) with respect to the gravitational one, namely

〈Ĥm〉χ
〈Ĥg〉ψ

= O
(

1

M

)

. (16)

The latter illustrates why the matter component lacks
terms ∝ M in (14) – the leading order corresponds to
pure gravity. Therefore, we can also consider any matter
effect at the Planck scale to be negligible, so that the
gravitational wave functional must satisfy the following:

Ĥgψ(hij) = 0, (17)

Ĥg
i ψ(hij) = 0. (18)

The complete set of constraints is therefore given by
Eqs. (10)–(11) and (17)–(18).

The expansion in M−1 brings a hierarchy of con-
straints, which we briefly recall. At first order i.e. O(M)
one has

1

2

(

δS0

δhij

)2

+ V (hij) = 0, (19)

−2hijDk
δS0

δhkj
= 0, (20)

being Dk the covariant derivative over Σ and V (hij)
the gravitational potential coming from the Einstein-
Hilbert action. These expressions can be recognized as
the Hamilton-Jacobi equation for gravity and the diffeo-
morphism invariance condition for S0.

At O
(

M0
)

one obtains, combining the super-
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Hamiltonian and supermomentum contributions

Ĥmχ0 =

∫

Σ

d3x
(

NĤm +N iĤm
i

)

χ0

= i~

∫

Σ

d3x

[

N

(

W−1 δ

δT
+WW k δ

δXk

)

+N i

(

(∂iT )
δ

δT
+ (∂iX

k)
δ

δXk

)]

χ0

≡ i~
δ

δτ
χ0

(21)

with χ0 = exp(iQ1/~). Here, the constraint equations al-
lowed us to establish an equivalence between the matter
Hamiltonian Ĥm, written in terms of the corresponding
super-Hamiltonian and supermomentum, and an expres-
sion involving functional derivatives in the fluid variables.
This last term has been interpreted as a time derivative
operator: its definition corresponds to recasting the mat-
ter dynamics in a functional Schrödinger form.

The next order M−1 can be summed with O
(

M0
)

to
obtain

i~
δ

δτ
χ1 = Ĥmχ1 + ĤQGχ1, (22)

where

ĤQG = 2i~

∫

Σ

d3x

[

−N δS0

δhij

δ

δhij
+N ihijDk

δ

δhkj

]

.

(23)
Comparing with (21), Eq. (22) describes a modification
to the Schrödinger evolution for the O

(

M−1
)

matter

wave functional χ1 = exp
[

i(Q1 +M−1Q2)/~
]

. A cru-
cial property of the corrective terms in Eq. (22) stands
in their unitarity, following from the classical Hamilton-
Jacobi solution S0 and the (Hermitian) conjugate mo-
menta Πij [11], thus overcoming the nonunitarity plagu-
ing the next-level dynamics of Vilenkin’s proposal [8].

III. GRAVITON PERTURBATIONS IN THE
WKB APPROACH

The time parameter proposed by Vilenkin [6] makes
use of a separation between semiclassical and quantum
degrees of freedom: the quantum subsystem is identified
by variables qa (a = 1, . . .m), while the minisuperspace
semiclassical degrees of freedom are hA (A = 1, . . . N) in
analogy with the gravity-matter separation of (13). This
allows for a WKB expansion in ~ of the semiclassical
sector:

Ψ(hA, qa) = A(hA)e
i

~
S(hA)χ(qa;hA), (24)

where A(hA) and S(hA) are real-valued functions; this
semiclassical component can be identified with gravity
[8].

In a diagonal minisuperspace model, we can take N i =
0 so that the supermomentum constraint is identically

satisfied [17]. We then deal with the super-Hamiltonian
constraints only, i.e., the WDW equations of the full sys-
tem and the gravitational sector alone:

(

Ĥg + Ĥm
)

Ψ(hA, qa) = 0, (25)

ĤgA(hA)e
i

~
S(hA) = 0. (26)

Expansion in powers of ~ allows to reproduce at O
(

~
0
)

the Hamilton-Jacobi equation for the gravitational field:

GAB
∂S

∂hA

∂S

∂hB
+ V (hA) = 0, (27)

where GAB and V are the minisupermetric and the grav-
itational potential. At O(~), Eqs. (25)–(26) bring

GAB
∂

∂hA

(

A2 ∂S

∂hB

)

= 0, (28)

i~∂τχ = NĤmχ. (29)

We can easily recognize (29) as a functional Schrödinger
equation for the matter dynamics, in which

∂τχ = 2NGAB
∂S

∂hA

∂

∂hB
χ = ḣA

∂

∂hA
χ (30)

has been defined (here and the dot stands for derivation
with respect to the label time). Remarkably, here the
time dependence of the matter sector lies in the fact that
χ is a functional of the hA, which are themselves func-
tions of the label time t.

The ambiguities present in this approach have been
highlighted in [13]. It has been argued that the pres-
ence of an amplitude A(hA) implies that the gravita-
tional variables possess a quantum component, namely
hA = h0A + δhA being δhA the quantum correction.
Therefore, the definition (30) must be modified as to in-
clude only the semiclassical contributions, and the dy-
namics of the quantum variables δhA must also be spec-
ified. Moreover, Eq. (29) does not reproduce the limit of
QFT on curved spacetime in this sense, since χ depends
on the quantum corrections of the background, which
should instead behave as a classical object.

The a priori imposition of the gravitational WDW
constraint (26) poses another point of discussion: such
requirement breaks the natural gauge invariance of the
Born-Oppenheimer separation associated to opposite
phase shifts of the gravitational and matter components.

In order to overcome these ambiguities, the formula-
tion in [13] proposed to incorporate quantum corrections
(in the form of cosmological perturbations) for the grav-
itational background, which was chosen as the vacuum
diagonal Bianchi I model. Such anisotropic setting still
allows, in absence of matter backreaction, to decouple
scalar and vector perturbations [21, 22]; because of that,
only tensor gravitational fluctuations were taken into ac-
count.

Let us briefly recall the formalism and results of
[13]: we start with a system composed of the (classical)
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Bianchi I geometry, tensor perturbations of this back-
ground and a matter scalar field ϕ that is the only source
of scalar perturbations; both kinds of fluctuations are
described by means of the Mukhanov-Sasaki formalism
[17, 23], i.e. with the Fourier modes of the corresponding
gauge-invariant variables vλk and φk.

The minisuperspace background is characterized by
the Misner variables α (the logarithmic volume of the
Universe) and β± (representing the anisotropies) [16, 24]:

ds2 = N2(t)dt2 − eα(eβ)ijdx
idxj (31)

where β = diag(β+ +
√
3β−, β+ −

√
3β−,−2β+) is trace-

less and the choice of signature reflects Sec. II. The cor-
responding super-Hamiltonian operator is

ĤI =
4

3M
e

3
2α
[

∂2+ + ∂2− − ∂2α
]

, (32)

being M the Planckian parameter defined in (12).
The contribution of tensor perturbations of the metric,

i.e. gravitons, brings in the conformal gauge N = eα (see
[23] for the original derivation in a homogeneous setting,
[17] for a de Sitter universe and [25] for the anisotropic
case):

Ĥvλ =
e−α

2

∑

k,λ

[

−~
2∂2vλ

k

+ ω2
k,η(v

λ
k)

2 + Vλ,λ̄
]

, (33)

where η is the conformal time. Therefore, the Fourier
modes behave as time-dependent harmonic oscillators
with frequency ω2

k,η = k2 − z′′λ/zλ, with zλ(η, ki) be-
ing a function of the Bianchi I metric and polarization
state [25] and ′ = ∂η. In the spirit of [13], the potential
term Vλ,λ̄ represents the effect of anisotropies by means
of which a mixing between polarization states can oc-
cur [25]. We stress that, while in principle anisotropic
backgrounds admit a coupling between tensor and scalar
modes [25] akin to a seesaw mechanism, here such effect
is suppressed by the assumption that the matter backre-
action is negligible.

The fluctuations φ ≡ δϕ of the scalar field ϕ are the
only possible source of scalar perturbations for the clas-
sical background, whose contribution in Fourier space
reads

Ĥφ =
e−α

2

∑

k

[

−~
2∂2φk

+ ν2k,η(φk)
2
]

, (34)

where now the oscillator frequency is ν2k,η = k2−(eα)′′/eα

[17, 23, 25].
Thus, we deal with the total WDW constraint

ĤΨ =
(

ĤI + Ĥvλ + Ĥφ
)

Ψ = 0 . (35)

Here we are taking into account both the background
and the perturbations sector within the WKB picture:
the former component will enter the Hamilton-Jacobi
function corresponding to the classical limit [i.e. S0, see

Eqs. (39), (51)], while the latter one is inherently quan-
tum. Therefore the gravitons sector will be averaged over
to provide the effective matter evolution on the given
background in the QFT sense. Let us assume a Born-
Oppenheimer separation for Ψ in the form

Ψ = ψ(α, β±, v
λ
k) χ(φk;α, β±, v

λ
k) (36)

in the hypothesis of negligible backreaction, backed by
the different energy scales of gravity and matter.

Equation (36) can now be WKB expanded in the
Planckian parameter 1/M , as in [7, 14], which for our
purpose is equivalent to the ~ expansion [8] but it identi-
fies a pure gravity limit at leading order (see Sec.II). We
can write up to O

(

M0
)

:

Ψ = e
i

~
(MS0+S1)e

i

~
Q1 (37)

where Sn(α, β±, v
λ
k) and Qn(φk;α, β±, v

λ
k) are now

complex-valued functions, differently from (24). Inter-
preting the fluctuations vλk as “slow” quantum variables,
we write S0(α, β±) as independent of them and corre-
sponding to the classical background; this property can
also be obtained a posteriori from the WKB expansion,
see the setup in Sec. IV and Eq. (51).

Note that here the gravitational constraint (17) is not
imposed a priori, so that the system is still invariant
under the gauge transformation:

ψ → e
i

~
θψ, χ→ e−

i

~
θχ, (38)

where θ = θ(α, β±, v
λ
k); moreover, we shall not implement

the adiabatic condition (15).
Writing Eq. (35) in the conformal gauge and expand-

ing in 1/M , the leading order reproduces the Hamilton-
Jacobi equation for the Bianchi I model

(∂αS0)
2 − (∂+S0)

2 − (∂−S0)
2 = 0, (39)

with solution:

S0(α, β±) = kαα+ k+β+ + k−β− (40)

where we select kα < 0 for an expanding Universe.
The next order O

(

M0
)

can be written in compact form
by defining ψ1 = exp(iS1/~):

− i~(∂Tψ1)χ− i~(∂Tχ)ψ1

+
1

2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 + Vλ,λ̄ − ~
2∂2vλ

k

]

ψ1χ

+
1

2

∑

k

[

ν2k,ηφ
2
k − ~

2∂2φk

]

ψ1χ = 0

(41)

with the following time definition

∂T = −8

3
e−

α

2

[

∂+S0∂+ + ∂−S0∂− − ∂αS0∂α

]

. (42)

This functional operator is analogous to (30) but it is
constructed from the classical degrees of freedom only.
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One can now exploit the gauge freedom of the Born-
Oppenheimer separation to perform a gauge fixing, thus
imposing an additional condition on ψ1:

i~∂Tψ
∗
1 +

1

2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 + Vλ,λ̄ − ~
2∂2vλ

k

]

ψ∗
1 = 0. (43)

This coincides with the gravitational scalar constraint at
O
(

M0
)

, which can therefore be interpreted as the result
of a gauge-fixing procedure rather than an a priori im-
position [13]. Equation (43) also specifies the gravitons’
dynamics over the classical background.

In order to address the dependence of χ on the back-
ground perturbations in (36), one can implement an av-
eraging procedure over them. Defining an averaged wave
functional

Θ(φk;α, β±) =

∫

∏

k,λ

dvλk ψ
∗
1 ψ1 χ (44)

and choosing appropriate boundary conditions for the
integration, it is possible to rewrite Eq. (41) (multiplying
by ψ∗

1 and integrating over all vλk) as

i~∂TΘ = NĤφΘ, (45)

which now represents the desired limit of QFT on curved
spacetime.

IV. KUCHAŘ-TORRE CLOCK FOR THE
PERTURBED BIANCHI I DYNAMICS

We now proceed to unify the models exposed in Sec. II
and III: the aim of the present work is to obtain a the-
ory in which the reference fluid approach is applied to a
background with tensor gravitational perturbations. We
shall therefore deal with a system composed of a Bianchi
I minisuperspace, gravitons’ degrees of freedom, a test
scalar matter field and the reference fluid.

Working with the diagonal Bianchi I model in the Mis-
ner variables (α, β±), we choose the ADM splitting in
such a way that N i = 0, so that the supermomentum
constraint is identically satisfied (as in Sec. III). More-
over, the spatial diffeomorphisms invariance allows us to
impose the Gaussian time condition alone γ00 = 1 in
the reference fluid sector, reducing its formulation to the
single fluid variable T (x).

A. WDW equation of the model

The super-Hamiltonian constraint takes contributions
from each of the four sectors that compose the system;
since both the classical background and the (tensor and
scalar) perturbations are treated as in Sec. III, their cor-
responding operators are given by (32)–(34), respectively.

For the reference fluid sector, due to our choice of
the ADM splitting, we shall implement the Gaussian

time condition only, so that the fluid is in the form
of an incoherent dust [10] described by means of the
coordinate T (x) alone. Therefore there are no spatial
momenta P k and the fluid super-Hamiltonian (7), once
the fluid variable has been properly quantized by taking
P̂ = −i~δ/δT (x), reads

Ĥf = −i~W−1 δ

δT (x)
. (46)

Since T is a function of a generic coordinate system due
to reparametrization, it is clear that the derivative in Ĥf

is a functional one. The fact that this sector contains
only first derivatives in the fluid variables will be of great
use for the construction of a time definition from the
reference fluid.

The total WDW constraint, which encodes all the dy-
namical information for the total wave functional Ψ, is
thus given by:

ĤΨ =
(

ĤI + Ĥvλ + Ĥφ + Ĥf
)

Ψ = 0, (47)

where, in analogy with Sec. III, we are considering within
the gravitational sector both the background and its ten-
sor perturbations, playing different roles in the suggested
scheme. Following the line of thought of the previous sec-
tions, a Born-Oppenheimer separation of the dynamics
between gravitational and matter variables is performed:

Ψ = ψ(α, β±, v
λ
k)χ(φk, T ;α, β±, v

λ
k). (48)

Note that the reference fluid is part of the quantum mat-
ter sector, so that the gravitational wave functional ψ
does not depend on it. Each sector can then be WKB
expanded in the parameter 1/M defined by (12)

Ψ = e
i

~
(MS0+S1+

1
M
S2)e

i

~
(Q1+

1
M
Q2), (49)

where Sn(α, β±, v
λ
k) and Qn(φk, T ;α, β±, v

λ
k) are com-

plex functions and we neglected terms of order M−2 or
higher. Let us note that here we are allowing for the
lowest-order gravitational function S0 to depend also on
the graviton degrees of freedom, differently from Sec. III;
however this property will be ruled out during the ex-
pansion of the constraint equations, see Eq. (51). This
separation is once again justified by the assumption that
matter and gravity live at different energy scales, namely
we require again the condition (16).

The Born-Oppenheimer separation (48) naturally im-
plies that the matter functions Qn(φk, T ;α, β±, v

λ
k) are at

all orders weakly dependent on the gravitational degrees
of freedom, so that an adiabatic condition analogous to
(15) can be implemented. However, it must be modified
since in this model the gravitational variables are divided
into a set of classical ones hC = (α, β±) and another set
of quantum ones vλk ; to reflect this difference and high-
light the quantum nature of gravitons, Eq. (15) is recast
as

δQn
δhC

= O
(

1

M2

)

,
δQn

δvλk
= O

(

1

M

)

. (50)
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The interpretation of (50) is that all gravitational vari-
ables are slow, but the dependence of the Qn on the clas-
sical ones is even weaker than the dependence on the
quantum degrees of freedom.

As noted in the previous section, imposing a priori

the gravitational WDW equation Ĥgψ = 0 would break
the gauge invariance of the Born-Oppenheimer separa-
tion (48). Thus, we will not make use of such additional
constraint, which will later be recovered as the effect of
a gauge fixing procedure.

The total WDW constraint can now be recast into a
hierarchy of order-by-order equations in powers of 1/M
by substituting the expanded wave functional (49) into
Eq. (47).

B. WKB expansion up to O
(

M
−1

)

The leading order in the expansion of Eq. (47) is given

by M2: the only contribution comes from Hvλ and reads

∑

k,λ

(∂vλ
k

S0)
2 = 0. (51)

Since all vλk are independent degrees of freedom, this re-
duces to the requirement ∂vλ

k

S0 = 0, i.e., S0 must be

independent of tensor perturbations: S0 = S0(α, β±), as
assumed in Sec. III. Thus the O(M) wave functional de-
pends on the classical background only, as was assumed
from the beginning in the model of Sec. III. This feature
reinforces the idea that, while gravitons are indeed slow
variables, they still present an inherently quantum nature
that differentiates them from the classical background.

The O(M) corresponds again to the Hamilton-Jacobi
Eq. (39) of the gravitational background, which admits
the solution (40) for a Bianchi I minisuperspace geome-
try. It is then clear that the gravitational wave functional
ψ represents the cosmological background at leading or-
der, i.e., the pure gravity limit since the quantum matter
sector has no contribution of the same order.

At O
(

M0
)

all sectors contribute to the WDW con-
straint, which in the conformal gauge reads

− 8

3
e−

α

2 [∂+S0∂+S1 + ∂−S0∂−S1 − ∂αS0∂αS1]

+
1

2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 + Vλ,λ̄ − i~∂2vλ
k

S1 + (∂vλ
k

S1)
2
]

+
1

2

∑

k

[

ν2k,η(φk)
2 − i~∂2φk

Q1 + (∂φk
Q1)

2
]

+ eαW−1 δQ1

δT
= 0.

(52)

Labeling again the corresponding wave functional as

ψ1 = e
i

~
S1 , χ1 = e

i

~
Q1 , (53)

Eq. (52) can be recast in the form:
(

8

3
i~e−

α

2 [∂+S0∂+ + ∂−S0∂− − ∂αS0∂α]ψ1

)

χ1

+





1

2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 + Vλ,λ̄ − ~
2∂2vλ

k

]

ψ1



χ1

+ ψ1

(

1

2

∑

k

[

ν2k,η(φk)
2 − ~

2∂2φk

]

χ1

)

+ ψ1

(

−i~ eαW−1 δ

δT
χ1

)

= 0.

(54)

Here the absence of terms coming from the action of Ĥg

on χ is due to the condition (50): those contributions
that contain derivatives of the Qn with respect to the
gravitational variables are moved to the next orders.

It is important to recall the remaining symmetry that
persists in this model. The Born-Oppenheimer separa-
tion (48) is invariant under local phase shifts of the grav-
ity and matter wave functionals:

ψ → e
i

~
θψ, χ→ e−

i

~
θχ, (55)

where the function θ = θ(α, β±, v
λ
k) identifies the trans-

formation. This characteristic freedom can be exploited
to impose an additional gauge fixing condition; in par-
ticular, we choose to work in the gauge for which the
following equation holds:

8

3
i~e−

α

2 [∂+S0∂+ + ∂−S0∂− − ∂αS0∂α]ψ1

+
1

2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 + Vλ,λ̄ − ~
2∂2vλ

k

]

ψ1 = 0.
(56)

Equation (56) can be recast as a differential equation for
θ, the solution of which identifies the transformation from
an arbitrary gauge to the one in which (56) holds.

It can be shown that the gauge-fixing condition (56) is
the complex conjugate of Eq. (43) once the functional ∂T
has been made explicit. Therefore, the physical meaning
of this additional constraint is precisely the same, i.e. the
gravitational WDW constraint Ĥgψ = 0, and the gravi-
tational super-Hamiltonian constraint can again be seen
as a gauge-fixing of the Born-Oppenheimer separation
instead of an a priori imposition that ends up breaking
such symmetry.

After the gauge fixing, the O
(

M0
)

equation

1

2

∑

k

[

ν2k,η(φk)
2 − ~

2∂2φk

]

χ1 = i~ eαW−1 δ

δT
χ1 (57)

presents on the left-hand side the term NĤφχ1 (we sim-
plified the wave functional ψ1 that acts in both sides as
purely multiplicative). Thus the integration over the spa-
tial hypersurface Σ brings

Ĥφχ1 =

∫

Σ

d3x NĤφχ1 = i~

∫

Σ

d3x eαW−1 δ

δT
χ1. (58)



8

We can now define the time parameter in terms of the
reference fluid

δ

δτ
=

∫

Σ

d3x eαW−1 δ

δT (x)
, (59)

which describes the evolution of the matter wave func-
tional via the Schrödinger (functional) equation

Ĥφχ1 = i~
δ

δτ
χ1. (60)

We stress that (59) is consistent with the definition in
(21) after taking N i = 0, N = eα and using the fluid
variable T (x) only.

Finally O
(

M−1
)

brings

4

3
e−

α

2

[

i~
(

∂2+ + ∂2− − ∂2α
)

S1 − (∂+S1)
2 − (∂−S1)

2

+(∂αS1)
2 − 2 (∂+S0∂+ + ∂−S0∂− − ∂αS0∂α)S2

]

+
1

2

∑

k,λ

[

−i~∂2vλ
k

+ 2∂vλ
k

S1∂vλ
k

]

(S2 +MQ1)

+
1

2

∑

k

[

−i~∂2φk
Q2 + 2∂φk

Q1∂φk
Q2

]

+ eαW−1 δQ2

δT
= 0,

(61)

which is devoid of terms ∂vλ
k

Q2 and ∂αQ1 due to the

adiabatic conditions (50). Now labeling

ψ2 = e
i

~
(S1+M

−1S2), χ2 = e
i

~
(Q1+M

−1Q2), (62)

Eqs. (61) and (52) can be recast as a single one





4

3
e−

α

2

[

2i~ (∂+S0∂+ + ∂−S0∂− − ∂αS0∂α) +
~
2

M

(

∂2+ + ∂2− − ∂2α
)

]

ψ2 +
1

2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 + Vλ,λ̄ − ~
2∂2vλ

k

]

ψ2



χ2

+ ψ2

(

1

2

∑

k

[

ν2k,ηφ
2
k − ~

2∂2φk

]

χ2

)

+ ψ2

(

−i~ eαW−1 δ

δT
χ2

)

+ ψ2





1

2

∑

k,λ

[

−~
2∂2vλ

k

− 2i~∂vλ
k

S1∂vλ
k

]

χ2



 = 0.

(63)

We will now show that the terms containing derivatives
of χ2 with respect to the vλk [absent in the previous order
due to (50)] correspond to quantum gravity corrections
to the matter dynamics.

First, we recall that the time definition (59) has been
obtained via the the gauge-fixing condition (56), i.e., with
a specific choice of θ. Thus it would seem that there is
no residual gauge freedom for this model. However, one
can expand θ in the same parameter 1/M :

θ(α, β±, v
λ
k) = θ1(α, β±, v

λ
k) +M−1θ2(α, β±, v

λ
k) (64)

where we omitted terms of O
(

M−2
)

or higher. The cor-
responding transformation acts as

ψ → e
i

~
θψ = e

i

~
θ1e

i

~M
θ2ψ , (65)

and similarly for χ, thus the total gauge transformation
can be seen as the composition of two separate transfor-
mations, one of O

(

M0
)

and one of O
(

M−1
)

. In other
words, there is a gauge freedom at every order of expan-
sion. Now observing that Eq. (56) fixed only the O

(

M0
)

function θ1, we can require an additional condition at the
next order for θ2, namely the one corresponding to the

gravitational WDW constraint up to O
(

M−1
)

:

4

3
e−

α

2

[

2i~
(

∂+S0∂+ + ∂−S0∂− − ∂αS0∂α

)

+
~
2

M

(

∂2+ + ∂2− − ∂2α
)

]

ψ2

+
1

2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 + Vλ,λ̄ − ~
2∂2vλ

k

]

ψ2 = 0

(66)

which can be recast into a differential equation for θ2.
The lack of an order M in the expansion (64) is due
to the absence of a matter contribution in (39) at order
M , namely the Planckian scale: at that order, the gauge
transformation is simply not allowed without breaking
the Born-Oppenheimer separation.

After condition (66) has been implemented, one deals
with the much simplified form of (63)

1

2

∑

k

[

ν2k,ηφ
2
k − ~

2∂2φk

]

χ2 − i~ eαW−1 δ

δT
χ2

+
1

2

∑

k,λ

[

−~
2∂2vλ

k

− 2i~∂vλ
k

S1∂vλ
k

]

χ2 = 0,
(67)

where the gravitational wave functional ψ2, acting as
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purely multiplicative, has been simplified. With the spa-
tial integration and definition (59), we obtain

i~
δ

δτ
χ2 = Ĥφχ2 + ĤQGχ2, (68)

where

ĤQG ≡ 1

2

∫

Σ

d3x
∑

k,λ

[

−~
2∂2vλ

k

− 2i~∂vλ
k

S1∂vλ
k

]

(69)

is the operator containing the quantum-gravity induced
corrections to the matter dynamics (60). This effect is en-
coded in the dependence of χ2 on the vλk and also related
to the form of S1, which in turn is fixed by the O

(

M0
)

gauge-fixing condition (56) (i.e., the gravitational WDW
equation): thus, the quantum corrections depend on the
specific dynamics that gravitons follow on the classical
background.

C. QFT-CS phenomenology as
an effective theory

The recovery of the functional Schrödinger equations
(60) and (68) for the matter sector does not imply the
correct QFT limit of our system, since χ still depends on
the cosmological perturbations vλk of the background (as
discussed in Sec. III). The idea is therefore to average
over those degrees of freedom, in order to recover the
standard QFT phenomenology as an effective theory.

At O
(

M0
)

, this procedure can be easily performed
since all operators in (60) act on the matter variables
alone, thus multiplying by ψ∗

1ψ1 allows us to rewrite

Ĥφ (ψ∗
1ψ1χ1) = i~

δ

δτ
(ψ∗

1ψ1χ1) . (70)

For the same reason Ĥφ and δ/δτ commute with the
integration over the vλk ; thus, one can define an averaged
wave functional

Θ1(φk, T ;α, β±) =

∫

∏

k,λ

dvλk ψ∗
1ψ1χ1 (71)

in clear analogy to (44). We stress that we have also a
dependence on the reference fluid variable, which satisfies

ĤφΘ1 = i~
δ

δτ
Θ1. (72)

Since Θ1 depends only on the classical background,
Eq. (72) clearly reproduces the phenomenology of QFT
on curved spacetime.

The O
(

M−1
)

is less straightforward. We define the
averaged wave functional

Θ2(φk, T ;α, β±) =

∫

∏

k,λ

dvλk ψ∗
2ψ2χ2 (73)

and wish to recast the dynamics (68) as acting on Θ2.
However, while one can multiply Eq. (68) by ψ∗

2ψ2, this

factor cannot be brought inside ĤQG, since this opera-
tor contains derivatives with respect to the vλk and thus
it does not commute with the averaging. In this sense,
it seems that this averaging procedure cannot be imple-
mented in the gauge corresponding to Eq. (68). However,
one can still recover QFT on average at this order by pay-
ing the price of altering the gauge-fixing condition (66).
In particular, by selecting the different gauge

4

3
e−

α

2 ψ∗
2

[

2i~ (∂+S0∂+ + ∂−S0∂− − ∂αS0∂α)

+
~
2

M

(

∂2+ + ∂2− − ∂2α
)

]

ψ2

+
1

2

∑

k,λ

ψ∗
2

[

ω2
k,η(v

λ
k)

2 + Vλ,λ̄ − ~
2∂2vλ

k

]

ψ2

+
1

2

∑

k,λ

[

~
2∂2vλ

k

− 2i~∂vλ
k

S1∂vλ
k

]

(ψ∗
2ψ2)

+ i~
∑

k,λ

ψ∗
2(∂

2
vλ
k

S1)ψ2 = 0,

(74)

and integrating over the vλk with the following boundary
conditions
∫

∏

k,λ

dvλk
∑

k,λ

~
2∂vλ

k

[

ψ∗
2ψ2∂vλ

k

χ2 − ∂vλ
k

(ψ∗
2ψ2χ2)

+
i

~
(∂vλ

k

S1)ψ
∗
2ψ2χ2

]

= 0,

(75)

the constraint equation at O
(

M−1
)

brings

i~
δ

δτ
Θ2 = ĤφΘ2. (76)

This result represents a striking difference with the
O
(

M0
)

case: there the gauge-fixing condition (66) was
chosen to represent the gravitational WDW equation,
while here the interpretation of Eq. (74) seems more ob-
scure. We also stress that such choice actually cancels out
all quantum corrections due to the presence of gravitons.

If we wish to describe the quantum modifications due
to the gravitons’ modes vλk and at the same time to in-
terpret the gauge-fixing condition as the gravitational
WDW at all orders, then we must deal with Eq. (68)
for the nonaveraged wave functional χ2. The effective
description of matter with small deviation due to the
gravitons can be obtained by solving Eq. (68)for χ2 and
performing the integration over the vλk on this solution

∫

∏

k,λ

dvλk χ2 , (77)

which does not coincide with the averaging of(68) over
the vλk . Clearly, this leaves the gauge choice (66) un-
touched, i.e., representing the gravitational constraint,
and the matter dynamics will still present quantum cor-
rections attributed to gravitons as mean-field effects, as
we will show in Sec. V.
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V. KUCHAŘ-TORRE CLOCK FOR THE
INFLATIONARY UNIVERSE

In this section we provide a simple cosmological appli-
cation of the proposed model, i.e., the inflationary sce-
nario with a single scalar field rolling in the region of
approximately constant potential.

Let us first stress the implications of the inflation po-
tential in such formulation: since V (φ) ≃ const. acts
as a cosmological constant contribution, the minisuper-
space background cannot be a vacuum geometry but it
must contain Λ as a source. Therefore, we must move
our choice of the classical background from the Bianchi I
of Sec. III, IV to a different one, namely the Friedmann-
Lemaitre-Robertson-Walker (FLRW) geometry. In such
case, one should in principle deal with scalar perturba-
tions of the metric along with tensor ones; however, the
independence of the two allows us to consider once again
only tensor contributions as “slow” gravity fluctuations
in our model. This means that we are neglecting the
backreaction of the scalar field on the spacetime geom-
etry, coherently with the Born-Oppenheimer separation
previously implemented.

The inflationary phase is identified with the de Sitter
one by neglecting the slow-roll parameter ε = −Ḣ/H2

(being H = ȧ/a the Hubble parameter), so that V (φ)
reconstructs the cosmological constant term; more pre-
cisely, in order to avoid the singular behavior for ε → 0,
we shall fix the it to a small nonzero constant, as in
[12, 17].

The FLRW line element in the conformal gauge reads:

ds2 = a2(η)
[

dη2 − dx2 − dy2 − dz2
]

, (78)

where a(η) is the cosmic scale factor, whose solution is
given by

a(η) = − 1

H0η
(79)

being H0 the constant Hubble parameter. This sets up
the classical background, over which we consider tensor
gravitational fluctuations and then the inflaton field liv-
ing on a such perturbed geometry (scalar perturbations
are attributed to the inflaton only).

Following the gauge-invariant formalism, both the
graviton perturbations vλk and the inflaton modes φk

take the form of time-dependent harmonic oscillators on
the FLRW background with the same frequency, being
ǫ = const [17]

ω2
k,η = ν2k,η = k2 − 2

η2
. (80)

However, the inflaton fluctuations present a distinct role
as they are crucial in shaping the primordial structure
of the Universe. When the physical wavelength of this
fluctuations λphys = a(η)λ0 (λ0 = comoving wavelength)
is larger than the microphysics horizon, defined by the

Hubble radius H−1 = a/ȧ, the evolution is dominated by
gravity; while for λphys ≪ H−1 quantum matter prevails
with minimal disturbance from curvature [26]. Here, ȧ
stands for the derivative with respect to the synchronous
time, in terms of which the scale factor grows exponen-
tially: a(t) = eH0t. In a de Sitter background,the Hubble
radius is constant, while λphys increases exponentially.
Therefore quantum fluctuations emerge at early times
and rapidly grow, going outside the horizon and then
reentering the Hubble radius after inflation when H−1

grows faster than λphys; in other words, they take the
form of density perturbations that ultimately lead to the
formation of structures [27].

A. Model setup up to O
(

M
−1

)

The full WDW constraint is now composed of an
FLRW classical background, graviton perturbations, the
scalar inflaton field and the reference fluid. The constant
inflaton potential can be interpreted as a cosmological
constant Λ and thus is absorbed into the background
contribution, so that ϕ behaves like a free massless scalar
field. Thus the super-Hamiltonian contributions of gravi-
tons, inflaton, and reference fluid are similar to those we
previously discussed, while the main difference lies in the
background term describing the FLRW geometry:

ĤdS =
~
2

48M
e−3α∂2α + 4MΛe3α, (81)

where α = ln a is the Misner variable that describes this
minisuperspace geometry. Note that due to isotropy the
variables β± are forced to be identically zero, and also
the term Vλ,λ̄ mixing different polarization states in the
gravitons sector is absent:

Ĥvλ =
e−α

2

∑

k,λ

[

−~
2∂2vλ

k

+ ω2
k,η(v

λ
k)

2
]

. (82)

Implementing the Born-Oppenheimer separation and
WKB expansion in 1/M of the wave functional Ψ

Ψ = e
i

~
(MS0+S1+

1
M
S2)e

i

~
(Q1+

1
M
Q2) , (83)

we can recast the total constraint
(

ĤdS + Ĥvλ + Ĥφ + Ĥf
)

Ψ = 0 (84)

as a hierarchy of equations. Clearly, the O
(

M2
)

states

that S0 is independent of the vλk , namely S0 = S0(α); the
O(M) one reconstructs the Hamilton-Jacobi equation of
the classical background:

1

48
e−3α(∂αS0)

2 − 4Λe3α = 0 , (85)

which can be solved by separation of variables:

S0(α) = −8

√

Λ

3

(

e3α − e3α0
)

, (86)
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where we have chosen the negative solution to reproduce
an expanding Universe [pα < 0, with the same reasoning
of Eq. (40)].

At O
(

M0
)

we use the gauge freedom of the Born-
Oppenheimer separation to impose the gravitational con-
straint separately, i.e.,

e−2α

24

(

i~∂2αS0 − 2∂αS0∂αS1

)

+
∑

k,λ

[

−i~∂2vλ
k

S1 + (∂vλ
k

S1)
2 + ω2

k,η(v
λ
k)

2
]

= 0,
(87)

which in terms of ψ1 = exp(iS1/~) reads

e−2α

24
ψ∗
1

(

i~∂2αS0 + 2i~∂αS0∂α
)

ψ1

+ ψ∗
1

∑

k,λ

[

−~
2∂2vλ

k

+ ω2
k,η(v

λ
k)

2
]

ψ1 = 0.
(88)

Now the constraint equation for χ1 = exp(iQ1/~)

i~ eαW−1 δ

δT
χ1 =

1

2

∑

k

[

−~
2∂2φk

+ ν2k,ηφ
2
k

]

χ1 (89)

can be recast by defining the clock as in (59), giving the
same Schrödinger dynamics of (60). We stress that the

gauge-fixing condition (88) is different from (56) since we
here consider an FLRW geometry, and the same holds for
the frequencies ν2k,η and ω2

k,η, see (80); this means that
the solutions ψ1 and χ1 are different from the Bianchi I
case. However, since the Schrödinger functional dynam-
ics for χ1 is identical, we can perform the same averaging
procedure of Sec. IV defining Θ1 as in (71) which again
satisfies (72). Such equation represents the desired QFT
limit up to O

(

M0
)

, having removed the dependence on
the graviton fluctuations.

The O
(

M−1
)

equation

e−3α

48

[

i~∂2αS1 − (∂αS1)
2 − 2∂αS0∂αS1

]

+
1

2

∑

k,λ

[

−i~∂2vλ
k

+ 2∂vλ
k

S1∂vλ
k

](

S2 +MQ1

)

+
1

2

∑

k

[

−i~∂2φk
Q2 + 2∂φk

Q1∂φk
Q2

]

+ eαW−1 δQ2

δT
= 0

(90)

combined with the O
(

M0
)

one gives, for the wave func-
tionals ψ2 and χ2 [defined in (62)]

(

e−3α

48

[

i~∂αS0∂α +
~
2

M
∂2α

]

ψ2 +
1

2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 − ~
2∂2vλ

k

]

ψ2

)

χ2

+ ψ2

(

1

2

∑

k

[

ν2k,ηφ
2
k − ~

2∂2φk

]

χ2 − i~ eαW−1 δ

δT
χ2 +

1

2

∑

k,λ

[

−~
2∂2vλ

k

− 2i~∂vλ
k

S1∂vλ
k

]

χ2

)

= 0.

(91)

The first line, which is easily recognised as the gravi-
tational constraint, can be removed using the O

(

M−1
)

gauge freedom to impose the following condition on ψ2:

e−3α

24
ψ∗
2

[

i~∂αS0∂α +
~
2

M
∂2α

]

ψ2

+ ψ∗
2

∑

k,λ

[

ω2
k,η(v

λ
k)

2 − ~
2∂2vλ

k

]

ψ2 = 0.
(92)

As in the previous section, integration on the hypersur-
face Σ and the clock definition (59) bring Eq. (91) in
the form of a corrected Schrödinger equation (68), with
the operator (69) encoding the quantum corrections. We
stress that both the time parameter and the operator
ĤQG take the same form of the Bianchi I case, while the
specific gravitational solutions Sn are now different.

Now we cannot simply average Eq. (68) on the gravi-
tons’ degrees of freedom vλk in order to describe the dy-
namics of the averaged wave functional Θ2, but we would
have to modify the choice of the gauge making its phys-
ical interpretation less straightforward (see discussion in

Sec. IVC). Therefore, we will first solve the dynamics
of χ2 and then perform the averaging procedure on the
solution itself.

B. Gravitons sector

In order to specify the form of the operator (69) repre-
senting quantum gravity corrections in (68), we must first
solve the gauge-fixing condition (88) for ψ1 and compute

S1(α, v
λ
k) = −i~ lnψ1(α, v

λ
k) . (93)

We recall that Eq. (88) expresses the dynamics of gravi-
tons on the classical background, however it does not in-
clude the reference fluid clock i.e. it represents a timeless
dynamics. The gravitons’ time evolution can be recov-
ered by exploiting the classical evolution of the Misner
variable α = α(η), described by the Hamilton equation

α̇ = N
∂HdS

∂pα
, (94)
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where HdS is the classical version of (81). Therefore, in
the conformal gauge N = eα

α̇ = − pα
24M

e−2α −→ pα = −24Me2αα̇ . (95)

Since MS0 is the classical action reproducing the gravi-
tational background, by definition pα =M∂αS0 so that

∂S0

∂α
= −24e2αα̇ (96)

which implies

∂S0

∂α

∂

∂α
= −24e2αα̇

∂

∂α
= −24e2α

∂

∂η
(97)

due to the fact that α̇ = dα/dη in this gauge. Moreover,
from the explicit solution (86) we have

∂2S0

∂α2
= −24

√
3Λ e3α. (98)

Now making use of Eqs. (97)-(98), the gravitational con-
straint (88) can be recast as

i~
(√

3Λeα + 2∂η

)

ψ1

=
∑

k,λ

[

−~
2∂2vλ

k

+ ω2
k,η(v

λ
k)

2
]

ψ1,
(99)

which represents the gravitons’ dynamics in the confor-
mal time η. Let us clarify this statement: the gravi-
tons’ evolution is parametrized by the (classical) confor-
mal time η, while the matter sector is parametrized by
the fluid time τ . However, the diffeomorphism invariance
of the theory allows us to remove such ambiguity. In fact,
one can perform a coordinate transformation so that, at
each spacetime point x, the label time t corresponds ex-
actly to the Gaussian time (see also [10]):

T (x) = T (t,x) = t . (100)

Indeed, among all possible coordinate choices to express
Eq. (88), we take the one for which the time variable
is identical to the Gaussian one by definition of T , so
that the label time parametrizing the gravitons coincides
with the reference fluid time. Clearly, this identifica-
tion can only be performed after deriving the functional
Schrödinger equation and gauge-fixing condition (88), so
that T is still treated as a quantum variable and the
separation (83) is still meaningful. Moreover, in the syn-
chronous gauge N = 1 with T = t we have W−1(x) = 1
identically, so that the fluid time can be directly related
to η:

δ

δT
=

∂

∂t
=

1

N

∂

∂η
= e−α

∂

∂η
, (101)

and the factor eα in (59) is simplified, giving

δ

δτ
=

∫

Σ

d3x
∂

∂η
. (102)

This correspondence between t and T , seen as exploiting
the diffeomorphism invariance of the theory, allows us
to recover a description in which all quantum degrees of
freedom evolve with the same time parameter, while still
preserving the difference between the classical variable η
and the quantum one T .

Now we are still left with solving the O
(

M0
)

gravi-
tational constraint, recast in the form (99). First, we
observe that by performing the following transformation

ψ1 → ψ̄1 = ψ1e
f(η) (103)

with f(η) such that

f ′(η) = −
√
3Λ

2
eα(η) , (104)

we have that the cosmological constant term in (59) is
reabsorbed, giving the following simplified expression for
ψ̄1

i~∂ηψ̄1 =
∑

k,λ

[

−~
2∂2vλ

k

+ ω2
k,η(v

λ
k)

2
]

ψ̄1 , (105)

i.e. we have mapped the problem to the standard time-
dependent harmonic oscillator. Recalling that eα(η) =
a(η) and the classical solution (79) in the FLRW geome-
try, f(η) can be specified as

f(η) = −
√
3Λ

2

∫

dη a(η) =

√
3Λ

2H0
ln(−η) , (106)

where the integration constant has been taken to unit for
simplicity. Then the transformation between ψ̄1 and ψ1

is

ψ̄1 = (−η)
√

3Λ
2H0 ψ1 , (107)

so that we can solve Eq. (105) for ψ̄1 and then obtain the
gravitational wave functional ψ1 by inverting (107).

Since Eq. (105) describes the dynamics of time-
dependent harmonic oscillator, we can solve it by means
of the Lewis-Riesenfeld invariant method [28–30]. We
also implement the Bunch-Davies vacuum requirement:
the ground state of the physical wave functional must cor-
respond to the Minkowski vacuum in the limit η → −∞,
i.e. when the gravitons’ wavelength is much smaller than
the curvature of the Universe, thus fixing the boundary
condition. As a matter of fact, this is formally identical
to the treatment [12] for the matter wave functional in
the absence of graviton perturbations. With the same
procedure, we find the solution for ψ̄1 as
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ψ̄1(η, v
λ
k) =

∏

k,λ





k3

π~
(

1
η2 + k2

)





1
4

exp

[

− i

2

(

ηk − arctan(ηk)
)

]

exp





i

2~

ik3η3 − 1

η3
(

1
η2 + k2

)(vλk)
2



 (108)

which, inverting Eq. (107) and using (93), gives the fol- lowing solution for S1:

S1(η, v
λ
k) = −i~

∑

k,λ





1

4
ln





k3

π~
(

1
η2 + k2

)



−
√
3Λ

2H0
ln(−η)− i

2

(

ηk − arctan(ηk)
)

+
i

2~

ik3η3 − 1

η3
(

1
η2 + k2

)(vλk)
2



 (109)

We are interested in the quantity ∂vλ
k

S1 that enters the

quantum gravity corrections, which can be written as

∂vλ
k

S1 =
i

~
ξk(η)v

λ
k (110)

having defined the function

ξk(η) =
ik3η3 − 1

η3
(

1
η2 + k2

) . (111)

The linearity of ∂vλ
k

S1 in the vλk , which enters the quan-

tum corrections operator ĤQG, will play an important
role in determining the matter sector solution.

C. Inflaton solution with Gaussian ansatz

We now focus on the matter dynamics expressed by
(68) which, apart from an integration over the hypersur-
face Σ, takes the form

i~∂ηχ2 =
1

2

∑

k

[

−~
2∂2φk

+ ν2k,η(φk)
2
]

χ2

− 1

2

∑

k,λ

[

~
2∂2vλ

k

+ 2i~∂vλ
k

S1∂vλ
k

]

χ2.
(112)

From now on, in comparison with existing literature, we
shall use units in which ~ = 1 and we drop the subscript
in χ2, labeling it as χ, to improve readability.

Let us write the matter wave functional as a product
of independent modes:

χ =
∏

k

χk (113)

where each mode depends on the respective variables φk,
v+k and v×k for fixed values of k. This ansatz is based on
the underlying assumption that both polarization states
+ and × contribute the same amount to the total func-
tional. Eq. (112) is then decomposed into a set of inde-

pendent mode equations:

i∂ηχk =
1

2

[

−∂2φk
+ ν2k,η(φk)

2
]

χk

− 1

2

∑

λ

[

∂2vλ
k

+ 2i∂vλ
k

S1∂vλ
k

]

χk.
(114)

Following the lines of [12, 17], we shall look for a solu-
tion of (114) in Gaussian form:

χk = Ak(η, vk) e
− 1

2Ωk(η)(φk)
2

(115)

where vk implies both polarizations (v+k , v
×
k ). We let Ak

be a complex amplitude, so it can be written in terms of
its (real) magnitude Nk and phase Υk as

Ak(η, vk) = Nk(η, vk) e
iΥk(η,vk) , (116)

and the Gaussian width Ωk depends on η alone. In the
spirit of searching for a WKB expanded solution of the
matter sector, we can write

Nk(η, vk) = Nk(η)

[

1 +
H2

0

M
Gk(η, vk)

]

, (117)

Υk(η, vk) = Υ
(0)
k (η) +

H2
0

M
Υ

(1)
k (η, vk), (118)

Ωk(η) = Ω
(0)
k (η) +

H2
0

M
Ω

(1)
k (η) , (119)

where we have introduced the adimensional factor H2
0/M

and exploited the property that effects from tensor per-
turbations appear only at O

(

M−1
)

, see Eqs. (86) and

(89), so that all O
(

M0
)

contributions depend on η alone.
For an analogous expansion of the Gaussian ansatz, see
[17]. Therefore we work with the mode functional χk

χk =Nk(η)

(

1 +
H2

0

M
Gk(η, vk)

)

· exp
[

i

(

Υ
(0)
k (η) +

H2
0

M
Υ

(1)
k (η, vk)

)]

· exp
[

−1

2

(

Ω
(0)
k (η) +

H2
0

M
Ω

(1)
k (η)

)

(φk)
2

]

(120)
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which, substituted into Eq. (114), produces at O
(

M0
)

and O
(

M−1
)

the following equations

i∂ηΩ
(0)
k =

(

Ω
(0)
k

)2

− ν2k,η, (121)

i∂ηΩ
(1)
k = 2Ω

(0)
k Ω

(1)
k , (122)

i∂ηNk −Nk∂ηΥ
(0)
k =

1

2
NkΩ

(0)
k , (123)

iGk∂ηNk +Nk

[

i∂ηGk − ∂ηΥ
(1)
k −Gk∂ηΥ

(0)
k

]

=
1

2
Nk

[

GkΩ
(0)
k +Ω

(1)
k −

∑

λ

(

∂2vλ
k

Gk + i∂2vλ
k

Υ
(1)
k

− 2ξk(η)
[

∂vλ
k

Gk + i∂v
vλ
k

Υ
(1)
k

]

vλk

)]

,

(124)

where we expressed ∂vλ
k

S1 by means of (110).

Equations (121)–(122) can be immediately solved re-
calling the expression (80) for ν2k,η in a de Sitter geome-

try; in particular, Eq. (121) is identical to the one found
in [17] for the Gaussian width. By imposing the Bunch-
Davies vacuum as the initial state, one finds

Ω
(0)
k (η) =

k3η2

1 + k2η2
+

i

η(1 + k2η2)
. (125)

As previously discussed, all quantities that contribute to
the perturbation spectrum of the inflaton field can be
computed in the super-Hubble limit by taking kη → 0−,
which gives

Ω
(0)
k (η) ∼ k3η2 +

i

η
. (126)

By substituting this expression into Eq. (122), the next-
order Gaussian width results in

Ω
(1)
k (η) ∼ c1η

2

(

1− 2

3
ik3η3

)

, (127)

where c1 is an integration constant.
We recall that the ansatz (120) must be properly nor-

malized over the φk and vλk modes:

∫

dφkdv
+
k dv

×
k χ∗

kχk = 1 , (128)

which gives a constraint on the solutions of the remaining
equations:

|Nk|4
(

1 +

∫

dv+k dv
×
k

4H2
0

M
Gk

)

=
ReΩ

(0)
k

π
+

H2
0

M

ReΩ
(1)
k

π
,

(129)

where we neglected higher-order terms. Here the pres-
ence of the fourth power in Nk is due to the fact that,
in principle, one needs to quantize separately the real
and imaginary parts of the scalar perturbation variables,

which are complex [27]; however, dealing with |φk|2 in-
stead of (φk)

2 leads, although with a less rigorous for-
malism, to the same results [17].

Clearly, we are normalizing separately the terms of or-
der M0 and M−1, since the former are independent of
gravitons, so we limit the integration over vλk only on the
latter [see (129)], finding

Nk(η) =

(

ReΩ
(0)
k (η)

π

)
1
4

, (130)

∫

dv+k dv
×
k Gk(η, vk) =

ReΩ
(1)
k (η)

4ReΩ
(0)
k (η)

. (131)

As we will show in the next Section, Eqs. (121)–(122) —
along with the constraints (130)–(131) — are enough to
compute the perturbation spectrum we are interested in.
The consistency of the Gaussian ansatz (120) is shown in
the Appendix.

D. Power spectrum morphology

The computation of the inflaton perturbations spec-
trum relies on the corresponding two-point correlation
function [15]:

Ξ(r) = 〈0|φ(η,x)φ(η,x + r) |0〉

=
1

(2π)3

∫

dk e−ik·r|fk|2,
(132)

where |0〉 identifies the Bunch-Davies vacuum [31] and
fk is the mode function associated to each Fourier mode
φk. Note that this expression retains a dependence on the
conformal time η, which will be removed by considering
the suitable limit. The power spectrum of such fluctu-
ations is then obtained from the square of the Fourier
amplitude in (132) as [16, 27]

Pφ(k) =
k3

2π2
|fk|2 . (133)

However, the scalar fluctuations φ can be related to the
comoving curvature perturbation ζ using

ζk =

√

4πG

ε

φk

a
(134)

in Fourier space, with constant ε; this allows us to derive
also the curvature perturbations spectrum:

Pζ(k) =
2Gk3

πεa2
|fk|2. (135)

We stress that such quantity must be computed in the
super-Hubble limit k/(aH) ≪ 1, namely λphys ≪ H−1,
by taking kη → 0−. However, it can be shown that ζk
is constant for all times in which the mode perturbation
is outside the horizon [27]; this allows to compute Pζ(k)
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at the end of inflation, when the corresponding pertur-
bations reenter the horizon.

Taking the Gaussian solution (120) for χk as the vac-
uum state, the correlation function becomes

Ξ(r) =

∫

∏

p

dφp

∫

∏

q

dv+q dv
×
q

(

∏

k

χ∗
k

)

φ(η,x)φ(η,x + r)

(

∏

k′

χk′

)

=
∏

k

|Nk|4
∫

dv+k dv
×
k

(

1 +
4

M
Gk

)∫

∏

p

dφp e
−

∑

k′

[

ReΩ
(0)

k′ +
H2
0

M
ReΩ

(1)

k′

]

(φ
k′ )2

φ(η,x)φ(η,x + r)

(136)

having carefully rearranged some factors and neglected
all terms of O

(

M−2
)

or higher. We recall that the in-

tegration in the vλk is restricted to terms ∝ M−1, as in
(129). This represents an averaging procedure of the mat-
ter wave functional (120) over gravitons’ degrees of free-
dom, instead of an averaged Eq. (112), see discussion in
Sec. IVC, which does not modify the gauge fixing, i.e.,
the gravitational WDW equation still holds.

Equation (136) differs from [12, 17] only in the presence
of O

(

M−1
)

contributions and integration over gravitons’
degrees of freedom. Proceeding in a similar fashion, we
use the normalization condition (129) and perform the
3D Fourier transform on φ, decomposing the complex
measure dφp into its real and imaginary parts dφRp and

dφIp to compute the Gaussian integrals (we refer to [12]
for a more detailed discussion). We then obtain the fol-
lowing expression for the correlation function:

Ξ(r) =

∫

dp

(2π)3
e−ip·r

1

2
[

ReΩ
(0)
p +

H2
0

M ReΩ
(1)
p

] (137)

which, compared to (132), allows us to determine the
quantity |fk|2, resulting in the following power spectrum
for curvature perturbations (135)

Pζ(k) =
Gk3

πεa2
1

k3η2 +
H2

0

M c1η2
. (138)

Here we have inserted the solutions (126) and (127) com-
puted in the super-Hubble limit. Now recalling the scale
factor behavior (79) and expanding in 1/M , we obtain

Pζ(k) =
GH2

0

πε

[

1− c1
H2

0

M

(

k0
k

)3
]

k=aH0

(139)

evaluated at the horizon crossing after the end of infla-
tion, as previously motivated. We have put in evidence
a reference wave number k0, coming from the discretized
treatment of the perturbations as time-dependent har-
monic oscillators, which recovers the correct dimensions,
see [17].

Equation (139) presents a small O
(

M−1
)

correction to
the standard de Sitter spectrum obtained in [12], with a
scale dependence ∝ k−3; this is in accordance with the

results of [17, 18, 32] computed in the de Sitter phase,
[19, 33, 34] in the slow-roll approximation, and [35] for
power-law inflation, all with a time implementation anal-
ogous to [7] and without the gravitons treatment here
presented. However, we stress that in (139) the integra-
tion constant c1 cannot take negative values due to the
normalization condition (131). Therefore, the present
model predicts a reduction of power at large scales. This
is a notable difference from the power enhancement ob-
tained in [17, 18], while it agrees with the results in [33].
Actually, it has been debated in [36] that the sign of
the spectrum correction depends on the initial condi-
tions implemented for Ω(1). In this sense, we stress that
our model dictates c1 > 0 by the requirement that both
polarizations contribute with the same weight in (131),
therefore it represents a specific solution.

This model therefore predicts a quantum correction to
the power spectrum of comoving curvature perturbations
due to the presence of gravitons fluctuations on a classi-
cal minisuperspace background. Such correction, albeit
of very small amplitude (scaled by the presence of the
WKB parameter 1/M), could in principle represent a
measurable effect of quantum gravity.

VI. CONCLUSIONS

In this work, we addressed the subtle question of con-
structing unitary quantum gravity corrections to QFT on
curved spacetime by a Born-Oppenheimer separation be-
tween gravity (the slow system component) and matter
(the fast component), in which the former is also treated
in a WKB formalism.

A satisfactory formulation for this problem, up to the
zero-order approximation in the Planckian parameter,
has been provided in [13]. The crucial difference between
this formulation and previous approaches, like [6, 7, 14],
consists in the introduction of an average procedure for
the matter wave function over the graviton degrees of
freedom, i.e. over the quantum gravity phenomenology.

However, in order to extend this formulation up to the
next order, we needed to introduce a new definition of
the internal time variable, simply because the construc-
tion of the physical clock à la Vilenkin is just the un-
desired source of nonunitarity of the theory, see [7, 8].
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Thus, we introduced the Kuchař-Torre fluid [10], coming
from a reparametrized covariant procedure of reference
frame fixing, with particular reference to the Gaussian
gauge. This formulation has already been implemented
in [11], demonstrating its capability to generate a coher-
ent unitary dynamics at the order of quantum gravity
corrections too. Actually, as a result of its belonging
to the fast component of the system, we were able to
reconstruct a vacuum Hamilton-Jacobi equation for the
classical gravitational field, without any additional non-
physical contributions of the fluid that would violate the
so-called energy condition. Despite this success, the anal-
ysis in [11] still contained, as shown in [12], a particular
class of solutions for which the quantum-gravity induced
corrections are unable to affect QFT since they take the
form of a (time-dependent) factorized phase term.

In the present study, we recognized the necessity to
explicitly express the quantum gravity degrees of free-
dom, i.e. slow gravitons, as independent variables, on
the same level as in [13]. At the zero order of expan-
sion, we were still able to reconstruct the standard QFT
on curved space-time by a suitable averaging procedure
over the gravitons. An important point was that this
average is reached by a natural coincidence between the
required Born-Oppenheimer gauge fixing and the correct
equation for gravity at the first WKB order [37]. This
picture was a solid starting point to perform the further
step of calculus, which is the one containing quantum
gravity corrections. At such order the dependence of the
matter sector on the gravitons can no longer be removed,
as expected and physically coherent; therefore, the pure
QFT state can be provided only as a wave function aver-
aged a posteriori. We remark that such dynamics is not
only a unitary formulation, which does not contain the
separable solution giving a net phase outlined in [12].

We consider the obtained equation to describe the
graviton effect on the matter wave function as a funda-
mental step in shedding light on the emergence of quan-
tum gravity as a purely perturbative phenomenon. In
order to extract physical information from our model, we
implemented the obtained theory to calculate the spec-
trum of the inflationary perturbations [15] during a pri-
mordial and exact de Sitter phase of the Universe. The
calculus follows a formulation similar to the study in [17]
for what concerns the machinery of cosmological pertur-
bations, but the resulting dynamics differs in the time
definition and presence of slow graviton contributions.
The result we obtained for the predicted spectral form is
a very small noninvariant correction, see Eq. (139), con-
trolled by the ratio between the Hubble constant of the
de Sitter phase and the Planckian corresponding scale,
i.e., the expansion parameter of the model.

It is worth stressing that this same result was derived
in previous approaches [17–19, 32–35] (also outside of a
pure de Sitter phase) by removing the non-physical terms
causing the non-unitary behavior. Here, such terms are
not present ab initio and this fact suggests that we are
tracing a viable approach to perturbative quantum grav-

ity, able to provide a similar phenomenology to that one
derived in [27] but in a consistent and regularized formu-
lation.

Appendix A: COMPATIBILITY OF THE
GAUSSIAN ANSATZ

Here we prove that the Gaussian ansatz (120) and its
associated normalization conditions are compatible with
the matter dynamics (112). Therefore, our task is to
determine solutions to the remaining Eqs. (123)–(124)
of Sec. VC.

Let us substitute the solutions (126) and (130) into

(123), which can be solved for Υ
(0)
k yielding

Υ
(0)
k (η) = −1

6
k3η3 . (A1)

Thus only Eq. (124) remains to be solved. We can rewrite
it as two equations, one for each polarization state (v+k
and v×k ), by decomposing Gk and Υ

(1)
k into the following

two functions:

Gk(η, vk) = Gk,+(η, v
+
k ) +Gk,×(η, v

×
k ) , (A2)

Υ
(1)
k (η, vk) = Υ

(1)
k,+(η, v

+
k ) + Υ

(1)
k,×(η, v

×
k ) . (A3)

This separation does not specify how to distribute the

source term NkΩ
(1)
k in (124) between the two. We con-

sider a reasonable assumption that both polarization
states act identically, i.e., they obey the same equations,
which is achieved by splitting the source term evenly be-

tween the two. We recall that Gk and Υ
(1)
k are real by

definition (120), so each (complex) equation of the form
(124) for both polarizations can be divided into real and
imaginary parts, yielding

∂ηGk,λ = −1

6
k3η5 − 1

2
∂2vλ

k

Υ
(1)
k,λ −

vλk
η
∂vλ

k

Υ
(1)
k,λ, (A4)

−∂ηΥ(1)
k,λ =

1

4
c1η

2 − 1

2
∂2vλ

k

Gk,λ −
vλk
η
∂vλ

k

Gk,λ , (A5)

where we have used the solutions (126), (127), (130) and
computed (111) in the super-Hubble limit, namely

ξk(η) ∼ −1

η
. (A6)

Indeed, while Re(ξk(η)) is divergent for η → 0−, the
imaginary part is infinitesimal, so that the dominant con-
tribution is the real one.

We look for solutions to Eqs. (A5)-(A4) by considering
each component in (A2)-(A3) of the form

Υ(η, vλk) = Ῡ(η) exp

[

−1

2
σΥ(v

λ
k)

2

]

, (A7)

G(η, vλk) = Ḡ(η) exp

[

−1

2
σG(η)(v

λ
k)

2

]

, (A8)
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where all the subscripts and superscripts are implied.
Note that while σΥ is a free parameter, σG is taken as
a function of conformal time. From the decomposition
(A2) of Gk into the two polarizations, it is useful to ob-
serve that

1 +
H2

0

M
Gk =

(

1 +
H2

0

M
Gk,+

)(

1 +
H2

0

M
Gk,×

)

(A9)

is valid up to O
(

M−1
)

and can be used in (120). Clearly,
Gk,+ and Gk,× take the same functional form in the hy-
pothesis of even splitting between the two polarizations,
so the condition (131) can be recast using (126)-(127) as

∫

dvλk Gk,λ =

√

c1
4k3

. (A10)

The factor Ḡ(η) in (A8) is immediately determined as

Ḡ(η) =

√

c1 σG(η)

8πk3
. (A11)

Now plugging (A7)–(A8) into (A4)–(A5) we obtain or-
dinary differential equations that, neglecting all terms
quadratic in the vλk , give

d

dη

√
σG =

√
8πk3

(

1

2
σΥῩ−

√
c1
6
k3η5

)

, (A12)

− d

dη
Ῡ =

√

c1 σ3
G

8πk3
+

1

4
c1η

2. (A13)

So far, we have reduced the problem to a a system
of two coupled ordinary differential equations. We can
determine an explicit solution in our limit of interest η →

0− by performing a series expansion in η:

σG(η) = A0 +A1η +O
(

η2
)

, (A14)

Ῡ(η) = B0 +B1η +O
(

η2
)

, (A15)

with A0, A1, B0, B1 constants depending on the initial
conditions. Substituting into Eqs. (A12)-(A13) and ne-
glecting all terms of O

(

η2
)

or higher we find

A1 =

√

8πk3A0

c1
σΥB0 , (A16)

B1 = −
√

c1
8π

(

A0

k

)3/2

, (A17)

leading to the (approximate) functions

σG(η) = A0 +

√

8πk3A0

c1
σΥB0 η , (A18)

Ῡ(η) = B0 −
√

c1
8π

(

A0

k3

)3/2

η , (A19)

where A0, B0, and σΥ must be positive to obtain well-
defined solutions. It is clear from (A12)–(A13) that
A0 ≡ σG(0) and B0 ≡ Ῡ(0), i.e., they represent the initial
conditions of the system.

Now inserting (A18)–(A19) and (A11) into (A7)–(A8),
we conclude that there exists a solution to Eq. (112) in
the form of a normalized Gaussian (120) and this val-
idates the choice implemented in Sec. VC. Regardless,
the functions (A18)–(A19) here obtained are redundant
since they do not enter the computation of the modified
power spectrum in the super-Hubble limit.
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