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We investigate the emergence of a quantum Big-Bounce in the context of an isotropic Universe, filled by a self-

interacting scalar field, which plays the role of a physical clock. The bouncing cosmology is the result of a 
scattering process, driven by the scalar field potential, which presence breaks down the frequency separation of 
the Wheeler-DeWitt equation, treated in strict analogy to a relativistic quantum system. Differently from previous 
analyses, we consider a really perturbative self-interaction potential, affecting the dynamics in a finite range of 
the time labeled by the scalar clock (and in particular we remove the divergent character previously allowed). 
The main result of the present analysis is that, when the Relativistic Quantum Mechanics formalism is properly 
implemented in the Mini-superspace analogy, the probability amplitude for the bounce is, both in the standard and 
polymerized case, characterized by a maximum in correspondence of the quasi-classical condition of a Universe 
minimum volume.
1. Introduction

One of the most important successes of the Loop Quantum Gravity 
[1,2] has been the proof that the geometrical area and volume operators 
kinematically possess a discrete spectrum [3]. A significant implication 
of this result has been found in the cosmological implementation of the 
general theory, known as Loop Quantum Cosmology [4]. In fact, de-

spite some limitations emerging in the cosmological formulation [5–7], 
the emergence of a Big-Bounce configuration is certainly an intriguing 
achievement [8,9] (for recent developments in this field, which enforce 
the original analysis, see [10,11]). However, the Big-Bounce picture 
emerging in Loop Quantum Cosmology is essentially a semiclassical one, 
and that this situation can have a general nature is not assessed [12]. 
As soon as a general enough model is considered, see for instance the 
Bianchi Universes [13,14], the possibility to construct localized states, 
approaching the singularity, is significantly limited by the behavior of 
the Universe anisotropy. Thus, in [15] was first proposed the idea that 
a Big-Bounce can take place for a Bianchi I model as the result of a 
scattering process, on a pure quantum domain. The basic statement was 
the identification of the Wheeler-Dewitt equation for the model with a 
Klein-Gordon theory, which time corresponded to the isotropic Misner

variable and which spatial coordinates were identified in corresponding 
anisotropic variables [16–18]. The possibility for such an identification 
has been investigated in detail in [19,20], but in [15] the introduction 
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of an ekpyrotic-like time-dependent term [21] allowed for a non-zero 
transition amplitude from negative to positive frequency solution, i.e. a 
quantum Bounce configuration has been inferred. The analysis in ques-

tion was then extended to the employment of a self-interacting scalar 
field as a relation clock for the isotropic Universe [22]. The results 
emerging from these two analyses consist of dealing with a maximum 
probability amplitude for the Big-Bounce, when the mean momentum 
of the incoming packet is equal to the mean value of the outcoming mo-

mentum. In this paper, we consider a similar analysis to the one in [22], 
trying to address an important question, that remained open in the previ-

ous studies: the divergence of the scattering (time-dependent) potential 
in one direction of the time axis. Despite in [19], it was argued that such 
a feature does not prevent the introduction of a suitable Hilbert space, 
nonetheless, questions arise on the real viability of the relativistic quan-

tum scattering, especially because of possible (hidden) violation of the 
unitarity of the S-matrix [23]. Here, we consider a potential term for the 
scalar field which the ekpyrotic models inspire [24–26], that has the im-

portant feature to be significantly non-zero only in a finite domain (and 
its amplitude there is controlled by a coupling constant). Then, we re-

peat all the analysis of the relativistic quantum scattering (in the absence 
of new degrees of freedom creation, or their annihilation), both for the 
standard Wheeler-Dewitt states and for the case in which Polymer Quan-

tum Mechanics [27–30] is implemented. The relevant achievement of 
the present analysis consists of demonstrating that, if the perturbative 
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character of the scattering potential is guaranteed, then the quantum 
Big-Bounce is most probable when the quasi-classical condition of a min-

imal Universe volume is fulfilled. Furthermore, we show that, as soon 
as, the potential is non-perturbative, the transition amplitude acquires 
the same features discussed in [22]. This suggests that the perturbative 
character of the scattering potential is a basic requirement to imple-

ment the equipment of the Relativistic Quantum Mechanics scattering 
process. It remains however to be noted that, differently from here, in 
the two previous analyses the localized states were constructed through 
exact solutions of the quantum theory, including the perturbation po-

tential. This fact suggests a possible reformulation of the analyses with 
diverging potential in a different scenario, avoiding the direct use of the 
Feynman propagator [31].

2. Classical and quantum description of the closed FLRW model

In this section, we study both the classical and quantum evolution 
of a closed FLRW model. The ADM formalism is selected to describe 
the classical behavior of such a Universe, while the Wheeler-DeWitt 
(WDW) theory will be used to move to a quantum mechanical frame-

work. Furthermore, we show how introducing a cutoff in the flat FLRW 
can reproduce the evolution of the closed one near the cosmological 
singularity.

2.1. Classical framework

A closed isotropic Universe, filled with a self-interacting massless 
scalar field 𝜙(𝑡), is described by the Hamiltonian constraint

𝑁𝑉

𝐶
𝑒−3𝛼

[
−𝑝2𝛼 +

6
𝜒

𝑝2
𝜙
− 𝑉𝐾 (𝛼) + 𝑉𝑆 (𝜙,𝛼)

]
= 0 , (1)

where 𝑁 is the lapse function, 𝛼 = ln (𝑎) is the isotropic Misner variable, 
𝑝𝜙 , 𝑝𝛼 are the conjugated momenta, 𝑉 = 2𝜋2 is the fiducial volume, 
𝜒 = 8𝜋𝐺∕𝑐4 and 𝐶 = 12𝑉 2∕𝜒 . The potential term 𝑉𝐾 (𝛼) = (3𝐶𝐾∕𝜒)𝑒4𝛼
arises from the presence of positive spatial curvature 𝐾 , while the 
self-interaction potential 𝑈 (𝜙) is responsible for the term 𝑉𝑆 (𝜙, 𝛼) =
𝐶𝑒6𝛼𝑈 (𝜙). The classical evolution of the system can be derived from 
the set of Hamilton equations

𝛼̇ = −
𝜒𝑁

6𝑉
𝑝𝛼𝑒−3𝛼 , 𝑝̇𝛼 =

𝜒𝑁

𝑉

(
𝑉𝐾

3
−

𝑉𝑆

2

)
, (2a)

𝜙̇ = 𝑁

𝑉
𝑝𝜙𝑒−3𝛼 , 𝑝̇𝜙 = −𝑁𝑉 𝑒3𝛼

𝜕𝑈 (𝜙)
𝜕𝜙

. (2b)

Since we will consider 𝑉𝑆 (𝛼, 𝜙) as a scattering potential we are inter-

ested in the limit where 𝑈 (𝜙) is negligible. In such a regime, 𝑝𝜙 is a 
constant of the motion. To use 𝜙 as the internal time of the system [32]

it is interesting to derive the evolution law 𝛼𝐾 (𝜙), where the subscript 
𝐾 denotes that the trajectory is related to the closed FLRW model. This 
quantity can be derived by combining the Hamilton equations (2) for 
𝛼 and 𝜙, finding the differential equation 𝑑𝛼∕𝑑𝜙 = −𝑝𝛼∕𝑝𝜙. Using the 
scalar constraint in Eq. (1) and setting 3𝐶𝐾∕𝜒 = 1 to lighten up the 
notation, this equation yields the evolution law1

𝛼𝐾 (𝜙) = 1
4
ln
[
𝑝2

𝜙
− 𝑝2

𝜙
tanh (2𝜙)

]
. (3)

As expected, the Universe is subjected to an expansion phase from the 
cosmological singularity placed at 𝛼 → −∞ up to the turning point 
placed at 𝛼𝑡𝑝 = (1∕2) ln (𝑝𝜙). Then, the Universe contracts towards the 
cosmological singularity. The scalar field 𝜙 can, indeed, represent a 
good candidate as the internal time of the system, since it follows mono-

tonically the evolution with respect to time when 𝑁 = 𝑉 𝑒3𝛼∕𝑝𝜙. We now 
compare the effects of the curvature potential on the dynamics with 
the imposition of a cutoff on the evolution of a flat isotropic Universe. 

√

2

1 We consider the rescaled field 𝜙 → 𝜒∕6𝜙.
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For a flat FLRW model, 𝑉𝐾 (𝛼) ≡ 0, hence, the expansion and contrac-

tion trajectories of 𝛼 with respect to the internal time 𝜙 are given by 
𝛼±(𝜙) = ±𝜙 + 𝑐±, where 𝑐± are integration constants. By imposing the 
condition 𝛼0(𝜙) ≤ 𝛼max and properly linking the two phases, we obtain 
the evolution law

𝛼0(𝜙) = −|𝜙|+ 𝛼max . (4)

Here the subscript 0 denotes that we are considering the flat 𝐾 = 0 case. 
By fixing a proper value of 𝛼max, this evolution law reproduces the be-

havior of the closed Universe near the singularity and the presence of a 
turning point in the dynamics.

2.2. Quantum framework

The application of the Dirac quantization scheme to the ADM for-

malism leads to the WDW theory [13,2], where the constraints are now 
promoted to quantum operators acting on some Hilbert space. Hence, 
the super-Hamiltonian constraint leads to the WDW equation, which se-

lects the state allowed from the theory. In the case of a closed FLRW 
model, the scalar constraint in Eq. (1) yields the WDW equation, in 
Planck units ℏ = 𝑐 = 𝐺 = 1,[
𝜕2𝛼 − 𝜕2

𝜙
− 𝑉𝐾 (𝛼) + 𝑉𝑆 (𝜙,𝛼)

]
Ψ(𝜙,𝛼) = 0 , (5)

where Ψ(𝜙, 𝛼) is the Universe wave function. Such an equation is analo-

gous to a Klein-Gordon one. This analogy can be exploited to avoid the 
problem of time that rises in the framework of Canonical Quantum Grav-

ity. In the spirit of a time after quantization approach, the scalar field 𝜙 in 
Eq. (5) can be regarded as the internal time of the system. In this sense, 
the self-interaction potential 𝑈 (𝜙) is a time-dependent potential, and 
its contribution to the WDW equation 𝑉𝑆 (𝜙, 𝛼) can be treated as a scat-

tering potential in the framework of Relativistic Quantum Mechanics. 
Hence, Eq. (5) can be equipped with the KG-like inner product

(𝜓(𝜙,𝛼) , 𝜑(𝜙,𝛼)) = 𝑖

+∞

∫
−∞

𝑑𝛼 𝜓∗(𝜙,𝛼)⃖⃖ ⃖⃗𝜕𝜙𝜑(𝜙,𝛼) . (6)

Such an inner product can be used to construct probability densities 
and study the semiclassical evolution of the Universe wave function. 
However, these probabilities are positive-definite only for pure posi-

tive/negative solutions of Eq. (5). Nonetheless, Eq. (6) can be used to 
construct the scattering propagator theory of RQM [23,33]. Thus, we 
will describe the bounce as a quantum transition mediated by the contri-

bution from the self-interaction potential 𝑈 (𝜙), in the spirit of [15,22]. 
To ensure the unitarity of the scattering operator, the self-interaction 
potential must vanish at very early/late times. The set of asymptotic 
states of the process is the set of orthonormal solutions of Eq. (5) in the 
limit 𝑈 (𝜙) → 0. These solutions, which have been found in [34,35] and 
are frequency-separated, take the form

𝜒±
𝑘
(𝜙,𝛼) =

√
sinh (𝜋𝑘∕2)

2𝜋2 𝑒±𝑖𝑘𝜙 𝐾 𝑖𝑘
2

(1
2

𝑒2𝛼
)

, (7)

where 𝐾𝜈(𝑥) are the Macdonald functions and 𝑘 ≤ 0. Exploiting the or-

thogonality of the Macdonald functions [36,37], it can be shown that 
such solutions satisfy the relations(
𝜒±

𝑘′
, 𝜒±

𝑘

)
= ±𝛿(𝑘− 𝑘′) ,

(
𝜒∓

𝑘′
, 𝜒±

𝑘

)
= 0 . (8)

Localized wave packets, constructed from positive (negative) frequency 
solutions follow the semiclassical trajectory. It has been shown in [35]

that it is possible to construct a Feynman propagator for this equa-

tion through a Mini-superspace variables transformation, exploiting the 
reparametrization invariance of the theory. However, to keep a straight-

forward interpretation of the Mini-superspace variables when studying 
the bounce as a pure quantum mechanical process, we prefer not to use 

this strategy. Instead, to construct a meaningful propagator theory, we 



S. Lo Franco and G. Montani

replace the curvature potential 𝑉𝐾 (𝛼) with the cutoff boundary condi-

tion

Ψ(𝜙,𝛼 ≥ 𝛼max) = 0 , (9)

similarly to the classical case. Such a system is analogous to a flat FLRW 
model with a potential barrier placed at 𝛼 = 𝛼max. To summarize, we 
consider the WDW equation for a closed isotropic Universe, where the 
presence of a self-interaction potential for 𝜙 can play the role of a scat-

tering potential. Even though the solutions of Eq. (5) are normalizable 
the Feynman propagator has been found for a set of reparametrized 
mini-superspace variables that do not have a straightforward interpre-

tation in bouncing scenarios, and we leave this point open for further 
developments. Furthermore, 𝑉𝐾 (𝛼) is negligible near the cosmological 
singularity. Hence, with the aim of studying the Big Bounce as a scatter-

ing process in the framework of RQM, we decided to describe the closed 
FLRW model with a flat one equipped with the cutoff boundary condi-

tion in eq. (9). Although such a condition does not take into account the 
dependence of the turning point from 𝑝𝜙, it is well suited to describe the 
Universe whose turning point falls around the fixed 𝛼max. Moreover, this 
choice is supported by the form that the solutions in Eq. (7) take in the 
limit 𝛼 → −∞. A problem that arises when imposing the condition in 
eq. (9), is that 𝑝̂𝛼 in no longer self-adjoint on the half-line (−∞, 𝛼max]. 
However, by performing numerical computations, it can be observed 
that the ℑ(⟨𝑝̂𝛼⟩) → 0 as 𝜙 → ±∞, meaning that the momentum opera-

tor associated to 𝛼 can be considered hermitian in that region where the 
Quantum Bounce is indeed expected to occur, preventing the emergence 
of possible non-unitarity of the scattering operator.

3. Bounce of the closed isotropic Universe as a quantum 
transition

In this section, we describe the bounce process of the closed FLRW 
model as a relativistic quantum transition. The main ingredients of this 
procedure are a set of “In”/“Out” orthonormal states, a time-dependent 
potential that vanishes at very early/late times, and a Feynman propa-

gator. To fulfill all these requirements, we describe the closed Universe 
as a flat FLRW model with a cutoff boundary condition. First, we de-

rive the set of basic solutions that represent the “In”/“Out” states of 
the process, providing a physical interpretation of the frequency split-

ting. Then, we show the Feynman propagator for such a model, and we 
introduce the potential 𝑈 (𝜙) used in the computation. At last, we com-

pute the probability densities related to the bounce process. This pure 
quantum treatment of the bounce would be justified if the Universe is 
described by a de-localized state near the cosmological singularity, and 
this is not the case of isotropic models. For this reason, we will carry 
on the discussion and the computations both in the standard quantum 
mechanical description and in the framework of Polymer Quantum Me-

chanics (PQM) [27,28], so that the evolution of localized wave packets 
exhibits a spreading behavior when approaching the cosmological sin-

gularity [22,38].

3.1. Solutions of the asymptotically free WDW equation

Neglecting 𝑉𝐾 (𝛼) from Eq. (5), the WDW equation we consider is[
𝜕2𝛼 − 𝜕2

𝜙
+𝐶𝑒6𝛼𝑈 (𝜙)

]
Ψ(𝜙,𝛼) = 0 , (10)

together with the boundary condition in Eq. (9). The set of “In”/“Out” 
states is the set of orthonormal solutions of Eq. (10) in the limit where 
𝑈 (𝜙) → 0. In such a regime, Eq. (10) is completely analogous to a free 
KG one, and its solutions are plane waves of the form

𝑓
𝐿∕𝑅

𝑘
(𝜙,𝛼) = 𝑁𝑘𝑒𝑖𝑘𝜙𝑒±𝑖𝑝𝑘𝛼 , (11)

where 𝑘 ∈ ℝ, 𝑝𝑘 = |𝑘| and 𝑁𝑘 is a normalization constant. A solution 
3

that satisfy Eq. (9) must satisfy the continuity condition Ψ(𝜙, 𝛼 = 𝛼max) =
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0. For simplicity, let us consider 𝛼max = 0.2 A solution satisfying this 
continuity condition is in the form 𝑓𝑘(𝜙, 𝛼) = 𝑓𝐿(𝜙, 𝛼) − 𝑓𝑅(𝜙, 𝛼). It 
is now possible to perform a frequency splitting of such solutions by 
choosing the sign of 𝑘. If we restrict to 𝑘 ≤ 0, we find the frequency-

separated solutions

𝑓±
𝑘
(𝜙,𝛼) = 𝑁𝑘𝑒±𝑖𝑘𝜙 sin (𝑘𝛼) . (12)

Imposing the orthonormality relations, like those in Eq. (8), we can 
find the normalization constant 𝑁𝑘. Hence the set of “In/Out” states 
of Eq. (10), when considering a generic 𝛼max, is given by the frequency-

separated solutions

𝑓±
𝑘
(𝜙,𝛼) = 𝑒±𝑖𝑘𝜙√

𝜋𝑘
sin [𝑘(𝛼 − 𝛼max)] . (13)

Let us now apply the formalism of PQM to Eq. (10). In this particular 
framework, a generalized coordinate is regarded as discrete, prevent-

ing the definition of a proper momentum operator associated with it. 
Nonetheless, it is possible to define an approximated version of it. Since 
the effective formulation of LQC is isomorphic to the implementation of 
PQM to the Mini-superspace variables [39,40], we consider the isotropic 
degree of freedom 𝛼 as discrete. Thus, the momentum operator con-

jugated to 𝛼 is replaced by its polymer approximated version [27], 
yielding the modified WDW equation where[
− 1

𝜇2 sin
2 (𝜇 𝑝𝛼) + 𝑝2

𝜙

]
Ψ𝑃 (𝑝𝜙, 𝑝𝛼) = 0 , (14)

where 𝜇 is the spacing of the lattice over which 𝛼 is defined and the 
limit 𝑈 (𝜙) → 0 has been already considered. The solutions of Eq. (14)

have the form

𝑔
𝐿∕𝑅

𝑘
(𝑝𝜙, 𝑝𝛼) = 𝑁̃𝑘 𝛿(𝑝𝜙 − 𝑘)𝛿(𝑝𝛼 ± 𝑝̃𝑘) , (15)

where 𝑝̃𝑘 = | arcsin (𝜇 𝑘)|∕𝜇 and 𝑘 ∈ [−1∕𝜇, 1∕𝜇]. Moving to the “posi-

tion” representation, these solutions are equivalent to the plane waves 
in Eq. (11) with the modified dispersion relation 𝑝̃𝑘. Thus, the pro-

cedure to obtain the set of orthonormal solutions satisfying Eq. (9)

is completely analogous to that of the standard quantum mechanical 
framework, yielding

𝑔±
𝑘
(𝜙,𝛼) =

𝑒±𝑖𝑘𝜙 sin[𝑝̃𝑘(𝛼 − 𝛼max)]√
𝜋𝑘

√
1 − 𝜇2𝑘2.

, (16)

where now 𝑘 ∈ [−1∕𝜇, 0]. We can immediately notice that, besides the 
dispersion relation, the standard quantum mechanical case and the poly-

mer one differ by the normalization factor (1 − 𝜇2𝑘2)−1∕4. It is worth 
noting that, the polymer construction, based on the sin representation, 
contains a certain degree of ambiguity. In fact, when derived from Loop 
Quantum Gravity, the specific polymer representation can depend on 
the Holonomy choice in the underlying theory [4]. On the same level, 
when the polymerization prescription is imposed a priori as a regulariza-

tion of a diffeomorphism invariant formulation [41], different choices 
in regularizing the momentum operator are possible. However, when in 
the Loop Quantum Gravity formulations are adopted the quasi-periodic 
functions [10,11], as well as, when the prescription on the momentum 
operator regularization relies on the discretization of the translation 
operator [27,28], the choice of the sin function appears as the most 
natural and somehow a privileged representation. From the solutions 
in Eq. (13) and in Eq. (16) we can construct localized wave packets 
and compute their semiclassical evolution. Since, the inner product in 
Eq. (6) is positive-definite for positive/negative frequency wave func-

tion, we can define the probability density

(𝛼,𝜙) = ±𝑖𝜓±∗(𝛼,𝜙)⃖⃖ ⃖⃗𝜕𝜙𝜓±(𝛼,𝜙) , (17)

2 Is possible to recover the case of a generic 𝛼max through the transformation 

𝛼 → 𝛼 − 𝛼max.
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Fig. 1. Plots of the semiclassical evolution computed in the standard QM framework (left) and in PQM one (right) together with the classical evolution law 𝛼0(𝜙) in 
Eq. (4) (dashed line). We considered positive frequency wave packets with coefficients 𝐴

𝑘,𝜎
(𝑘) , 𝐴𝑃

𝑘,𝜎
(𝑘). On the top row 𝑘 = 0, 𝜎 = 1, 𝛼max = 10, 𝜇 = 0.5, while on the 

bottom row 𝑘 = −0.5, 𝜎 = 2, 𝛼 = 5, 𝜇 = 0.4.
max

i.e., the probability density of finding the Universe with some value of 
𝛼 at a fixed time 𝜙. Such a quantity is well-defined as long as the condi-

tion 
(
𝜓± , 𝜓±) = 1 holds. In Fig. 1, we show the semiclassical evolution 

computed from Eq. (17) for both the standard and the polymer quantum 
mechanical case and for different sets of parameters. We considered the 
wave packets

𝜓±(𝜙,𝛼) =

0

∫
−∞

𝑑𝑘 𝐴
𝑘,𝜎

(𝑘)𝑓±
𝑘
(𝜙,𝛼) , (18a)

𝜓±
𝑃
(𝜙,𝛼) =

0

∫
−1∕𝜇

𝑑𝑘 𝐴𝑃

𝑘,𝜎
(𝑘)𝑔±

𝑘
(𝜙,𝛼) , (18b)

where 𝐴
𝑘,𝜎

(𝑘) , 𝐴𝑃

𝑘,𝜎
(𝑘), are Gaussian-like coefficients properly normal-

ized over each domain of 𝑘. We can immediately notice that in both 
representations of QM, the semiclassical evolution reproduces the clas-

sical one. It means that a flat FLRW model, together with the boundary 
condition in Eq. (9), can reproduce the dynamics of the closed isotropic 
Universe, setting a proper value of 𝛼max. The main difference between 
the standard case and the polymer one lies in the spreading behavior 
of the polymer wave packet when moving toward the cosmological sin-

gularity. Such a feature prevents the notion of semiclassical evolution 
near 𝛼 → −∞, justifying a pure quantum treatment of the Universe in 
that region. We can now provide an interpretation of the frequency 
splitting of the solutions in Eq. (13), (16). Differently from [22], the 
frequency splitting no longer distinguishes between contraction/expan-

sion phases, since these two branches are linked by the presence of the 
imposed turning point. Hence, recalling the Feynman interpretation of 
frequency-separated solutions, the difference between positive/negative 
frequency wave functions is that one follows the semiclassical evolu-

tion forward in time while the other follows it backward in time. To be 
more precise, positive frequency solutions follow an expanding trajec-

tory from 𝜙 → −∞ to the turning point, then they undergo a contraction 
4

phase towards 𝜙 → +∞, while negative frequency wave packets follow 
this trajectory backward in time, i.e. expanding from 𝜙 → +∞ to the 
turning point and contracting towards 𝜙 → −∞. This kind of interpre-

tation pushes even further the analogy between the WDW equation and 
the KG one, removing the ambiguity in the choice of the sign of 𝑝𝛼 that 
was discussed in [22] for the flat FLRW model.

3.2. The effects of the self-interaction potential and the bounce transition

Until now, we computed the set of asymptotic states from the WDW 
Eq. (10). The presence of the time-dependent potential prevents the 
possibility of a proper frequency splitting so that the Universe is repre-

sented by a superposition of positive and negative frequency solutions. 
The bounce of the Universe can then be described as a quantum tran-

sition mediated by the self-interaction potential of the scalar field, as 
already studied for the Bianchi I Universe in [15] and for the flat FRLW 
model in [22]. Relying on the interpretation we have given to the so-

lutions of Eq. (10) and its polymer version in Eq. (14), the bounce can 
be described by a transition from a localized negative frequency wave 
packet to a positive one. Being in a negative frequency state, the Uni-

verse propagates from 𝜙 → +∞, it will contract towards 𝛼 → −∞ after 
reaching the turning point. If the self-interaction potential is turned on 
near the cosmological singularity, the Universe will be described by a 
mixed-frequency state. As 𝑈 (𝜙) is turned off, the Universe can perform a 
transition to a positive frequency localized state, that will again expand 
and contract towards 𝜙 → +∞, representing indeed a bounce process. 
The probability amplitude of this bounce transition can be computed 
employing the propagator theory of RQM. Eq. (10) can be equipped with 
the usual Feynman propagator for the KG equation Δ𝐹 (𝜙, 𝜙′; 𝛼, 𝛼′). In 
our case, the propagator must satisfy the boundary condition in Eq. (9)

as well as propagate forward/backward in time the positive/negative 
frequency solutions in Eq. (13). Hence, the Feynman propagator we need 
can be written as

Δℎ
𝐹
(𝛿𝜙;𝛿𝛼) = −𝑖

0

∫
−∞

𝑑𝑘 [𝑓+
𝑘
(𝜙,𝛼)𝑓+∗

𝑘
(𝜙′, 𝛼′)𝜃(𝜙−𝜙′)+

(19)
+𝑓−
𝑘
(𝜙,𝛼)𝑓−∗

𝑘
(𝜙′, 𝛼′)𝜃(𝜙′ −𝜙)] ,
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Fig. 2. Plots of the bounce probability density computed in the standard framework (left) and in the polymer framework (right). The dependence from the initial 
label 𝑘 is integrated out, while 𝜎̃ = 𝜎′ = 𝜎. On the top row, we considered 𝜆 = 1∕2, 𝛾 = 2, 𝛼max = 0, and the polymer step was set to 𝜇 = 0.1. On the bottom row, we 
considered 𝜆 = 1∕2, 𝛾 = 9, 𝛼 = 1, 𝜇 = 0.02.
max

where the superscript ℎ denotes that we are considering 𝛼 ∈ (−∞, 𝛼max]. 
These considerations are still valid in the polymer framework so that the 
form of the polymer propagator is completely analogous. Let us now 
introduce the potential that will be used in the computations. We rely 
on the ekpyrotic potential studied in [24–26] that is characterized by a 
global minimum and vanishing in the limit 𝜙 → ±∞. Hence, we consider 
the explicit form

𝑈 (𝜙) = −𝜆
𝛾

𝛾2 + 𝜙2 , (20)

where 𝜆 is coupling constant with the dimension of an energy density 
and 𝛾 is a width parameter controlling the shape of the potential. Both 
𝜆 and 𝛾 control the perturbativeness of 𝑈 (𝜙). Such a potential satisfies 
the properties discussed above. We now have all the elements required 
to use the propagator scattering theory of RQM. In the light of the inter-

pretation of positive/negative frequency wave packets the bounce can 
be represented as a quantum transition from a negative frequency solu-

tion to a positive one. Let us remark on the fact that in the light of the 
results from [19], as long as 𝑈 (𝜙) is vanishing asymptotically at least in 
one direction of the internal time (here it vanishes for both 𝜙 → ±∞), 
it is possible to define a Hilbert space at any time 𝜙. Hence, even if the 
self-interaction potential mixes the frequency states, it does not alter the 
Hilbert space in a way that could undermine the unitarity of the scat-

tering operator. At the first order in perturbation theory, the transition 
amplitude for this process reads as [23]

 = −𝑖∫ 𝑑𝜙∫ 𝑑𝛼 𝜓+∗(𝜙,𝛼)𝑉𝑆 (𝜙,𝛼)𝜓−(𝜙,𝛼) , (21)

where 𝜓±(𝛼, 𝜙) are localized wave packets. When considering these 
wave packets, the probability amplitude of the process depends on the 
parameters (𝑘, 𝜎)in , (𝑘′, 𝜎′)out, i.e.,  = (𝑘′, 𝜎′; 𝑘, 𝜎). Due to the uni-

tarity of the scattering operator, ||2 represents indeed a probability. 
Thus, from Eq. (21) we can obtain the probability that a negative fre-

quency Universe with a given pair (𝑘, 𝜎)in exits the interaction with the 
self-interaction potential being a positive frequency Universe character-

ized by (𝑘′, 𝜎′)out. By substituting in Eq. (21) the explicit form of the 
wave packets, together with Eq. (20), we can compute the explicit form 
of the bounce probability amplitude  for both the standard and the 
polymer quantum mechanical framework, that in the former case reads 
as

′
𝐴

𝑘′,𝜎′
(𝑘′)𝐴

𝑘,𝜎
(𝑘)𝑒𝛾(𝑘+𝑘′)

√
𝑘′𝑘
5

 = 𝜉 ∫ 𝑑𝑘𝑑𝑘
𝑘4 − 2𝑘2(𝑘′ 2 − 36) + (𝑘′ 2 + 36)2

, (22)
where 𝜉 = 𝑖72𝜆𝜋3𝑒6𝛼max , while in the latter case

𝑃 = 𝜉𝜇2

8 ∫
𝑑𝑘𝑑𝑘′√

𝑘′𝑘

𝐴𝑃

𝑘′,𝜎′
(𝑘′)𝐴𝑃

𝑘,𝜎
(𝑘)𝑒𝛾(𝑘+𝑘′)

[(1 − 𝜇2𝑘2)(1 − 𝜇2𝑘′ 2)]1∕4
[𝐼𝜇

−(𝑘,𝑘′) − 𝐼
𝜇
+(𝑘,𝑘′)] ,

(23)

where 𝐼𝜇
±(𝑘, 𝑘′) = [36𝜇2 − (arcsin(𝜇𝑘) ± arcsin(𝜇𝑘′))2]−1. We can notice 

immediately that in the limits 𝜆 → 0 and 𝛾 → +∞ the probability am-

plitude vanishes as expected, and 𝑃 →  in the limit 𝜇 → 0. Moreover, 
the cutoff 𝛼max contributes only as a global multiplicative factor. The 
integrals in Eq. (22) can be computed through numerical integration. In 
Fig. 2, we plot the probabilities ||2 and |𝑃 |2, integrating over all the 
possible initial labels 𝑘 and varying 𝑘′ , 𝜎 = 𝜎′ ≡ 𝜎̃. Different values of 
the parameters 𝛾 , 𝛼max, and 𝜇 have been considered. From Fig. 2, it is 
clear that when setting a small step 𝜇 the polymer framework yields the 
same results of the standard one. As we can see, the probabilities are 
peaked around small values of both 𝑘′ and 𝜎̃ while vanishing for both 
arbitrarily large and small values of them, preventing the emergence of 
a vanishing energy Universe or with arbitrarily large energy.

4. Discussion of the results

In the spirit of [15,22] we described the bounce as a quantum tran-

sition between wave packets, that reproduce the expected semiclassical 
dynamics, one forward and the other backward in time, recovering the 
Feynman interpretation of positive/negative frequency solutions. Even 
though these solutions are in principle orthogonal to each other, such a 
transition is possible due to the presence of a self-interaction potential 
for the scalar field near the cosmological singularity. The introduction of 
the cutoff 𝛼max as an approximation of the curvature potential 𝑉𝐾 (𝛼) al-

lows us to construct a set of asymptotically free orthonormal states and 
a proper Feynman propagator. Differently from the standard quantum 
mechanical case, the pure quantum description of the bounce process 
becomes necessary when PQM is applied to the isotropic degree of free-

dom, as the polymer solutions are non-localized near the cosmological 
singularity, even when 𝑈 (𝜙) is not present. The computations of the 
bounce probabilities yield approximately the same results both in stan-

dard QM and in PQM, i.e., the transition amplitude reaches its maximum 
in the interval 𝑘′ ∈ [−0.5, 0] and 𝜎̃ ∈ [0.5, 1.5]. To provide a physical 
interpretation to these results, it is useful to consider the expectation 
value of the operator 𝑝̂𝜙. The wave packets used are characterized by 

the mean value ⟨𝑝̂𝜙⟩ computed with the inner product in Eq. (6). Both 
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for the standard quantum mechanical framework and in the limit 𝑘 → 0
for the polymer one, we have

⟨𝑝̂𝜙⟩± = ±

(
𝑘− 𝜎𝑒−𝑘

2
∕𝜎2

𝜋 erfc (𝑘∕𝜎
)

)
(24)

From Fig. 2, the Universe has the maximum probability of exiting the 
bounce process in a state characterized by ⟨𝑝̂𝜙⟩ ∼ 0. By comparison with 
the Hamilton equations in Eqs. (2), such a characterization is equivalent 
to the condition 𝛼̇ ∼ 0, suggesting the existence of a minimal volume that 
connects the two phases of the bounce, as derived in [42,4]. These are 
rather different results from those in [15,22], where the bounce proba-

bility was peaked around 𝑘′ ∼ 𝑘 , 𝜎′ ∼ 𝜎. Such a difference might stem 
from the use, in those works, of a non-perturbative, or even divergent 
with respect to the internal time, scattering potential. If one performs all 
the previous computations using values of 𝛾 ≪ 1 that make 𝑈 (𝜙) a non-

perturbative potential, we recover this result where the bounce densities 
reach their maximum in (𝑘′, 𝜎′)out ∼ (𝑘, 𝜎)in, supporting our consider-

ations. The possibility to apply the standard formalisms of Relativistic 
Quantum Mechanics relies on the isomorphism that the Wheeler-DeWitt 
equation manifests, for the considered model, in comparison to a 1 + 1-

Klein-Gordon-like equation. The time variable is here identified with the 
scalar matter field, associated with an ekpyrotic Universe [24–26] and 
it is a viable (monotonic) physical clock. The possibility of associating 
the Mini-superspace to a relativistic scenario for quantum mechanics 
has been first investigated in [19,20]. Actually, it has been shown that 
the existence of a Hilbert space for the theory comes out even when the 
potential term of the Wheeler-DeWitt equation is diverging on only one 
of the two time directions. This result can be directly implemented in 
the present analysis, simply because our ekpyrotic-like potential van-

ishes in both 𝜙-directions. This consideration is the starting point to 
develop the full formalism of a scattering process, as discussed in [23]. 
It is remarkable that, in our formulation, the wave function is always 
referred to as a single-particle problem (as it takes place in relativistic 
quantum processes below the threshold of couples creation). Thus, in 
our study, the possibility of creating or annihilating Universe degrees 
of freedom is removed, differently from the so-called “third quantiza-

tion” approach [43,44]. The important point to be stressed here is that 
the use of the scattering transition amplitude is a natural consequence 
of properly implementing the relativistic quantum prescription. In par-

ticular, our propagator has exactly the standard meaning of the original 
Feynman idea: actually the forward and backward in time propagated 
solutions are here properly identified with the reverse of the time arrow, 
simply because we pass from expanding to collapsing configurations, 
at all specular. The resulting transition amplitude, therefore, appears 
well-grounded on a general quantum prescription and it is natural to at-

tribute a predictivity to its outcoming morphology. A confirmation of 
such a basically reliable predictivity is also confirmed a posteriori, since 
the maximum for the obtained transition amplitude takes place in cor-

respondence to a quasi-classical bounce picture. This fact stands for its 
consistency in the cosmological picture, where localized packets are un-

avoidably involved in dealing with meaningful cosmological states.

5. Concluding remarks

We analyzed the quantum dynamics of the isotropic Universe, in 
the presence of the self-interacting scalar field in Eq. (20), whose po-

tential term was modeled according to an ekpyrotic model. The basic 
ingredient of our investigation for a quantum bouncing cosmology has 
been the analogy between the Mini-superspace metric formulation and 
a Relativistic Quantum Mechanics approach in the physical space-time 
[19,15]. In the absence of the scalar field potential, thought as a Planck-

ian interaction contribution, the positive and negative frequency solu-

tions are separated, corresponding to the two possible arrows of the 
time variable, i.e. of the physical clock, provided by the scalar field 
its-self (in the spirit of a relational time [32]). The fundamental nov-
6

elty of the present formulation with respect to a similar analysis in [22]
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consisted in the really perturbative character of the scattering potential 
term, having an ekpyrotic morphology, ensuring that it is significantly 
different from zero only in a finite interval of time and with the ampli-

tude regulated by a coupling constant and a width parameter. The main 
result obtained above is to be considered the recovering of the quasi-

classical condition for a Big-Bounce (i.e. the emergence of a minimal 
Universe volume configuration) as the most probable value for the tran-

sition amplitude. When the parameters of 𝑈 (𝜙) are regulated to deal 
with a non-perturbative potential, the most probable transition config-

uration overlaps that one in [22], shedding light on the relevance of 
dealing with a perturbative scattering potential, when frequency sep-

aration is broken. The results here obtained encourage to extend the 
proposed picture to more complex systems, not only in cosmology but 
also including the quantum physics of the gravitational collapse and the 
so-called “Black Bounce” [45,46].
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