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Abstract
A new set of coupled integro-differential nonlinear lower hybrid (LH) wave equations is derived
within the framework of a kinetic theory coupled to the Maxwell equations to study the
parametric instabilities (PIs) produced by LH waves in collisional tokamak plasma. Previous
models of nonlinear LH wave equations have been significantly improved. The wave equations
derived overcome the limits and incorrectness of the standard theory of the PI in inhomogeneous
plasma. They allow us to treat the full spectrum in the parallel and poloidal wavenumber of the
coupled LH power wave, diffraction effects and possible cascade phenomena, which are
elements of the nonlinear LH physics ignored in the standard PI theory. Numerical solutions of
the new nonlinear LH wave equations are proposed. The relevant LH frequency spectra
produced by PI are calculated, exhibiting characteristic features of PI observed in LH
experiments. It is shown that the LH sideband amplification can be overestimated by orders of
magnitude by the standard theory of PI. A benchmark of the new model is provided for spatially
homogeneous plasmas. The role of the collisions for PI has been assessed. We demonstrate that
previous analyses significantly overestimated their stabilization effect.

Keywords: heating, current drive, lower hybrid, nonlinear, collisional, tokamak

1. Introduction

In thermonuclear fusion research based on the tokamak
concept, non-inductively-driven plasma current is a key to
access improved stability and plasma confinement necessary
for efficient fusion reactors [1]. The lower hybrid (LH) wave
power coupling in tokamak plasmas has been theoretically
suggested as a suitable method to drive plasma current [2, 3].
Many experiments have confirmed this theoretical prediction
[4–6]. The LH current drive, in synergy with the bootstrap
current [4], can provide full control of the steady-state profiles
with a high fraction of the non-inductive plasma current driven
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in the outer half of the plasma column [7]. Unfortunately,
the efficiency of the current drive was observed to decrease
sharply above a critical plasma density, which is lower than
the operating density envisaged for a fusion reactor [8–10].
However, the more recent experiments [11–13] indicate that
the LH current drive might be efficient even at reactor-
relevant plasma densities. In these experiments, suitable meth-
ods were used to reduce parasitic effects, such as LH paramet-
ric instabilities (PIs) and LH scattering off density fluctuations,
which are believed to be responsible for the lack of LH current
drive in high-density plasmas. In general, PI plays an import-
ant role in determining the physics of LH waves coupled to
tokamak plasmas. These are nonlinear interaction phenomena,
such that the power of the launched, large amplitude ‘pump
wave’ is depleted to feed LH sideband waves in the frequency
and wavenumber spectra. These sideband waves are coupled
to the pump wave through low-frequency (LF) resonant waves
or quasi-modes [14, 15]. PI prevented the LH power penetra-
tion in the plasma core in early LH experiments aimed at ion
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heating, which were based on theoretical predictions [16, 17].
Strong depletion of the launched wave power and the excit-
ation of sideband LH modes and cyclotron waves, absorbed
at the plasma edge, were only observed in the experiments
aimed at ion heating [18]. PI has also been invoked within
the framework of LH current drive (LHCD) experiments as an
important contribution to explain the density limit for signific-
ant LHCD [11] as well as to solve the so-called spectral gap
problem [19–21].

Concerning the spectral gap problem, we note that the
coupled LH spectrum versus the wave number parallel to the
static magnetic field k∥ is accurately calculated by numer-
ical codes for LH antennas based on phased waveguide
arrays [22–26]. These codes have been validated by LH
launched spectrum measurements provided by CO2 laser scat-
tering techniques [27] as well as by extensive experimental
observations concerning the LH reflected power. A bench-
mark of the coupling code was performed by a compar-
ison of the calculated reflection coefficients with the experi-
mental measurements, which were found to be in quite gen-
eral agreement [28]. We note that, even the first, pioneering
coupling code developed by Brambilla [22] predicts the cor-
rect reflection coefficients. Therefore, it is used here, as dis-
cussed in section 4, to determine the coupled LH pump power
wavenumber spectra for the numerical solutions of the non-
linear LH wave equations. Despite the accuracy of the coup-
ling code, the LH power damping of the electrons and the cur-
rent drive observed in LHCD experiments are orders of mag-
nitude larger than calculated by the quasilinear theory on the
basis of the coupled k∥ spectra. This inconsistency is known
as the spectral gap problem. To solve this problem, geomet-
rical effects in the wave propagation were invoked, producing
significant k∥ upshift, as proposed in [29–34] based on ray-
tracing codes within the eikonal theory [35]. This analysis also
included possible effects of ray chaos [36–41] and ripple in
the magnetic field [42–45]. Full-wave analysis suggested that
diffraction effects could contribute to the enrichment of the
LH spectra with slower waves [46, 47]. Scattering off density
fluctuations might also affect the k∥ spectra, since they pro-
duce a rotation of the perpendicular wavenumber in the pol-
oidal plane [48, 49]. Indeed, as a result of the LH propagation
in the presence of magnetic shear, the poloidal components
are produced by the scattering project in the parallel direction.
However, the geometrical effects might be not be sufficient to
bridge the spectral-gap problem [36, 50] and the experimental
study performed in [21] suggested a leading role of PI in this
context. Concerning the density limit in the LH current drive,
the effects of ionization and resistive losses [51] as well as
the LH scattering off density fluctuations have been invoked
as a possible explanation [52–57]. However, the analysis per-
formed in [58] demonstrated that the latter might not explain
quantitatively the observed sharp decay of the LH current drive
above a plasma density limit. In addition, the observed LH
interaction with core plasma electrons at high density in FTU
was obtained by experimental tools aimed at quenching PI, as
documented by the frequency spectra detected [11]. We also

mention the observation of the current profile modification
in the edge region of the EAST tokamak, correlated with an
increased level of PI during LHCD power injection [59]. The
interpretation of LH experiments and the proper design of LH
systems in future machines thus require an accurate modeling
of the PI. For homogeneous plasmas, the relevant parametric
dispersion equation (PDE) within the electrostatic approxima-
tion has been extensively studied in the archived literature, see
e.g. [14, 15, 60, 61]. It is shown that two channels of PI are
important for LH waves, namely LF ion-sound quasi-modes
(ISQMs) and ion-cyclotron quasi-modes (ICQMs). A typical
signature of the former is the broadening of the line frequency
of the source, as detected by RF probes and RF spectrum ana-
lyzers. A typical signature of PI involving ICQM is the pres-
ence in the frequency spectra of sideband peaks at a distance
from the line of the RF source roughly given by the cyclotron
frequency of the main ion species and its harmonics. These
experimental evidences are discussed, for example, in [19, 62,
63]. The effects of the collisions, in particular, with neutrals,
were included in Miklos Porkolab’s pioneering work on PI
induced by LH waves near the LH resonance [14], and their
importance was experimentally verified [64]. Full electromag-
netic effects in PI have been considered more recently, show-
ing that they might produce a non-negligible stabilizing effect
in all PI channels [65]. The role of the collisions and some
electromagnetic effects were also considered in [66], based on
a kinetic equation with a particle conserving Bhatnagar, Gross
and Krook (BGK) operator. However, the linear electron and
ion LF responses were completely missing.

It is thus impossible to reproduce in the collisionless limit
the correct PDE known in the archived literature, even within
the model constraints introduced. Moreover, as shown in
section 4, the stabilizing effect of the collisions is greatly over-
estimated. The standard modeling of PI in inhomogeneous
plasma, as discussed in [15, 60, 67, 68], to evaluate the amp-
lification of LH sidebands, the convective losses and the pres-
ence of a finite plasma region illuminated by the LH antenna
have been considered within a plasma slab model and the
WKB approximation. However, the latter is not justified in the
plasma scrape-off layer (SOL) region near the LH launcher,
mainly concerning the leading spectral components of the LH
pump wave versus the parallel wavenumber and the LH side-
bands at larger radial wavelengths. The characteristic lengths
of radial variation of the plasma parameters in the peripheral
plasma, e.g. the temperature and the density, are indeed in
these cases of the same order as the LH wavelengths along the
radial direction. Therefore, the eikonal hypothesis is not sat-
isfied. An accurate modeling of the nonlinear LH physics in
the SOL region thus requires a full-wave approach, as already
performed concerning LHCD in the plasma core [69–72]. In
addition, in the standard modeling of PI only four-wave inter-
actions are considered, involving the LH pump wave, an upper
and a lower LH sideband and an LF plasma quasi-mode, all of
which are assumed to be monochromatic. The pump wave is
thus described by a rough approximation with a single spectral
component, neglecting the complex structure of the spectrum
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in the parallel and poloidal wavenumber coupled by the LH
launchers. This might result in overestimating the drive of the
PI provided by the electric field of the pump wave, mainly in
the presence of coupled LH pump spectral lobes with suffi-
ciently large amplitude. Moreover, considering only four wave
interactions, the treatment of cascade PI effects is prevented.
Finally, the amplification of the LH sideband is calculated in
the standard modeling, with the only exception being [67],
considering the convective losses due to the mismatch of the
wave coupling in inhomogeneous plasma and the finite area
illuminated by the LH antenna but based only on the growth
rate of PI as given at the antennamouth, where the latter has the
maximum value. As a result, the LH sideband amplification is
overestimated. The objective of the present study is to over-
come the above limits and incorrectness of the standard the-
ory of the PI in inhomogeneous plasma and provide a correct
assessment of the role of the collisions. To this end, we develop
a novel full-wavemodeling of the PI. Here, we improve on pre-
vious full-wave nonlinear LH modeling, proposed in [20, 73].
In the former, a fluid theory is considered to evaluate within a
plasma slab model the time and space evolution of an LHwave
with only two spectral components in the parallel wave num-
ber. This model is not suitable to study the nonlinear steady-
state behavior of LH waves. Within a collisionless plasma slab
model, the nonlinear LH physics is considered in the steady-
state regime. However, a cold plasmamodel was used to derive
the LH wave equation. The nonlinear LH behavior, resulting
from the beating of LF density perturbation with LH waves,
was treated considering only the parallel dynamics for both the
electrons and ons, and only ISQM was allowed as a channel
of PI. In the HF range, the nonlinear electron density perturb-
ation is not properly evaluated, considering only the adiabatic
limit. In the homogeneous plasma limit, it is thus impossible
to reproduce the PDE known in the archived literature. In the
present study, a new set of coupled integro-differential nonlin-
ear LH wave equations is derived within the framework of a
kinetic model for collisional plasmas coupled to the Maxwell
equations, based on the spectral method and the weak turbu-
lence theory up to the third order. In section 2, we derive the
LH wave equations and discuss the hypothesis of the theory,
summarized in suitable tables to show the model constraints
and the relevant typical values of the plasma and RF paramet-
ers. In section 3, as a benchmark, both the linear and nonlin-
ear wave equations are derived for homogeneous plasmas. It
is shown that, within the limits of the assumptions made in the
modeling, they coincide with the wave equations known in the
archived literature for collisionless plasma.

Tiny differences emerge from the comparison of the rel-
evant numerical solutions. Analytical expressions for the
growth rates, correcting those indicated in [66], and the power
threshold of PI, are derived for collisional plasma within the
limit of parallel drive. In section 4, within this limit numer-
ical solutions of the nonlinear wave equations are discussed.
Frequency and parallel wavenumber spectra, emerging from a
noisy background, are shown and the LH sideband amplifica-
tion is compared with that calculated by the standard theory of

PI. Section 5 is devoted to a summary of the results and a dis-
cussion of possible extensions of the model. Details are repor-
ted in appendices A–C. In particular, we show in appendix A
that the collisional operator adopted reasonably captures the
role of the collisions for PI. We have adopted the cgs units. A
list of the main symbols used is proposed in table 1 below.

2. Nonlinear LH wave equations in collisional
plasma

Here, we derive the nonlinear LH wave equation, based on a
self-consistent system of Maxwell equations for the electro-
magnetic field (E, B) coupled to the following kinetic equation
for the single-particle distributions fα of each plasma species,
with mass mα and electric charge qα

∂fα
∂t

+ v · ∂fα
∂r

+
qα
mα

[
E+

v
c
× B

]
· ∂fα
∂v

=−να
[
fα − fαo

nα
nαo

]
, (2.1)

where nα =
´
d3v fα and c is the speed of light in vacuum.

The particle-conserving BGK collisional operator [74] is used
as an approximate model of the collision integral. fαo is the
unperturbed equilibrium solution of the kinetic equation, nα
and nαo are, respectively, the particle density and the equi-
librium particle density, and να are characteristic relaxation
rates. As discussed in appendix A, this simple collisional oper-
ator seems sufficient to capture the correct LH physics in the
present context. A 1D slab geometry is adopted. The Cartesian
axis Z is aligned along the static magnetic field Bo = Boz,
which is assumed to be constant. A zero equilibrium elec-
tric field is assumed, i.e. Eo = 0. The axis X is directed along
the radial, inward direction and x= 0 identifies the position
of the LH antenna mouth, which is located in the YZ plane.
We note that poloidal and toroidal asymmetry might charac-
terize realistic equilibrium density and temperature profiles in
the plasma region in front of the LH launcher. Ponderomotive
effects, induced by the injected LH wave power, might also
modify the equilibrium profiles and contribute to the plasma
asymmetry. We also note that in the presence of a static
electric field, a temperature anisotropy in directions paral-
lel and perpendicular to the magnetic field as well as the
presence of a parallel current density (mainly carried by the
plasma electrons) might occur in the plasma SOL region in
front of the launcher. More realistic, 3D modeling can be
considered for high-fidelity simulations, taking into account
all these effects. However, we note that the analysis of the
LH coupling characteristics performed in [28], considering a
simple poloidally and toroidally symmetric 1D plasma slab,
with static and constant plasma parameters in the YZ plane
and 1D antenna model in comparison to much more accur-
ate antenna geometry and plasma models, suggests that more
realistic approaches do not necessarily change significantly
the predictions of the LH physics. Moreover, a 1D plasma
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Table 1. List of the main symbols used. Hereinafter, the subscript α indicates the plasma species, both ions and electrons, the latter being
identified by α= e.

E, B, Eo, Bo Electric and magnetic field and their equilibrium value

qα,mα Electric charge and mass of plasma species α
nα,nαo Particle densities and their equilibrium value
Tα,vth,α Temperatures and thermal velocities
fα, fαo Distribution functions and their equilibrium value
ωpα,Ωα,ω

∗
α,λD,α,ρth,α Plasma and cyclotron angular frequencies, Debye lengths, thermal Larmor radii

X,Y,Z Cartesian axis: radial, poloidal and toroidal
x,y,z Cartesian coordinates: radial, poloidal and toroidal
x,y,z Cartesian unit vectors: radial, poloidal, toroidal
f, fo,ωo Wave frequency, LH pump frequency and LH pump angular frequency
e,c Elementary charge, speed of the light in vacuum
r,v, t Position, velocity, time
Ly,Lz Poloidal and toroidal lengths of the slab geometry
lc Connection lengths in the poloidal cross section
L Length of variation of the plasma parameters
v∥,v⊥ Velocities parallel and perpendicular to Bo

ky,kz = k∥ Poloidal and toroidal wavenumbers
Ny,Nz = N∥ Poloidal and toroidal refractive index
Sω,ky,kz (x) Radial phase of the electromagnetic fields
kx;ω,ky,kz = dSω,ky,kz/dx Generalized radial wave number

k⊥ =
(
k2y + k2x

)1/2
Generalized perpendicular wave number

ρα;ω,ky,kz , Jα;ω,ky,kz Charge and current densities
Ei;ω,ky,kz , Bi;ω,ky,kz Electric and magnetic field components (stV cm−1, G)

i = x,y,z
Ẽi;ω,ky,kz Electric field components (units Ao), i = x, y, z
Ao Squared root of the time average of the squared peak parallel electric field of the

LH pump wave
η = eAo/(mevth,eωo) Expansion parameter of the weak turbulence theory
Ai;ω,ky,kz Amplitude of the electric field components (stV cm−1) i = x, y, z
rE⊥/E∥ = max

i∈{x,y}

∣∣ωEi;ω,ky,kz/
(
ΩeEz;ω,ky,kz

)∣∣ Weighted ratio of perpendicular and parallel electric fields

νe Collisional frequency of the electrons
Ho,H−1

o Collisionless kinetic operator and its inverse
F Fourier transform operator in y, z, t
I⊥ Integral operator in the perpendicular velocity space
Sσ (u) = σZ(σu) , with σ = sgn(kz) Generalized plasma dispersion function
Z(ζ) Fried–Conte function
χα,ε Susceptibilities and dielectric function
F⊥ (u,u ′) , F∥ (u,u

′) Perpendicular and parallel nonlinear coupling functions
δ Angle between the perpendicular electric fields of the LH sidebands and the LH

pump wave

slab model and Maxwellian equilibrium were adopted in pre-
vious analysis of PI induced by LH waves in inhomogeneous
plasma [15, 21, 60, 67, 68]. Reasonable consistency of the pre-
vious analysis with experimental results suggests that the 1D
plasma slab model and the Maxwellian equilibrium distribu-
tion functions adopted here might provide useful comparisons
with LHCD experiments and a suitable guide for the design
of LHCD systems for future machines. We assume that the
equilibrium distribution functions fαo of the plasma particles
are approximated by local Maxwellian, with temperature Tα
and density nαo, i.e. fαo = nαo exp(−v2/v2th,α)/

(
π 3/2v3th,α

)
,

where vth,α =
√
2Tα/mα is the thermal velocity and the tem-

perature is measured in energy units.

We obtain steady-state solutions of the coupled set of the
above kinetic equations with the Maxwell equation, based on
the perturbation theory and the spectral method. In this regard,
we define the Fourier transform F

ψω,ky,kz (x;ξ ) = F [ψ (r, t;ξ )]

=
1

(2π )3

+Tˆ

−T

dt

+Lyˆ

−Ly

dy

+Lzˆ

−Lz

dz ψ (r, t;ξ ) ei(ωt−kyy−kzz).

(2.2)

Here, r= (x, y, z) is the position vector, t is the time and ξ
indicates additional variables, e.g. the particle velocities. The
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quantity Ψ represents any component of the electromagnetic
field or the single particle distribution function of the plasma
ions or electrons as well as their charge and current densities.
The spectral method is justified assuming steady-state condi-
tions and symmetry in the YZ plane. The time interval [−T,T]
occurs during this steady-state phase, and we assume that T is
much larger than any period of the electromagnetic field. The
space intervals [−Ly,Ly] and [−Lz,Lz] limit the finite plasma
region, which is illuminated by the LH pump wave and by the
LH sideband waves excited by the PI. Concerning the radial
dependence of the spectrum of the Cartesian components of
the electric field, we can write the following:

Ej;ω,ky,kz (x) = Aj;ω,ky,kze
iSω,ky,kz (x), (2.3)

where the amplitude Aω,ky,kz is real and positive and the
phase Sω,ky,kz (x) is complex. No lack of generality occurs.
The index j can assume the values x, y or z. We define a
sort of generalized wavenumber by kx;ω,ky,kz = ∂Sω,ky,kz/∂x,
so that we have ∂Ej;ω,ky,kz/∂x= ikx;ω,ky,kzEj;ω,ky,kz . In general,
kx;ω,ky,kz is a complex quantity, describing the wave amplifica-
tion or damping as well as the oscillations along the slab radial
coordinate x. For inhomogeneous plasmas, the eikonal hypo-
thesis requires the following conditions:

∣∣kx;ω,ky,kz

∣∣L≫ 1,

∣∣∣∣ 1
kx;ω,ky,kz

dkx;ω,ky,kz

dx

∣∣∣∣L≫ 1, (2.4)

where L indicates the smaller characteristic length of variation
of the plasma temperature and density. These conditions are
not always justified in the plasma region where PI occurs,
mainly concerning the LH pump wave and the LH sidebands
with sufficiently small parallel wavenumber. As the main pur-
pose of the present study, we derive here a set of coupled non-
linear full-wave LH equations to overcome the lack of validity
of the eikonal hypothesis.

A key feature of the PI induced by LH is the pres-
ence of two time scales for the electromagnetic field and
particle dynamics or, equivalently, two well-separated spec-
tral ranges in the frequency domain. The LF range con-
cerns two quasi-modes, which are excited by the beating
of LH waves, namely the ISQM, with typical frequencies
0.5 MHz ⩽ f ⩽ 50 MHz and the ICQM, with typical frequen-
cies of 50 MHz ⩽ f ⩽ 500 MHz. We do not consider here the
drift waves in the LF range, which are quasi-electrostatic nor-
mal plasma modes that are observed in inhomogeneous plas-
mas. In appendix B, we show that they do not contribute to the
PI in the LHCD experiments and, within the present model
constraints, the effects of the diamagnetic drift frequency can
be neglected to evaluate the LF linear electron and ion density
perturbations. The HF range fo± f concerns the coupled LH
wave power, i.e. the LH pump wave at the operating source
frequency fo, typically of the order of 5 GHz, and the LH side-
bands emerging from the noise and amplified by PI. As usual
in the theory of PI, it is assumed that the amplitude of the LH
pump-wave electric field spectral components is much larger

than the spectral components of both the LH sidebands and the
LF quasi-mode electric field, namely we have the ordering:

Aj;ωo,kyo,kzo ≫ Aj;ωs,kys,kzs ,Aj;ωq,kyq,kzq , (2.5)

where the indices o, s and q denote, respectively, the spectral
components of the LH pump wave, the LH sidebands and the
LF quasi-modes.

As the expansion parameter of the perturbation theory we
adopt the parameter:

η =
eAo

mevth,eωo
≪ 1. (2.6)

Here Ao is the squared root of the time average of the
squared peak parallel electric field of the LH pump wave, with
angular frequency ωo, and e is the elementary charge. As sug-
gested by the standard PI theory [14, 15, 60, 61], we need
to solve self-consistently the coupled system of the Maxwell
equations and the kinetic equations up to the third order in the
expansion parameter η. In the HF range, at the first order of
the perturbation theory, we obtain the linear kinetic equation
for the plasma electrons:

∂fHF(1)e

∂t
+ v · ∂f

HF(1)
e

∂r
+
qe
me

EHF

· ∂feo
∂v

=−νe

[
fHF(1)e − feo

nHF(1)e

neo

]
, (2.7)

where nHF(1)e =
´
d3v fHF(1)e . We express the electric field and

nHF(1)e in terms of their inverse Fourier transforms, e.g.

EHF (r, t) =
ˆ
dkydkzdω e

−i(ωt−kyy−kzz)EHF
ω,ky,kz . (2.8)

The local dependence of EHF
ω,ky,kz on the coordinate x along

the unperturbed orbits of the electrons can be described by
the factor eikxx where kx is, in general, complex and such that
kxE

HF =−i∂xEHF. It is constant along the unperturbed tra-
jectories of the electrons since their radial width is of the
order of the thermal electron Larmor radius ρth,e = vth,e/ |Ωe|
and we assume that |kx|ρth,e ≪ 1. We note that, in the peri-
pheral plasma where PI driven by LHCD injection occurS,
the ordering ω2

pe ≪ Ω2
e/2 is well justified for most LHCD

scenarios. Here, ωpe =
√
4πneoe2/me and Ωe =−eBo/(mec)

are, respectively, the angular plasma frequency and the elec-
tron cyclotron angular frequency. The above ordering implies
that ρth,e ≪ λD,e, where λD,e =

√
Te/(4πneoe2) is the elec-

tron Debye radius. The kinetic equation used here as well
as in the standard modeling of PI only concerns collective
effects that occur on scale lengths much larger than the elec-
tron Debye length so that the condition |kx|ρth,e ≪ 1 that we
assume here should be not considered, for most LHCD scen-
arios, as a limit of the present theory but a prerequisite of any
modeling of PI based on the kinetic equation for the plasma
electrons. In the same vein, we explicitly note that the plasma
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parameters are constant along the unperturbed trajectories of
the electrons, as we have assumed poloidal and toroidal sym-
metry and the characteristic length of variation of the plasma
parameters along the radial direction is L≫ ρth,e. We define

the perpendicular wave number as k⊥ =
√
k2x + k2y , where the

principal value is used to define the square root of the com-
plex argument. We note that the particular determination of
the square root as a complex function does not affect the final
results. Moreover, we observe that all the identities involving
the (ordinary or modified) Bessel functions of argument pro-
portional to k⊥ or to k2⊥, as reported in [75] and necessary to
obtain the solutions of the kinetic equation, still hold for com-
plex arguments. Following the method discussed in [75], the
solutions of the kinetic equation (2) can be expressed as,

fHF(1)e (r,v, t) = η

tˆ

t−T∗,Q

dt ′
ˆ

dkydkzdω e
−i(ωt ′−k·r ′)e−νe(t−t ′)

× Ẽ
HF
ω,ky,kz ·

∂feo
∂v ′ vth,eωo+ νe

1
neo

tˆ

t−T∗,Q

dt ′e−νe(t−t ′)

×
ˆ

dkydkzdω e
−i(ωt ′−k·r ′)nHF(1)e;ω,ky,kz

feo
(
v ′) . (2.9)

The diacritic mark∼ on the electric field components indic-
ates hereinafter that they are measured in units of Ao. This time
interval [t−T∗, t] occurs during the steady-state phase of the
LH wave coupled to the tokamak plasma.

Its duration is assumed to be much larger than any period
of the HF electromagnetic field. We later discuss the meaning
of the subscript Q in the integrals over the time t ′. The latter
has to be evaluated along an unperturbed zero-order traject-
ory r ′ (t ′) so that r ′ (t) = r. The relevant position and velocity
within a Cartesian reference frame with the axis Z aligned in
the local direction of the magnetic field are given by equation
(36) of [75]. One obtains, for Maxwellian equilibrium distri-
bution feo

fHF(1)e (r,v, t) = ηvth,eωo

ˆ
dkydkzdωe

−i(ωt−k·r)

×
T∗ˆ

0,Q

dτeiβ
[
ẼHFx;ω,ky,kz

∂feo
∂v⊥

cos(ϕ +Ωeτ)

+ ẼHFy;ω,ky,kz

∂feo
∂v⊥

sin(ϕ +Ωeτ)+ ẼHFz;ω,ky,kz

∂feo
∂v∥

]
+
νe
neo

ˆ
dkydkzdωe

−i(ωt−k·r)nHF(1)e;ω,ky,kz

×
T∗ˆ

0,Q

dτeiβ feo (v) . (2.10)

Here,

τ = t− t ′, β =−k⊥v⊥
Ωe

[sin(ϕ − θ+Ωeτ)− sin(ϕ − θ)]

+
(
ω+ iνe− k∥v∥

)
τ,

vx = v⊥ cosϕ, vy = v⊥ sinϕ

kx = k⊥ cosθ, ky = k⊥ sinθ.

Note that we often use for kz and the parallel refractive
index Nz equivalent notations, respectively k∥ and N∥ to allow
a simpler comparison with results known in the archived liter-
ature, which are often expressed in terms of k∥ and N∥. The
angle θ is complex and defined by θ = cos−1 (kx/k⊥). The
Fourier transform of equation (2.10) gives:

fHF(1)e;ω,ky,kz
=−2ηωofeo

T∗ˆ

0,Q

dτeiβ
[
ẼHFx;ω,ky,kz

v⊥
vth,e

cos(ϕ +Ωeτ)

+ ẼHFy;ω,ky,kz

v⊥
vth,e

sin(ϕ +Ωeτ)+ ẼHFz;ω,ky,kz

v∥
vth,e

]

+
νe
neo

nHF(1)e;ω,ky,kz
feo

T∗ˆ

0,Q

dτeiβ . (2.11)

Based on the identity (with n integer),

eiξ sinφ =
+∞∑

n=−∞
einφ Jn (ξ ) , (2.12)

and defining ξ = k⊥v⊥/Ωe we can rewrite equation (2.11) in
the following form:

fHF(1)e;ω,ky,kz
=−2ηωofeo

+∞∑
n=−∞

Jn (ξ )
+∞∑

m=−∞
(ξ )

×
T∗ˆ

0,Q

dτe−in(ϕ−θ+Ωeτ)eim(ϕ−θ)ei(ω+iνe−k∥v∥)τ

×
[
ẼHFx;ω,ky,kz

v⊥
vth,e

cos(ϕ +Ωeτ)

+ẼHFy;ω,ky,kz

v⊥
vth,e

sin(ϕ +Ωeτ)+ ẼHFz;ω,ky,kz

v∥
vth,e

]
+
νe
neo

nHF(1)e;ω,ky,kz
feo

+∞∑
n=−∞

Jn (ξ )
+∞∑

m=−∞
Jm (ξ )

×
T∗ˆ

0,Q

dτe−in(ϕ−θ+Ωeτ)eim(ϕ−θ)ei(ω+iνe−k∥v∥)τ .

(2.13)

The calculation of fHF(1)e;ω,ky,kz
should be performed by integrals

over the time τ of the following kind:

Jl
(
ω,k∥

)
=

T∗ˆ

0,Q

dτei(ω+iνe−k∥v∥−lΩe)τ . (2.14)

In this regard, we note that there are fundamental differ-
ences between the solution discussed in [75] and that pro-
posed here, though they are formally similar. In [75], homo-
geneous and infinite plasmas are considered and it is assumed

6
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that the angular frequencies have an imaginary part, corres-
ponding to the onset of the wave fields, in order to perform the
above integration over the time τ . As a result, the following is
obtained:

Jl
(
ω,k∥

)
=

i
ω+ iνe− k∥v∥ − lΩe

. (2.15)

It is also discussed in [75] that the collisions might provide
the same results. Here, we consider a steady-state condition
with real ω. Moreover, the plasma is confined in the vacuum
vessel of a tokamak device and the unperturbed trajectories in
the scrape-off region might hit the solid-state plasma-facing
components (PFCs) during the time interval of integration.
However, it should be considered that the interaction of the
electronswith theHF electromagnetic field, due both to the LH
pump wave and the LH sideband waves excited by PI, occurs
on a limited plasma region of surface area 4LyLy. We assume
that there the relevant connection lengths lc are larger than 2Ly
and 2Lz. As a consequence, a cutoff of the interaction occurs
at the time T∗ due to the quenching of the HF electromag-
netic fields. Therefore, within these assumptions, the integrals
Jl
(
ω,k∥

)
are still given by equation (2.15) even for the case

here considered. The electromagnetic field quenching effect
is formally indicated by the subscript Q in the time integrals
of equation (2.9). We have calculated the perturbed electron
density nHF(1)e;ω,ky,kz

and the perturbed current density JHF(1)e;ω,ky,kz
at

the first order in η by performing the relevant integrals in the
velocity space, respectively:

ρ
HF(1)
e;ω,ky,kz

=−e
2πˆ

0

dφ

+∞ˆ

0

dv⊥v⊥

+∞ˆ

−∞,L

dv∥f
HF(1)
e;ω,ky,kz

, (2.16)

JHF(1)e;ω,ky,kz
=−e

2πˆ

0

dφ

+∞ˆ

0

dv⊥v⊥

+∞ˆ

−∞,L

dv∥vf
HF(1)
e;ω,ky,kz

. (2.17)

To this end, we have used the identities listed in [75] as
well as the recurrence relations for ordinary and modified
Bessel function in [76]. The integrals over the parallel velo-
city have been performed following the Landau prescription
to treat the poles, as indicated by the subscript L. As a bench-
mark, we have verified that the susceptibility tensor in [75] is
obtained in the limit of homogeneous plasma for ky = 0 and
νe = 0. As discussed above, after equation (2.8), the condi-
tion |k⊥vth,e/Ωe| ≪ 1 is a prerequisite for any modeling of
PI based on the kinetic equation for the plasma electrons, so
that we consistently select only terms at the lowest order in
|k⊥vth,e/Ωe|. Moreover, since the LH frequency region is well
away from where electron cyclotron damping can occur, we
use the asymptotic expansion of the plasma dispersion func-
tion of argument u±1 =

(
ω+ iνe− k∥v∥ ±Ωe

)
/(kzvth,e). As

a result, we obtain:

ρ
HF(1)
e;ω,ky,kz

=− ineoeηωovth,e
1+ iγeSσ (ue)

{
−i∂xẼHFx;ω,ky,kz + kyẼHFy;ω,ky,kz

Ω2
e − (ω+ iνe)

2

+ i
kyẼHFx;ω,ky,kz + i∂xẼHFy;ω,ky,kz

k∥vth,eΩe

×

[
Sσ (ue)+

(ω+ iνe)k∥vth,e

(ω+ iνe)
2 −Ω2

e

]

+ 2
1+ ueSσ (ue)

k∥v2th,e
ẼHFz;ω,ky,kz

}
, (2.18)

JHF(1)e;x;ω,ky,kz
= neoηeωovth,e

Ωe

Ω2
e − (ω+ iνe)

2

×
(
ẼHFy;ω,ky,kz − i

ω+ iνe
Ωe

ẼHFx;ω,ky,kz

)
+

− neoηeωovth,e
Ωe

ky
k∥

[1+ ueSσ (ue)] Ẽ
HF
z;ω,ky,kz

−
νeρ

HF(1) ′

e;ω,ky,kz

2k∥
Sσ (ue)

kyvth,e
Ωe

, (2.19)

JHF(1)e;y;ω,ky,kz
=−neoηeωovth,e

Ωe

Ω2
e − (ω+ iνe)

2

×
(
ẼHFx;ω,ky,kz + i

ω+ iνe
Ωe

ẼHFy;ω,ky,kz

)
+

− i
neoηeωovth,e

Ωe
[1+ ueSσ (ue)]

1
k∥
∂xẼ

HF
z;ω,ky,kz

+ i
νe∂xρ

HF(1) ′

e;ω,ky,kz

2k∥
Sσ (ue)

vth,e
Ωe

, (2.20)

JHF(1)e;z;ω,ky,kz
=

{
neoηeωovth,e

k∥

[
ky
Ωe
ẼHFx;ω,ky,kz +

i
Ωe
∂xẼ

HF
y;ω,ky,kz

−2i
ue
vth,e

ẼHFz;ω,ky,kz

]
− iνe

k∥
ρ
HF(1)
e;ω,ky,kz

}
[1+ ueSσ (ue)] .

(2.21)

Here, we define ue = (ω+ iνe)/
(
k∥vth,e

)
, γe =

νe/
(
k∥vth,e

)
and Sσ (ue) = σZ(σue), where σ is the sign

of k∥ and Z is the Fried–Conte function [77], which is the gen-

eralized plasma dispersion function. The prime in ρHF(1)
′

e;ω,ky,kz
indicates the need to drop the first term in the curl par-
enthesis of equation (2.18) as it produces terms of higher
order in |k⊥vth,e/Ωe|. We note that the differential operator

in ∂xρ
HF(1) ′

e;ω,ky,kz
acts only on the electric field components, due

to the definition of kx. Although the above charge and current
densities have been derived by a solution method valid within
the homogeneous plasma limit in the regime I of sufficiently
large values of |kx| and sufficiently large characteristic lengths
of variation of the plasma parameters, so that the eikonal
hypothesis is well justified, and so this approach is valid and
has reasonable accuracy. In the opposite regime II of relat-
ively small values of |kx|, so that the eikonal hypothesis is
not well justified, the cold plasma approximation can be used

7
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and, under suitable conditions discussed below, the parallel
dynamics of the electrons is dominant and the perpendicular
current densities can be neglected. In this case, as shown in
appendix C, the charge density and the parallel current dens-
ity given above coincide with those obtained by a different
approach, which is valid for inhomogeneous plasmas. The
following model hypotheses are required:

(i) |ω/Ωe| ≪ 1, (ii)
∣∣N∥
∣∣> 1.5,

(iii) rE⊥/E∥ =maxi∈{x,y}
∣∣ωEi;ω,ky,kz/

(
ΩeEz;ω,ky,kz

)∣∣≪ 1.

It is straightforward to see that within this hypothesis one

obtains the ordering
∣∣∣JHF(1)e;x;ω,ky,kz

∣∣∣ , ∣∣∣JHF(1)e;y;ω,ky,kz

∣∣∣≪ ∣∣∣JHF(1)e;z;ω,ky,kz

∣∣∣ in
the regime I, so that the perpendicular dynamics of the elec-
trons can be neglected. The first hypothesis is verified in any
LHCDexperiment. However, it can also be relaxed to themuch
less severe requirementO

[
1−ω2/Ω2

e

]−1
= 1. The hypothesis

(ii), where N∥ = k∥c/ω is the parallel (toroidal) refractive
index, provides a rough criterion to avoid the mode conver-
sion of the LH waves into whistler waves for typical peri-
pheral plasma parameters in LHCD experiments. We stress
that the hypothesis (iii) needs to be verified only in the plasma
regionwhere regime II occurs. As a simple criterion to identify
the transition between regimes II and I we adopt the condi-
tion |kx|L= 10, with regime II occurring for |kx|L< 10. Any
criterion to identify the above transition is somewhat arbit-
rary. More generally, the actual meaning of acceptability or
unacceptability of using the eikonal representation supersedes
the wave used here, while also taking into account the lim-
its of 1D modeling. However, we think that the condition
adopted is reasonable, though to be taken cum grano salis.
We use the electrostatic approximation as an order of mag-
nitude estimate to identify regime II by the ordering ωpe <
10c/

∣∣N∥L
∣∣< 20c/(3L). Typically, L is of the order of 1 cm,

so that regime II occurs in the peripheral plasma with elec-
tron particle density less than ∼ 1013cm−3. Since the eikonal
hypothesis is satisfied for |kx|L= 10, though only marginally,
the two regimes almost overlap in typical LHCD experimental
scenarios, so we are confident that the charge and current dens-
ity of the electrons given by equations (2.18)–(2.21) are reas-
onably accurate.

Concerning the plasma ions, we assume as a model
hypothesis the ordering |ω| ≫ ωpj,Ωj where ωpj =[
4πnjoq2j /mj

]1/2
and Ωj = qjBo/(mjc) are, respectively, the

angular ion plasma frequency and the angular ion cyclotron
frequency for plasma ions of the species j. Moreover, we adopt
the approximation that they can be treated as a cold unmag-
netized fluid. Although recent analysis suggests that finite ion
Larmor radius effects might be important for LH waves in
some range of plasma parameters [78], this is not the case for
LH propagating in the peripheral region of tokamak plasmas.
The current density of the plasma ions of species jwith charge
qj and mass mj is given by:

JHF(1)j;ω,ky,kz
= i

menjoηeZ2j ωovth,e
mjω

Ẽ
HF
ω,ky,kz . (2.22)

From the Maxwell equation, we obtain the following lin-
ear LH wave equations at the first order in the expansion
parameter η(

ω2

c2
− k2y − k2z

)
ẼHFx;ω,ky,kz − i∂x

(
kyẼ

HF
y;ω,ky,kz + kzẼ

HF
z;ω,ky,kz

)
=−4π iω

c2

JHF(1)e;x;ω,ky,kz
+
∑
j

JHF(1)j;x;ω,ky,kz

 , (2.23)

(
∂2x − k2z +

ω2

c2

)
ẼHFy;ω,ky,kz − ky

(
i∂xẼ

HF
x;ω,ky,kz − kzẼ

HF
z;ω,ky,kz

)
=−4π iω

c2

JHF(1)e;y;ω,ky,kz
+
∑
j

JHF(1)j;y;ω,ky,kz

 , (2.24)

(
∂2x − k2y +

ω2

c2

)
ẼHFz;ω,ky,kz − kz

(
i∂xẼ

HF
x;ω,ky,kz − kyẼ

HF
y;ω,ky,kz

)
=−4π iω

c2

JHF(1)e;z;ω,ky,kz
+
∑
j

JHF(1)j;z;ω,ky,kz

 (2.25)

To compare our results with previous analysis, we con-
sider two limiting cases. The former is obtained keep-
ing the condition (iii) also in regime I, and assuming that∣∣ω/(k∥vth,e)∣∣⩾ 1. It would be sufficient to require 0.83. In this
case, the parameter α= 1+ ueSσ (ue), for νe = 0, has abso-

lute value 0.75> |α|⩾
(
k∥vth,e

)2
/
(
2|ω|2

)
. This inequality

also holds if we add or subtract a small imaginary part
to ω/

(
k∥vth,e

)
,
∣∣Im(ω/(k∥vth,e))∣∣⩽ 10−2Re

(
ω/
(
k∥vth,e

))
,

as shown in figure 1. Within this hypothesis, the ordering∣∣∣JHF(1)e;x;ω,ky,kz

∣∣∣ , ∣∣∣JHF(1)e;y;ω,ky,kz

∣∣∣≪ ∣∣∣JHF(1)e;z;ω,ky,kz

∣∣∣ holds, in both regimes

I and II, leading to negligible perpendicular dynamics of the
electrons. In addition, a fixed ion background is assumed. As
shown in appendix C, the parallel electric field ẼHFz thus satis-
fies the linear wave equation:

d2ẼHFz;ky,kz,ω
dx2

= βL (x,ky,kz,ω) Ẽ
HF
z;ky,kz,ω. (2.26)

Here,

βL (x,ky,kz,ω) = k2y + k2z −
ω2

c2

+

(
1− ω2

k2zc2

)
1
λ2De

1+ ueS(ue)
1+ iγeS(ue)

. (2.27)

The other components of the HF electromagnetic field,
omitting the spectral indices, are:

B̃HFx =−
NyẼHFz
N2
z − 1

, (2.28)

B̃HFy =− i(c/ω)
N2
z − 1

∂xẼ
HF
z , (2.29)

B̃HFz = 0, (2.30)

8



Plasma Phys. Control. Fusion 66 (2024) 095005 C Castaldo and F Napoli

Figure 1. Plots of the function 1+ uSσ (u) with argument u= ω/(kzvth,e), utilizing a logarithmic scale, are compared to the function
1/(2u2). In (a), the lines relevant for functions of u have pure real argument. Dashed line corresponds to a function of um = u (1− 0.01i).
Dash-dotted line with up = u (1+ 0.01i) is not distinguishable in (a) since it almost coincides with the line with pure real argument. It can
be seen in the zoomed plot (b).

ẼHFx =− i(c/ω)
N2
z − 1

Nz∂xẼ
HF
z , (2.31)

ẼHFy =
NyNzẼHFz
N2
z − 1

. (2.32)

We define the poloidal refractive index as Ny = kyc/ω.
The second limit in the case of the linear LH wave equation

is obtained within the electrostatic approximation. In the
next section, we report on it and the nonlinear electrostatic
wave equation below to discuss a benchmark with the stand-
ard theory of PI [26], which is based on the electrostatic
approximation. The electric field is expressed in terms of a

potential, namely Ẽ
HF

=−∇φ̃HF. The spectral analysis gives
ẼHFx;ω,ky,kz =−∂xφ̃HF

ω,ky,kz , ẼHFy;ω,ky,kz =−ikyφ̃HF
ω,ky,kz , Ẽ

HF
z;ω,ky,kz =

−ikzφ̃HF
ω,ky,kz . The relevant wave equation is:1−

∑
j

ω2
pj

ω2

(∂2x − k2y − k2z
)
φ̃HF

ω,ky,kz

=

 1
1+ iγeS(ue)

ω2
pe

Ω2
e

k2y − ∂2x

1−
(

ω+iνe
Ωe

)2
+

1
λ2De

1+ ueS(ue)
1+ iγeS(ue)

 φ̃HF
ω,ky,kz . (2.33)

The first-order distribution function relevant for the charge
and current densities given by the equations (2.18)–(2.21) can
be deduced from the general expression (2.13), considering
Bessel functions of order−1, 0,1 only, excluding the product
of the Bessel function of order ±1 as well as resonant terms
with second and higher harmonics of the cyclotron frequency,
and using the power approximation of the Bessel functions up
to the first order in their argument ξ .

We anticipate that these approximations will result in drop-
ping of the nonlinear PI interaction due to the polarization

drift, which requires the inclusion of Bessel functions of order
±2. However, this interaction term is usually neglected in the
archived literature concerning PI, as it gives negligible contri-
bution to the solutions of the relevant parametric dispersion.
We thus have:

fHF(1)e;ω,ky,kz
=

{
ηωofeo

1
vth,e

[
kxvy− kyvx

Ωe
− i

]
×
[

vx+ ivy
ω+ iνe− k∥v∥ +Ωe

+
vx− ivy

ω+ iνe− k∥v∥ −Ωe

]
+ ηωofeo

v2⊥
vth,e

ky
Ωe

1
ω+ iνe− k∥v∥

}
ẼHFx;ω,ky,kz

+

{
−iηωofeo

1
vth,e

[
kxvy− kyvx

Ωe
− i

]
×
[

vx+ ivy
ω+ iνe− k∥v∥ +Ωe

−
vx− ivy

ω+ iνe− k∥v∥ −Ωe

]
− ηωofeo

v2⊥
vth,e

kx
Ωe

1
ω+ iνe− k∥v∥

}
ẼHFy;ω,ky,kz+

− iηωofeo
v∥
vth,e

{[
i
kxvy− kyvx

Ωe
+ 1

]
× 2
ω+ iνe− k∥v∥

}
ẼHFz;ω,ky,kz + i

νe
neo

nHF(1)e;ω,ky,kz
feo

×
{[

i
kxvy− kyvx

Ωe
+ 1

]
1

ω+ iνe− k∥v∥

}
. (2.34)

As a benchmark, we have verified that the above expres-
sion for fHF(1)e;ω,ky,kz

gives charge and current densities identical
to equations (2.18)–(2.21). It is shown in appendix A that the
effects of the collisions on the nonlinear second-order coup-
ling terms are negligible. Therefore, the leading terms of the
Cartesian components of the gradient of the distribution func-
tion, neglecting the collisions, are given by:

[
∇vf

HF(1)
e;ω,ky,kz

]
x

∼=−2ηωo
vth,e

v∥
ω− k∥v∥

feo
ky
Ωe
ẼHFz;ω,ky,kz , (2.35)

9
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[
∇vf

HF(1)
e;ω,ky,kz

]
y

∼=
2ηωo
vth,e

v∥
ω− k∥v∥

feo
kx
Ωe
ẼHFz;ω,ky,kz , (2.36)[

∇vf
HF(1)
e;ω,ky,kz

]
z

∼=−2iηωo
vth,e

∂

v∥

[
feo

v∥
ω− k∥v∥

]
ẼHFz;ω,ky,kz . (2.37)

In the LF range, as observed before, the beating of two
LH waves is the driving of electrostatic quasi-modes, that are
otherwise evanescent, namely the ISQM and the ICQM. Due
to the ordering set by equation (2.5), the beating of an LH
pump wave component with an LH sideband emerging from
the noise produces the dominant non-linear term. Nonlinear
terms due to the beating of LF fields are neglected, again due
to the ordering set by equation (2.5). We observe that also
in the LF range the components of the Fourier transform of
the LF electric field ELFj;ω,ky,kz can be expressed in the form of
equation (2.3) and we define kx;ω,ky,kz = ∂Sω,ky,kz/∂x.

Measuring the fields in units of Ao, we obtain the kinetic
equation for the plasma electrons in the LF range up to the
second order in the expansion parameter η

∂fLF(2)e

∂t
+ v · ∂f

LF(2)
e

∂r
+
qe
me

v
c
×Bo ·

∂fLF(2)e

∂v
− ηẼ

LF

· ∂feo
∂v

vth,eωo− η
[
Ẽ
HF

+
v
c
× B̃

HF
]

· ∂f
HF(1)
e

∂v
vth,eωo =−νe

[
fLF(2)e − feo

nLF(2)e

neo

]
. (2.38)

The solution of equation (2.38), which is linear in fLF(2)e ,
can be obtained as the sum of two distributions, namely
fLF(2)e = fLF(2),Le + fLF(2),NLe .

The former solves the kinetic equation:

∂fLF(2),Le

∂t
+ v · ∂f

LF(2),L
e

∂r
+
qe
me

v
c
× Bo ·

∂fLF(2),Le

∂v
− ηẼ

LF

· ∂feo
∂v

vth,eωo

=−νe

[
fLF(2),Le − feo

nLF(2),Le

neo

]
, (2.39)

where nLF(2),Le =
´
d3vfLF(2),Le .

The latter is the solution of the kinetic equation involving
the beating of the HF fields:

∂fLF(2),NLe

∂t
+ v · ∂f

LF(2),NL
e

∂r
+
qe
me

v
c
× Bo ·

∂fLF(2)e

∂v

+ νe

[
fLF(2),NLe − feo

nLF(2),NLe

neo

]

= η
[
Ẽ
HF

+
v
c
× B̃

HF
]
· ∂f

HF(1)
e

∂v
vth,eωo, (2.40)

where nLF(2),NLe =
´
d3vfLF(2),NLe .

We express the LF electric field and nLFe in terms of their
inverse Fourier transforms, e.g.

Ẽ
LF
(r, t) =

ˆ
dkydkzdω e

−i(ωt−kyy−kzz)Ẽ
LF
ω,ky,kz . (2.41)

The dependence on the coordinate x is also described in the
HF range. Following the same method used in the HF range,

at the lowest order in k⊥ρe, where k⊥ =
√
k2x + k2y (we use the

principal value of the root, though the results are independent
of the determination of the square root), taking into account the
ordering |ω| ≪ |Ωe|, well justified in the LF range, we obtain
the perturbed linear second-order charge density:

nLF(2),Le;ω,ky,kz
= 2iη

neoωo
k∥vth,e

1+ ueS(ue)
1+ iγeS(ue)

ẼLFz;ω,ky,kz

= iη
meωovth,ek2

4π e2k∥
χ eẼ

LF
z;ω,ky,kz , (2.42)

where k2 = k2∥ + k2⊥ and

χ e =
1

k2λ2De

1+ ueS(ue)
1+ iγeS(ue)

. (2.43)

Moreover, ue and γe are defined as in the HF range (with
LF angular frequency). The method used to calculate fLF(2),Le

is well justified only for large values of |kx|, so that the limit
of validity of the eikonal hypothesis is fulfilled. However, we
observe that the perturbed linear density given by (2.42) can
be calculated neglecting the perpendicular dynamics of the
electrons. It is reasonable to assume that equation (2.42) is
still valid for smaller values of |kx|, so that the eikonal hypo-
thesis is not justified and |kx|ρe is even smaller. Concerning
equation (2.40), we first observe that the term proportional to
the HF magnetic field is negligibly small. We can thus rewrite
equation (2.40) in the following form:

Hof
LF(2),NL
e = ηEHF · ∂f

HF(1)
e

∂v
vth,eωo, (2.44)

where Ho is the differential operator defined by:

Ho =
∂

∂t
+ v · ∂

∂r
+
qe
me

v
c
× Bo ·

∂

∂v
.

It is shown in appendix A that the effect of the collisions
is negligible in the nonlinear terms, so that the operator Ho is
defined considering νe = 0. The differential operator Ho has
cylindrical symmetry in the velocity space around the direc-
tion of the magnetic field. The solution fLF(2),NLe has the same
symmetry since the gradient of fHF(1)e and the boundary con-
ditions in the velocity space do not break it. Due to the elec-
trostatic character of the LF modes, we only need to evaluate
the charge density of the electrons and ions. The Fourier trans-
form of the nonlinear LF electron charge density is ρHF(3),NLe;ω,ky,kz

=

−enHF(3),NLe;ω,ky,kz
.

To calculate the perturbed nonlinear density nHF(3),NLe;ω,ky,kz
, we

apply the operators I⊥ =
´
dvx
´
dvy. and F to equation (2.44)

and utilize the expression of the gradient in the velocity space

10
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of the first-order distribution provided by equations (2.35)–
(2.37). As a result, we obtain:

gLF(2),NLe;ω,ky,kz

=−2i
neoη2ω2

o

ω− kzv∥

e−v2∥/v
2
th,e

√
πvth,e

ˆ
dω ′
ˆ

dk ′y

×
ˆ

dk ′z Ẽ
HF
x,ω−ω ′,ky−k ′y ,kz−k ′z

v∥
ω ′ − k ′zv∥

k ′y
Ωe
ẼHFz;ω ′,k ′y ,k

′
z

+ 2
neoη2ω2

o

ω− kzv∥

e−v2∥/v
2
th,e

√
πvth,e

ˆ
dω ′
ˆ

dk ′y

×
ˆ

dk ′z Ẽ
HF
y,ω−ω ′,ky−k ′y ,kz−k ′z

v∥
ω ′ − k ′zv∥

1
Ωe
∂xẼ

HF
z;ω ′,k ′y ,k

′
z

+ 2
neoη2ω2

o

ω− kzv∥

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z Ẽ

HF
z,ω−ω ′,ky−k ′y ,kz−k ′z

× ∂

∂v∥

[
1√
π

v∥
vth,e

e−v2∥/v
2
th,e

ω ′ − k ′zv∥

]
ẼHFz,ω ′,k ′y ,k

′
z
, (2.45)

where gLF(2),NLe;ω,ky,kz
= I⊥F fLF(2),NLe .

The LF second-order density perturbation is now obtained
by performing the integral of the above equation in the parallel
velocity, following Landau’s prescription to treat the relevant
poles:

nLF(2),NLe;ω,ky,kz

=
2neoη2ω2

o

kzv2th,e

{
−i
ˆ

dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′z

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

k ′yvth,e
Ωe

ẼHFz,ω ′,k ′y ,k
′
z

]
F⊥

(
u,u ′)+ ˆ dω ′

×
ˆ

dk ′y

ˆ
dk ′z

1
k ′z

[
ẼHFy,ω−ω ′,ky−k ′y ,kz−k ′z

vth,e
Ωe

∂xẼ
HF
z,ω ′,k ′y ,k

′
z

]
×F⊥

(
u,u ′)+ ˆ dω ′

ˆ
dk ′y

ˆ
dk ′z

× 1
k ′z
ẼHFz,ω−ω ′,ky−k ′y ,kz−k ′z

ẼHFz,ω ′,k ′y ,k
′
z
F∥

(
u,u ′)} . (2.46)

Here, we define the coupling functions:

F⊥ (u,u ′) = S(u)+ u ′ S(u
′)− S(u)
u ′ − u

F∥ (u,u
′) = 2u

1+ uS(u)
u ′ − u

+ u ′ S(u
′)− S(u)

(u ′ − u)2
, u=

ω

kzvth,e
,

u ′ =
ω ′

k ′zvth,e
. (2.47)

We note that the quantities denoted above by a prime belong
to the HF range. In addition, we omit the subscript σ and σ ′ to
the functions S(u) and S(u ′) as well as in the coupling func-
tions, but we recall that they also depend on the signs of kz and
k ′z , respectively σ and σ ′.

Concerning the plasma ions in the LF range, the relevant
kinetic equation at the second order in η is given by:

∂fLF(2)i

∂t
+ v · ∂f

LF(2)
i

∂r
+
qi
mi

v
c
× Bo ·

∂fLF(2)i

∂v

+
qi
mi

ELF · ∂fio
∂v

= 0. (2.48)

This equation does not contain the nonlinear term due to the
beating of the HF components since they are of a higher order
in η. The expansion parameter of the weak turbulence the-
ory concerning the kinetic equation for plasma ions is indeed
a factor Zi(me/mi)

1/2 smaller than η, where Zi = qi/e is the
charge number of the ions species i. Nonlinear terms due to the
beating of LF fields are also neglected, due to the ordering set
by equation (2.5). In addition, the collisional operator is miss-
ing since the characteristic collisional frequency for plasma
ions is orders of magnitude smaller than the typical frequen-
cies in the LF range. If the eikonal hypothesis is fulfilled, the
ion response can be calculated by the standard linear theory in
terms of the ion susceptibility:

χ i =
1

k2λ2D,i

[
1+

ω

kzvth,i

+∞∑
n=−∞

S

(
ω− nΩi

kzvth,i

)
In (λi)e

−λi

]
.

(2.49)

Here, In is the modified Bessel function of integer order

n and, λD,i =
[
kBTi/

(
4πnioq2i

)]1/2
and ρth,i = vth,i/Ωi are,

respectively, the Debye length and the thermal Larmor radius
of the ion species i and λi = (1/2)k2⊥ρ

2
th,i. The Fourier trans-

form of the perturbed ion density at the second order in η is
thus:

nLF(2)i;ω,ky,kz
=−iηmeωovth,e

e
1
kz

k2

4πqi
χ iẼ

LF
z;ω,ky,kz . (2.50)

For |λi| ≪ 1 the ion susceptibility is given by:

χ i =
1

k2λ2D,i

[
1+

ω

kzvth,i
S

(
ω

kzvth,i

)]
. (2.51)

In this case, the ion density perturbation can be thus calcu-
lated neglecting the ion dynamics perpendicular to the mag-
netic field. We recall that we have assumed as a reasonable,
simplified condition for the validity of the eikonal hypothesis
the ordering |kx|L> 10. Moreover, we assume as a model
hypothesis L2 ≫ 50ρ2th,i and |ky|< |kx|. In this regard, we note
that, within the framework of the electrostatic and eikonal
approximations, which are reasonably valid for sufficiently
large parallel wavenumbers, the angle δ between the perpen-
dicular electric fields of the LH sidebands E⊥ = Exx̂+Eyŷ and
the LH pump wave E⊥o

∼= Exox̂ should be much less than one
(in rad units) to achieve significant amplification of the LH
sidebands. This is shown in [68], where the value δ ∼= 0.14
was indicated to minimize the convective losses so that we
achieve the largest amplification of the LH sidebands. Here,
x̂ and ŷ are unit vectors, along the Cartesian axis, respect-
ively X and Y. In standard LHCD experiments, the injected LH
power wave is characterized by a dominant radial electric field
with respect to the poloidal component. This maximizes the
radial LH power flow and is obtained by setting close to zero
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the relative phase of the waveguides along the poloidal dir-
ection in the LH launchers. Within the framework mentioned
above, the condition δ≪ 1 thus implies |Ey| ∼= δ |Ex| and the
ordering |ky| ≪ |kx|. If the eikonal hypothesis is not fulfilled
we have:

1
2
(|kx|ρth,i)2 ⩽

50ρ2th,i
L2

≪ 1. (2.52)

Therefore, since it is assumed that |ky|< |kx|, we obtain

|λi| ≪ 1. This ordering suggests that nLF(2)i;ω,ky,kz
can be calculated

with a reasonable approximation neglecting the ion dynamics
perpendicular to the magnetic field. In practice, to avoid jumps
in the LH wave equations, we use equation (2.50) with the ion
susceptibility given by equation (2.49). If the eikonal hypo-
thesis is not well justified, the latter smoothly converges to the
expression valid in this case, given by equation (2.51). In the
LF range, the Fourier transform of the parallel component of
the electric field, measured in units of Ao, fulfills the steady-
state equation for electrostatic waves:

d2ẼLFz;ω,ky,kz

dx2
−
(
k2y + k2z

)
ẼLFz;ω,ky,kz

=
4π ikz
Ao

∑
j

qjn
LF(2)
j;ω,ky,kz

− e
(
nLF(2),Le;ω,ky,kz

+ nLF(2),NLe;ω,ky,kz

) .
(2.53)

As amodel hypothesis, to be verified by the numerical solu-
tions, we assume that

∣∣k−2
x dkx/dx

∣∣≪ 1. We observe that ion-
sound and ion-cyclotron modes, without the nonlinear term
and considering only the relevant linear dispersion equation,
are evanescent, i.e. quasi-modes, for the tokamak peripheral
plasma parameters.

Near the antenna mouth, i.e. around x= 0, we consider
the non-evanescent approximate solution of equation (2.53),
obtained considering the above model hypothesis, to be valid,
given by:

ẼLFz;ω,ky,kz (x)

∼= i
ωo
vth,e

η

λ2De

{
−i
ˆ

dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zk2ε

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

k ′yvth,e
Ωe

ẼHFz,ω ′,k ′y ,k
′
z

]
F⊥ (u,u ′)

+

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zk2ε

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

vth,e
Ωe

∂xẼ
HF
z,ω ′,k ′y ,k

′
z

]
F⊥ (u,u ′)

+

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zk2ε

ẼHFz,ω−ω ′,ky−k ′y ,kz−k ′z

× ẼHFz,ω ′,k ′y ,k
′
z
F∥ (u,u

′)

}
. (2.54)

Here, ε(ω,k,x) = 1+χ e+
∑

i χ i is the LF dielectric func-
tion, k=

(
kx;ω,ky,kz (x) ,ky,kz

)
and we define,

kx;ω,ky,kz =

[
∂Sω−ω ′,ky−k ′y ,kz−k ′z

∂x

]
+

[
∂Sω ′,k ′y ,k

′
z

∂x

]
. (2.55)

We observe that Sω−ω ′,ky−k ′y ,kz−k ′z and Sω ′,k ′y ,k
′
z
are, respect-

ively, the phase of EHFω−ω ′,ky−k ′y ,kz−k ′z
and EHFω ′,k ′y ,k

′
z
as defined

in equation (2.3). Equation (2.55) is the matching condi-
tion for the radial component of the wavenumber and is
assumed to be valid at x= 0. We thus use equation (2.54)
only to evaluate ELFz;ω,ky,kz and its first derivative with respect

to x at x= 0, namely ELFz;ω,ky,kz (0) and ∂xELFz;ω,ky,kz (0) =

ikx;ω,ky,kz (0)E
LF
z;ω,ky,kz (0), i.e. the initial conditions for the solu-

tions of equation (2.53). It is important to note that we con-
sider here LH sideband waves originated by the RF source and
coupled by the LH antenna. Aswewill discuss in a future work
in more detail and shown in [67], LH sideband waves origin-
ated by the plasma thermal noise might not produce significant
PI. As an alternative approach, the LF initial conditions can
be obtained from the LF noise, which might be important as
suggested by the fluctuation-dissipation theorem [79]. In this
case, the corresponding HF initial conditions are obtained by
approximate solutions of the relevant wave equations, in ana-
logy with equation (2.54) based on matching conditions ana-
logous to equation (2.55). However, we will showin a future
work that the approach here considered does provide the dom-
inant PI effect for typical RF source noise and sufficiently low
temperature at the LH antenna.

A suitable method to solve the LF wave equation (2.53)
is obtained adopting the expression of the electric field
ẼLFz;ω,ky,kz = ẼLFz;ω,ky,kz (0)exp

[
iSω,ky,kz (x)

]
with complex phase

S(x). The second-order differential equation (2.53) is equi-
valent to the following couple of first-order differential
equations:

dSω,ky,kz

dx
= kx;ω,ky,kz , (2.56)

dkx;ω,ky,kz

dx
=−ik2ε− e−iS

ẼLFz;ω,ky,kz
(0)

ηωo
vth,eλ2De

Kω,ky,kz (x) ,

(2.57)

where,

Kω,ky,kz (x)

=

{
−i
ˆ

dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′z

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

k ′yvth,e
Ωe

ẼHFz,ω ′,k ′y ,k
′
z

]
F⊥ (u,u ′)

+

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′z

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

vth,e
Ωe

∂xẼ
HF
z,ω ′,k ′y ,k

′
z

]
F⊥ (u,u ′)

+

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′z
ẼHFz,ω−ω ′,ky−k ′y ,kz−k ′z

×ẼHFz,ω ′,k ′y ,k
′
z
F∥ (u,u

′)
}
. (2.58)

The initial conditions of the system (2.56), (2.57) are
Sω,ky,kz (0) = 0 and kx;ω,ky,kz (0), as given by equation (2.55).
For x> 0, the solution of the LF wave equation can still
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approximated be expressed in a valid form around x= 0,
namely:

ẼLFz;ω,ky,kz (x)

∼= i
ωo
vth,e

η

λ2De

{
−i
ˆ

dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zk2ε

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

k ′yvth,e
Ωe

ẼHFz,ω ′,k ′y ,k
′
z

]
F⊥ (u,u ′)

+

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zk2ε

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

vth,e
Ωe

∂xẼ
HF
z,ω ′,k ′y ,k

′
z

]
×F⊥ (u,u ′)+

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zk2ε

× ẼHFz,ω−ω ′,ky−k ′y ,kz−k ′z
ẼHFz,ω ′,k ′y ,k

′
z
F∥ (u,u

′)
}
. (2.59)

Here, ε(ω,k,x) is again the LF dielectric function, but, as
a fundamental difference with the solution (2.54), we now
define k=

(
kx;ω,ky,kz (x) ,ky,kz

)
where kx;ω,ky,kz (x) is determ-

ined from the solution of the coupled system of LF and HF
integro-differential nonlinear wave equations. For inhomogen-
eous plasma, this introduces a mismatch in the phase coher-
ence of the interacting waves, quenching the nonlinear inter-
action during the wave propagation in the radial direction. The
LF linear electron density perturbation from equations (2.42)
and (2.59) is thus approximated by:

nLF(2),Le;ω,ky,kz
∼=−2η2neoω2

o

v2th,e
χ e

×
{
−i
ˆ

dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zkzε

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

k ′yvth,e
Ωe

ẼHFz,ω ′,k ′y ,k
′
z

]
F⊥ (u,u ′)

+

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zkzε

×
[
ẼHFx,ω−ω ′,ky−k ′y ,kz−k ′z

vth,e
Ωe

∂xẼ
HF
z,ω ′,k ′y ,k

′
z

]
F⊥ (u,u ′)

+

ˆ
dω ′
ˆ

dk ′y

ˆ
dk ′z

1
k ′zkzε

ẼHFz,ω−ω ′,ky−k ′y ,kz−k ′z

× ẼHFz,ω ′,k ′y ,k
′
z
F∥ (u,u

′)
}
=−χ e

ε
nLF(2),NLe;ω,ky,kz

. (2.60)

Therefore, we have:

nLF(2)e;ω,ky,kz
= nLF(2),Le;ω,ky,kz

+ nLF(2),NLe;ω,ky,kz
∼=
χ e− ε

χ e
nLF(2),Le;ω,ky,kz

. (2.61)

From the electrostatic equation (2.53), the model hypo-
thesis

∣∣k−2
x dkx/dx

∣∣≪ 1, the linear ion response, given by
equations (2.50) and (2.61) we can express the Fourier trans-
form of the toroidal electric field measured in stV cm−1 as,

ELFz;ω,ky,kz =−4π ie
kz
k2

1
χ e− ε

nLF(2)e;ω,ky,kz
=−4π ie

kz
k2

1
χ e
nLF(2),Le;ω,ky,kz

.

(2.62)

The contribution to the total toroidal electric field in
stV cm−1 due to the linear electron density perturbation is thus
given by the LF linear component of the toroidal electric field,
namely:

ELF,Lz;ω,ky,kz
=−4π ie

kz
k2

1
χ e− ε

nLF(2),Le;ω,ky,kz
=

χ e

χ e− ε
ELFz;ω,ky,kz .

(2.63)

The perturbed linear distribution function associated with
the LF linear component of the toroidal electric fields is
obtained by the method used to calculate fHF(1)e;ω,ky,kz

, formally
expressed as,

fLF(2),LLe;ω,ky,kz
= FH−1

o ηF−1F
[
ηELF,L · ∂feo

∂v
vth,eωo

]
vth,eωo.

(2.64)

In performing this calculation, we keep only the Bessel
function of integer order −1, 0,1 and use the ordering |ω| ≪
|Ωe|. Thus, we neglect the terms containing the angular cyclo-
tron frequency. The calculation of fLF(2),NLe;ω,ky,kz

can be performed
by the same method. As a result, an equation similar to
equation (2.61) also holds between the total and the linear
second-order distribution functions corresponding to the lin-
ear component of the LF electric fields, namely:

fLF(2)e;ω,ky,kz
=
χ e− ε

χ e
fLF(2),LLe;ω,ky,kz

. (2.65)

To evaluate the current densities in the HF range at the third
order in η we need the gradient in the velocity space of the
second-order distribution. The contribution due to fLF(2),LLe is
calculated as in the HF range, namely, we have:[

∇vf
LF(2),LL
e;ω,ky,kz

]
x

∼=−2ηωo
vth,e

v∥
ω− k∥v∥

feo
ky
Ωe
ẼLF,Lz;ω,ky,kz[

∇vf
LF(2),LL
e;ω,ky,kz

]
y

∼=
2ηωo
vth,e

v∥
ω− k∥v∥

feo
kx
Ωe
ELF,Lz;ω,ky,kz

=−2iηωo
vth,e

v∥
ω− k∥v∥

feo
1
Ωe
∂xẼ

LF,L
z;ω,ky,kz[

∇vf
LF(2),LL
e;ω,ky,kz

]
z

∼=−2iηωo
vth,e

∂

∂v∥

[
feo

v∥
ω− k∥v∥

]
ẼLF,Lz;ω,ky,kz

.

(2.66)

From equation (2.65) we obtain:

∇vf
LF(2)
e;ω,ky,kz

=
χ e− ε

χ e
∇vf

LF(2),LL
e;ω,ky,kz

. (2.67)

As discussed in the next section, to compare our results with
the standard theory in the limit of homogeneous plasma, we
need to express both the gradient in the velocity space of the
second-order distribution and the second-order toroidal elec-
tric field in terms of ELF,Lz;ω,ky,kz

by means of equations (2.67)
and (2.63), respectively. Conversely, to derive the coupled set
of nonlinear full-wave integro-differential equations, we need
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the second-order field ẼLFz;ω,ky,kz and ∇vf
LF(2)
e;ω,ky,kz

expressed in
terms of it, namely:[

∇vf
LF(2)
e;ω,ky,kz

]
x

∼=−2ηωo
vth,e

v∥
ω− k∥v∥

feo
ky
Ωe
ẼLFz;ω,ky,kz , (2.68)[

∇vf
LF(2)
e;ω,ky,kz

]
y

∼=−2iηωo
vth,e

v∥
ω− k∥v∥

feo
1
Ωe
∂xE

LF
z;ω,ky,kz , (2.69)[

∇vf
LF(2)
e;ω,ky,kz

]
z

∼=−2iηωo
vth,e

∂

∂v∥

[
feo

v∥
ω− k∥v∥

]
ELFz;ω,ky,kz .

(2.70)

We observe that fLF(2)e and its gradient in the velocity space
is calculated here as a self-consistent solution of the coupled
system of the kinetic equations for electron and ion plasma
species, the wave equation for LF electrostatic quasi-modes,
namely ISQM and ICQM, driven by the beating of HF fields as
well as the wave equation in the HF range that will be derived
below. The ion dynamics affects the perturbed electron density
in the LF range. This result corrects previous evaluations of
the nonlinear electron density perturbation in the LF range in
[66]. Finally, we consider the kinetic equation in the HF range
up to the third order of the perturbation theory, including the
nonlinear terms, namely:

∂fHF(3)e

∂t
+ v · ∂f

HF(3)
e

∂r
+
qe
me

EHF · ∂feo
∂v

+
v
c
× Bo ·

∂fHF(3)e

∂v

+
qe
me

EHF · ∂f
LF(2)
e

∂v
+
qe
me

ELF · ∂f
HF(1)
e

∂v

=−νe

[
fHF(3)e − feo

nHF(3)e

nαo

]
. (2.71)

Here, nHF(3)e =
´
d3vfHF(3)e .

Equation (2.71) is linear in fHF(3)e . Its solution can be
expressed as the sum of two distributions, namely fHF(3)e =

fHF(3),Le + fHF(3),NLe . The former is the solution of the following
kinetic equation, which is linear in the HF electric field:

∂fHF(3),Le

∂t
+ v · ∂f

HF(3),L
e

∂r
+
qe
me

EHF · ∂feo
∂v

+
v
c
× Bo

· ∂f
HF(3),L
e

∂v
=−νe

[
fHF(3),Le − feo

nHF(3),Le

nαo

]
, (2.72)

where nHF(3),Le =
´
d3vfHF(3),Le ,

The latter is the solution of the kinetic equation involving
nonlinear terms in the HF electric fields, where we drop the
collisional operator, as in the appendix A we have shown that
it provides negligible contribution to the nonlinear terms:

∂fHF(3),NLe

∂t
+ v · ∂f

HF(3),NL
e

∂r
+

v
c
× Bo ·

∂fHF(3),NLe

∂v

+
qe
me

EHF · ∂f
LF(2)
e

∂v
+
qe
me

ELF · ∂f
HF(1)
e

∂v
= 0. (2.73)

The charge and current densities can be obtained from the
linear wave equation by the spectral method and utilizing the
inverse operatorH−1

o , as done for the first order, keeping only
terms at the lowest order in k⊥ρe.

They are formally expressed by the equations (2.18)–(2.21)
by substituting the superscript ‘(1)’ with the superscript ‘(3),
L’ to indicate the linear contribution in the wave equation
considered up to the third order in η. We can rewrite the
equation (2.73) in the form

Hof
HF(3),NL
e =− qe

me
EHF ·∇vf

LF(2)
e − qe

me
ELF ·∇vf

HF(1)
e .

(2.74)

The integro-differential operator Ho has cylindrical sym-
metry in the velocity space around the direction of the mag-
netic field. The solution fHF(3),NLe has the same symmetry,
since the gradients and the boundary conditions in the velo-
city space do not break it. This means that the nonlinear com-
ponent of the HF distribution function does not produce non-
linear current density components in the poloidal plane. The
charge conservation allows obtaining the Fourier transform of
the nonlinear toroidal current:

JHF(3),NLe;z;ω,ky,kz
= (ω/kz)ρ

HF(3),NL
e;ω,ky,kz

, (2.75)

where ρHF(3),NLe;ω,ky,kz
=−enHF(3),NLe;ω,ky,kz

is the Fourier transform of the
electron charge density.We thus need only to calculate the per-
turbed nonlinear density nHF(3),NLe;ω,ky,kz

.
To this end, we apply the operators I⊥ and F to equation

(2.74) and obtain, measuring the electric fields in units of Ao

gHF(3),NLe;ω,ky,kz

=
iηωovth,e
ω− k∥v∥

{ˆ
dΛ ′Ẽω−ω ′,ky−k ′y ,kz−k ′HFz

·
[
I⊥F∇vf

LF(2)
e

]
ω ′,k ′y ,k

′
z

+

ˆ
dΛ ′ ′ẼLFω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

·
[
I⊥F∇vf

HF(1)
e

]
ω ′ ′,k ′ ′y ,k ′ ′z

}
. (2.76)

The HF third-order nonlinear density perturbation nHF(3),NLe;ω,ky,kz

is then derived by performing the integral of gHF(3),NLe;ω,ky,kz
in the

parallel velocity space, based on Landau’s prescription to treat
the relevant poles. As a result, we obtain:

nHF(3),NLe;ω,ky,kz

=−2iη2ω2
oneo

Ωekzvth,e

ˆ
dΛ ′ẼHFx;ω−ω ′,ky−k ′y ,kz−k ′z

ẼLFy;ω ′,k ′y ,k
′
z
F⊥

(
u,u ′)

+
2iη2ω2

oneo
Ωekzvth,e

ˆ
dΛ ′ẼHFy;ω−ω ′,ky−k ′y ,kz−k ′z

ẼLFx;ω ′,k ′y ,k
′
z
F⊥

(
u,u ′)

+
2η2ω2

oneo
kzvth,e

ˆ
dΛ ′ẼHFz;ω−ω ′,ky−k ′y ,kz−k ′z

ẼLFz;ω ′,k ′y ,k
′
z

F∥ (u,u
′)

k ′zvth,

− 2iη2ω2
oneo

Ωekzvth,e

ˆ
dΛ ′ ′ẼLFx;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z
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× ẼHFy;ω ′ ′,k ′ ′y ,k ′ ′z
F⊥

(
u,u ′ ′)

+
2η2ω2

oneo
Ωekzvth,e

ˆ
dΛ ′ ′ẼLFy;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

× 1
k ′ ′z

∂xẼ
HF
z;ω ′ ′,k ′ ′y ,k ′ ′z

F⊥
(
u,u ′ ′)

+
2η2ω2

oneo
kzvth,e

ˆ
dΛ ′ ′ẼLFz;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

× ẼHFz;ω ′ ′,k ′ ′y ,k ′ ′z

F∥ (u,u
′ ′)

k ′ ′z vth,e
. (2.77)

Here, the angular frequencies ω ′ and ω ′ ′ belong, respect-
ively, to the LF and HF range and we define:

u=
ω

kzvth,e
, u ′ =

ω ′

k ′zvth,e
, u ′ ′ =

ω ′ ′

k ′ ′zvth,e
,

Λ ′ = dω ′ dk ′y dk
′
z and dΛ

′ ′ = dω ′ ′ dk ′ ′y dk
′ ′
z

.

We recall that the LF electric field is of order η, as shown
by equation (2.59), so that nHF(3),NLe;ω,ky,kz

is a quantity of order

η3. Measuring the electric field in units of stV cm−1, the
nonlinear electron charge density perturbation at the third
order is:

ρ
HF(3),NL
e;ω,ky,kz

=
ieω2

pe

4πΩeTekzvth,e

ˆ
dΛ ′EHFx;ω−ω ′,ky−k ′y ,kz−k ′z

ELFy;ω ′,k ′y ,k
′
z
F⊥

(
u,u ′)

−
ieω2

pe

4πΩeTekzvth,e

ˆ
dΛ ′EHFy;ω−ω ′,ky−k ′y ,kz−k ′z

ELFx;ω ′,k ′y ,k
′
z
F⊥

(
u,u ′)

−
eω2

pe

4πTekzvth,e

ˆ
dΛ ′EHFz;ω−ω ′,ky−k ′y ,kz−k ′z

ELFz;ω ′,k ′y ,k
′
z

F∥ (u,u ′)

k ′z vth,e

×
ieω2

pe

4πΩeTekzvth,e

ˆ
dΛ ′ ′ELFx;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

×EHFy;ω ′ ′,k ′ ′y ,k ′ ′z
F⊥

(
u,u ′ ′)

−
eω2

pe

4πΩeTekzvth,e

ˆ
dΛ ′ ′ELFy;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

×
1
k ′ ′z

∂xEHFz;ω ′ ′,k ′ ′y ,k ′ ′z
F⊥

(
u,u ′ ′)+

−
eω2

pe

4πTekzvth,e

ˆ
dΛ ′ ′ELFz;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

×EHFz;ω ′ ′,k ′ ′y ,k ′ ′z

F∥ (u,u ′ ′)

k ′ ′z vth,e
. (2.78)

To compare our results with the standard theory of PI we
express ρHF(3),NLe;ω,ky,kz

in terms of the linear component of the LF
electric field:

ρ
HF(3),NL
e;ω,ky,kz

=
ieω2

pe

4πΩeTekzvth,e

ˆ
dΛ ′EHFx;ω−ω ′,ky−k ′y ,kz−k ′z E

LF,L
y;ω ′,k ′y ,k

′
z

× χ ′
e − ε ′

χ ′
e

F⊥ (u,u ′)

−
ieω2

pe

4πΩeTekzvth,e

ˆ
dΛ ′EHFy;ω−ω ′,ky−k ′y ,kz−k ′z

ELF,Lx;ω ′,k ′y ,k
′
z

× χ ′
e − ε ′

χ ′
e

F⊥ (u,u ′)

−
eω2

pe

4πTekzvth,e

ˆ
dΛ ′EHFz;ω−ω ′,ky−k ′y ,kz−k ′z

ELF,Lz;ω ′,k ′y ,k
′
z

× χ ′
e − ε ′

χ ′
e

F∥ (u,u ′)

k ′zvth,e

×
ieω2

pe

4πΩeTekzvth,e

ˆ
dΛ ′ ′ELF,Lx;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

×EHFy;ω ′ ′,k ′ ′y ,k ′ ′z

χ ′ ′
e − ε ′ ′

χ ′ ′
e

F⊥ (u,u ′ ′)

−
eω2

pe

4πΩeTekzvth,e

ˆ
dΛ ′ ′ELF,Ly;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

× 1
k ′ ′z
∂xE

HF
z;ω ′ ′,k ′ ′y ,k ′ ′z

χ ′ ′
e − ε ′ ′

χ ′ ′
e

F⊥ (u,u ′ ′)

−
eω2

pe

4πTekzvth,e

ˆ
dΛ ′ ′ELF,Lz;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

EHFz;ω ′ ′,k ′ ′y ,k ′ ′z

× χ ′ ′
e − ε ′ ′

χ ′ ′
e

F∥ (u,u ′ ′)

k ′ ′z vth,e
. (2.79)

In the electrostatic limit of HF waves we need to substitute:

1
k ′ ′z
∂xE

HF
z;ω ′ ′,k ′ ′y ,k ′ ′z

→ iEHFx;ω ′ ′,k ′ ′y ,k ′ ′z
. (2.80)

Moreover, all the electric fields are expressed by a potential,
namely:

EHFx;ω,ky,kz =−∂xφHF
ω,ky,kz , E

HF
y;ω,ky,kz =−ikyφHF

ω,ky,kz ,

EHFz;ω,ky,kz =−ikzφHF
ω,ky,kz , (2.81)

with analogous formulas for the LF range.
The HF electrostatic nonlinear wave equation is thus:1−

∑
j

ω2
pj

ω2

(∂2x − k2y − k2z
)
φHF

ω,ky,kz

=

 1
1+ iγeS(ue)

ω2
pe

Ω2
e

k2y − ∂2x

1−
(

ω+iνe
Ωe

)2
+

1
λ2De

1+ ueS(ue)
1+ iγeS(ue)

φHF
ω,ky,kz − 4πρHF(3),NLe;ω,ky,kz

. (2.82)

Here, ρHF(3),NLe;ω,ky,kz
is obtained from equation (2.79) with the

substitutions indicated in equations (2.80) and (2.81) and
expressing the electric field components in terms of the
potentials.
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Within the approximations leading to the dominant par-
allel dynamics of the electrons, the nonlinear charge density
perturbation is:

ρ
HF(3),NL
e;ω,ky,kz

∼=−
eω2

pe

4πTekzvth,e

×
ˆ
dΛ ′EHFz;ω−ω ′,ky−k ′y ,kz−k ′z

ELFz;ω ′,k ′y ,k
′
z

F∥ (u,u ′)

k ′zvth,e

−
eω2

pe

4πTekzvth,e

ˆ
dΛ ′ ′ELFz;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

×EHFz;ω ′ ′,k ′ ′y ,k ′ ′z

F∥ (u,u ′ ′)

k ′ ′z vth,e
. (2.83)

The perpendicular components of the current density in this
case are neglected. The nonlinear current density along the dir-
ection of the magnetic field can be obtained from the charge
conservation as,

JHF(3),NLe;ω,ky,kz
=
ω

kz
ρ
HF(3),NL
e;ω,ky,kz

. (2.84)

For fixed ion background, the relevant nonlinear wave
equation in the HF range is:

d2EHFz;ω,ky,kz

dx2
= βL (x,ky,kz,ω)E

HF
z;ω,ky,kz +βNL (x,ky,kz,ω,Ez) ,

(2.85)
where,

βL (x,ky,kz,ω) = k2y + k2z −
ω2

c2

+

(
1− ω2

k2zc2

)
1
λ2De

1+ ueS(ue)
1+ iγeS(ue)

, (2.86)

and

βNL (x,ky,kz,ω,Ez)

=− i

(
1− ω2

k2z c2

)
1
λ2De

e
2Te

{ˆ
dΛ ′EHFz;ω−ω ′,ky−k ′y ,kz−k ′z

×ELFz;ω ′,k ′y ,k
′
z

F∥
(
u,u ′

)
k ′z

+

ˆ
dΛ ′ ′ELFz;ω−ω ′ ′,ky−k ′ ′y ,kz−k ′ ′z

EHFz;ω ′ ′,k ′ ′y ,k ′ ′z

F∥
(
u,u ′ ′

)
k ′ ′z

}
.

(2.87)

Finally, the nonlinear wave equations obtained taking into
account the perpendicular dynamics of the electrons are:(

ω2

c2
− k2y − k2z

)
EHFx;ω,ky,kz − i∂x

(
kyE

HF
y;ω,ky,kz + kzE

HF
z;ω,ky,kz

)
=−4π iω

c2

JHF(1)e;x;ω,ky,kz
+
∑
j

JHF(1)j;x;ω,ky,kz

 , (2.88)

(
∂2x − k2z +

ω2

c2

)
EHFy;ω,ky,kz − ky

(
i∂xE

HF
x;ω,ky,kz − kzE

HF
z;ω,ky,kz

)
=−4π iω

c2

JHF(1)e;y;ω,ky,kz
+
∑
j

JHF(1)j;y;ω,ky,kz

 , (2.89)

(
∂2x − k2y +

ω2

c2

)
EHFz;ω,ky,kz − kz

(
i∂xE

HF
x;ω,ky,kz − kyE

HF
y;ω,ky,kz

)
=−4π iω

c2

JHF(1)e;z;ω,ky,kz
+
∑
j

JHF(1)j;z;ω,ky,kz
+ JHF(3),NLe;z;ω,ky,kz

 .
(2.90)

Here, JHF(3),NLe;z;ω,ky,kz
is obtained by equations (2.84) and (2.78),

and JHF(1)e;ω,ky,kz
and JHF(1)i;ω,ky,kz

are given, respectively, by

equations (2.19)–(2.21) (with ρHF(1)e;z;ω,ky,kz
and ρHF(1)

′

e;ω,ky,kz
provided

by equation (2.18), respectively, with and without the first
term in the curly bracket) and by equation (2.22), utiliz-
ing the definition of η and expressing the electric fields
in units of stV cm−1. The coupled system of the HF and
LF integro-differential wave equations, the former being
provided by equations (2.88)–(2.90) or their limits within
the electrostatic approximation, equation (2.82), or within
the approximations leading to dominant parallel electron
dynamics, equation (2.85), and the latter being provided by
equation (2.53), utilizing there the definition of η and express-
ing the electric fields in units of stV cm−1, are the main
results of the present study. This has to be solved with the
initial conditions in the LF range discussed above and the ini-
tial conditions in the HF range provided by the LH coupling
codes concerning the spectral components of the pump wave
and by the spectral analysis of the LH sidebands emerging
from the noise. Compared to the standard eikonal model of PI
driven by LH waves in inhomogeneous plasmas, this allows
us to treat in detail the wavenumber spectrum of the pump
wave, which in the standard model is reduced to a single
component. In addition, the effect of finite illumination of
the pump, which in the standard model is considered only
by means of geometrical parameters of the area illuminated
by the antenna, is embedded here in the full wavenumber
spectrum of the LH pump wave. The convective loss effects,
which in the standard model are often treated considering
the phase mismatch of the interacting waves based on their
parameters at the antenna mouth [15, 60], are embedded in
the coupled LF–HF wave equations, considering the wave
propagation in the overall interaction region, as also done
within the framework of a more refined eikonal theory in
[67]. Moreover, we consider here electromagnetic LH waves,
which are often treated within the electrostatic approximation
of the standard theory, with the exception of recent analysis
in homogeneous plasma [65]. Finally, we take into account
diffraction effects that are missing in the eikonal theory and
can be important for LH sidebands with relatively low parallel
wavenumber. Although in the present numerical implement-
ation of the model this feature is not included, in principle,
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Table 2. Summary of the model hypothesis. All the quantities are defined in the text of section 2 and in table 1. We note that, though the

requirement ωHF ≪ Ωe is usually fulfilled in LHCD experiments, a much less severe requirement O
[
1−ω2/Ω2

e

]−1
= 1 is sufficient for the

model validity. In the same vein, the condition δ≪ 1, usually verified to maximize the PI [68], can be substituted by the much less severe
requirement |ky|< |kx|.

η, |u±1| , δ≪ 1, ωLF ≫ ω∗
e,i |k⊥ρth,e| ,(kyρth,i)2 ≪ 1, lc < 2Ly,2Lz;

∣∣k−2
x dkx/dx

∣∣
LF

≪ 1 |kxL|< 10⇒ rE⊥/E∥ ≪ 1

ωpi,Ωi ≪ ωHF ≪ Ωe L2 ≫ 50ρ2th,i Aj;ωo,kyo,kzo ≫ Aj;ωs,kys,kzs ,Aj;ωq,kyq,kzq

∣∣N∥
∣∣
HF
> 1.5

Table 3. Typical plasma and RF parameters that fulfill the model requirements.

Bo ne
(
1012 cm−3) Te (eV) fo

∣∣k∥∣∣ (
cm−1) |kx| δ Po L

5.0 T 0.6–30 2.5–100 5 GHz 1.5–30 (2− 10)
∣∣k∥∣∣ ∼0.15 ∼2 kW cm−2 ∼1.0 cm

Table 4. Typical plasma and RF parameters that fulfill the model requirements for dominant parallel dynamics of the electrons.

Bo ne
(
1012 cm−3) Te (eV) fo

∣∣k∥∣∣ (
cm−1) |kx| δ Po L

5.0 T 0.6–8.0 2.5–30 5 GHz 1.5–15 (2− 10)
∣∣k∥∣∣ ∼0.15 ∼2 kW cm−2 ∼1.0 cm

it might also treat sideband-sideband interactions instead of
considering only sideband-pump interactions. In this vein,
cascade PI phenomena may be evaluated. We summarize in
table 2 the model hypothesis, introduced above, which is
necessary to derive a set of coupled nonlinear LH integro-
differential wave equations. In table 3 we indicate typical
plasma and RF parameters that fulfill this model hypothesis.
In table 4 we indicate typical plasma and RF parameters that
fulfill the requirements of the simplified model that neglects
the perpendicular dynamics of the electrons.

Despite the model constraints, the LH wave equations
might reasonably describe nonlinear PI driven by LHCD in
peripheral plasmas for many realistic experimental scenarios.
We observe that the model cannot be considered as based on
a full kinetic approach since it retains only kinetic effects
compatible with the hypothesis made and uses a simplified
collision operator. However, we observe that all the condi-
tions listed in table 1 are usually verified in the peripheral
plasma in LHCD experiments. Conversely, with the simpli-
fied wave equations considering only the parallel dynamics
of the electrons, only the parallel drive of PI has a serious
limitation due to the requirement rE⊥/E∥ ≪ 1. This is not
well justified for high plasma density, typically larger than
7− 8 1012 cm−3, so that the electrostatic approximation can
be used and rE⊥/E∥ ≪ 1 is equivalent to ωHF ≪ |Ωekz/kx|. The
E×B drive of PI, discussed in the next section, becomes sig-
nificant and then dominant for large plasma density [61, 73].
However, at this density level, the eikonal hypothesis is also
reasonably justified for components with relatively small par-
allel wavenumbers, e.g. for the LH pumpwave. The analysis of
PI might thus be completed by interfacing the numerical code,
which solves the set of nonlinear LH wave equations consid-
ering only parallel drive, with numerical codes that are based
on the eikonal approximation and include the E×B drive,
e.g. LHSTAR [60, 68]. On the other hand, in reactor scen-
arios, e.g. in ITER [80–82], at plasma density above the limit
of the parallel drive modeling, which occurs near the separat-
rix, steep density and temperature gradients prevent the onset
of PI, due to the convective losses and the large temperatures

involved, quenching the PI drive. In this case, the parallel drive
modeling can be applied standalone to evaluate the PI due to
the LHCD power injection.

3. LH waves in homogeneous collisional and
collisionless plasmas

Here, we first discuss the solutions of the linear and non-
linear dispersion equations in uniform collisionless plasmas
derived from the modeling developed in section 2 and com-
pare them with the archived literature results. We then analyze
the role of collisions on nonlinear LH physics in homogen-
eous plasmas.Within the uniform plasma limit, the linear wave
equations (2.23)–(2.25) give, for monochromatic waves with
electric field E = Re

[
Eω,kei(k·r−ωt)

]
, the equation:

Λ ·Eω,k = 0. (3.1)

Here, the Cartesian component of the tensor Λ in the refer-
ence frame defined in section 2, for Ny = 0 and νe = 0 , are:

Λxx = n2z − 1−
ω2
pe

Ω2
e −ω2

+
∑
j

ω2
pj

ω2
,

Λxy =−i
ω2
pe

Ω2
e −ω2

Ωe

ω

Λxz =−NxNz, Λyx =+i
ω2
pe

Ω2
e −ω2

Ωe

ω

Λyy = N2
x +N2

z − 1−
ω2
pe

Ω2
e −ω2

+
∑
j

ω2
pj

ω2
,

Λyz =−i
ω2
pe

ωΩe

Nx
Nz

[1+ uZ(u)]

Λzx =−NzNx, Λzy = i
ω2
pe

ωΩe

Nx
Nz

[1+ uZ(u)]

Λzz = n2x − 1− 2
ω2
pe

ω2

c2

N2
zv

2
th,e

[1+ uZ(u)]+
∑
j

ω2
pj

ω2
. (3.2)
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Figure 2. Real (left) and imaginary (right) parts of the perpendicular refractive index are plotted versus the parallel refractive index. Black
dashed line corresponds to the solution of the wave equation obtained with fixed ion background and neglecting the electron dynamics
perpendicular to the magnetic field. Red continuous line corresponds to the wave equation obtained at the lowest order in the parameter
k⊥ρth,e.

From equation (3.1), the following linear dispersion
equation is obtained:

det Λ̄ = 0. (3.3)

For given frequency and plasma parameters, the solutions
of equation (3.3) provide the complex refractive index Nx as
a function of the real parallel refractive index Nz. The cor-
responding electric field polarization can then be obtained by
solving equation (3.1).

Within the limit of dominant parallel electron dynamics
and fixed ion background, the following dispersion equation
is derived by the wave equation (2.26) for Ny = 0 and νe = 0:

N2
x +N2

z − 1+

(
1− 1

N2
z

)
c2

ω2λ2De
[1+ uZ(u)] = 0. (3.4)

The solution is (forNz > 1), considering the principal value
of the square root:

Nx =

{
1− n2z −

(
1− 1

n2z

)
c2

ω2λ2De
[1+ uZ(u)]

}1/2

. (3.5)

The electric field polarization is then obtained from
equations (2.31) and (2.32):

Ey/Ex = 0,Ez/Ex =
(
N2
z − 1

)
/(NxNz) . (3.6)

In figures 2 and 3, we compare the results obtained by
numerical solutions of the wave equation (3.1) with those
expressed by equations (3.5) and (3.6). The RF and plasma
parameters used are listed in table 5 below. Pure deuterium
plasma has been considered.

A good agreement can be seen between the solutions of the
two wave equations for Nz > 1.5, as required by the model
hypothesis. We have not plotted the real part of the toroidal
electric field, for Ex = 1 stV cm−1, which is in practice
identical for the two wave equations. Im(Ez/Ex) is negligibly

small, and only for Nz > 20 has the order of 10−6. Tiny dif-
ferences, not detectable in this kind of plot, exist between the
numerical solutions of the wave equation (3.1) for Ny = 0 and
νe = 0 and those obtained by numerical solutions of the wave
equation derived considering the susceptibility tensors of the
plasma species given in standard textbooks, e.g. equation (57)
of [75], as calculated by the full kinetic theory.

We now calculate the nonlinear dispersion equation in
uniform plasma considering four waves interactions. This is
due to the parametric coupling of the LH pump waves with
upper and lower sideband LH waves as mediated by ion-
sound or ion-cyclotron quasi-modes. To compare our model
with the results known in the archived literature, we first
consider the electrostatic limit of LH waves in collisionless
plasma.

The nonlinear interaction involves three electro-
static high-frequency monochromatic LH waves iden-
tified by their parallel electric fields, namely a pump
wave Eo =

[
Eoei(ko·r−ωot) + c.c.

]
/2, a lower sideband

E1 =
[
E1ei(k1·r−ω1t) + c.c.

]
/2 and an upper sideband E2 =[

E2ei(k2·r−ω2t) + c.c.
]
/2. In addition, we consider a single

electrostatic LF monochromatic wave, characterized by a par-
allel electric field E =

[
Eei(k·r−ωt) + c.c.

]
/2.

These electrostatic fields can be derived from electric
potentials, so that we have, concerning the amplitudes, Eo =
−ikoϕo, E1 =−ik1ϕ1, E2 =−ik2ϕ 2 and E=−ikϕ.

All the fields are measured in stV cm−1 and the poten-
tials in stV. We assume Im(ωo) = 0, i.e. a fixed pump amp-
litude, while the LH sidebands and the LF quasi-modes can
damp or grow, i.e. Im(ω) ̸= 0. Concerning the real parts,
it is assumed, without loss of generality, that ωo > 0 and
Re(ω) = ωr > 0. Suitable matching conditions are assumed
for the four wave interactions, namely ω1 = ω−ωo, k1 = k−
ko, ω2 = ω+ωo, k2 = k+ ko. In the limit of uniform plasma,
the following LF nonlinear equation is obtained, based on the
kinetic equation and the perturbation theory, following the
analysis performed in section 2:
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Figure 3. Poloidal electric field (left), for radial electric field Ex = 1 stV cm−1 (real) is plotted versus Nz. Green line corresponds to the
imaginary part, and red line on zero to the real part. Here, the wave equation obtained at the lowest order in the parameter k⊥ρe with
un-magnetized ions is considered. Corresponding poloidal electric field obtained with fixed ion background and neglecting the electron
dynamics perpendicular to the magnetic field is zero. Real part of the toroidal electric field (right), for radial electric field Ex = 1 stV cm−1

(real) is plotted versus Nz. Red, continuous line corresponds to the wave equation obtained at the lowest order in the parameter k⊥ρe with
un-magnetized ions. Black, dashed line corresponds to the wave equation obtained with fixed ion background and neglecting the electron
dynamics perpendicular to the magnetic field.

Table 5. RF and plasma parameters used to compare the solutions
of the linear wave equations.

f Nz Bo ne Te = Ti

8.0 GHz 1− 25 4.52 T 5.0 1012 cm−3 25 eV

εϕ =−4π e
k2

nLFe,NL. (3.7)

Here, ε= 1+
∑

αχ
LF
α and the scalar susceptibilities of the

plasma species α, i.e. electrons and ions are defined, respect-
ively, by equations (2.43) and (2.49). The nonlinear density
perturbation nLFe,NL is obtained by the beating of two HF fields,
equation (2.46). The beating waves are limited to the three HF
components defined above. One of the electric fields must cor-
respond to the pump field since it has the largest amplitude. As
a result, we obtain:

nLFe,NL =
ω2
pe

4π kzmev4e

[
AzEzoEz1 +BzE

∗
zoEz2 +A⊥(E⊥1 ×E⊥o)z

+ B⊥(E
∗
⊥o×E⊥2)z

]
. (3.8)

Here, we define:

Az =
F(u,uo)
kzo

+
F(u,u1)
kz1

, Bz =
F(u,uo)
−kzo

+
F(u,u2)
kz2

,

A⊥ =−ivth,e
Ωe

[F⊥ (u,uo)−F⊥ (u,u1)]

B⊥ =−ivth,e
Ωe

[F⊥ (u,u2)−F⊥ (u,uo)]

u=
ω

kzve
, u1 =

ω1

kz1ve
, uo =

ωo
kzove

,u2 =
ω2

kz2ve
. (3.9)

To compare this result with the expressions known in the
literature, see e.g. equations (1) and (2) in [61] or equations

(200) and (201) in [15]. We approximate the coefficients in
equation (3.9), based on the ordering |u| ≪ |u1| , |u2|. Using
the identity ωokz−ωkzo = ωkz1 −ω1kz ,we obtain:

Az ∼=
1

vth,e

[
kzvth,e

ωokz−ωkzo

]2
[ωoS(uo)+ω1S(u1)−ωS(u)] .

(3.10)

Using the identity ωokz−ωkzo = ω2kz−ωkz2, we obtain:

Bz ∼=
1

vth,e

[
kzvth,e

ωokz−ωkzo

]2
[−ωoS(uo)+ω2S(u2)−ωS(u)] .

(3.11)

Using the identity ωokz−ωkzo = ωkz1 −ω1kz, we obtain:

A⊥ =−ivth,e
Ωe

kz
ωokz−ωkzo

[ωoS(uo)+ω1S(u1)−ωS(u)] .

(3.12)

Using the identity ωokz−ωkzo = ω2kz−ωkz2, we obtain:

B⊥ =−ivth,e
Ωe

kz
ωokz−ωkzo

[ω2S(u2)−ωoS(uo)−ωS(u)] .

(3.13)

In terms of the electric potential, the LF nonlinear density
perturbation is given by,

nLFe,NL = α1ϕ oϕ 1 +α2ϕ
∗
oϕ 2, (3.14)

where

α1 =− i
neoe2k⊥1k⊥o sinδ1

m2
ev3th,e |Ωe|(ωkzo−ωokz)

[ωS(u)−ω1S(u1)−ωoS(uo)]

+
neoe2kz1kzokz

m2
ev3th,e(ωkzo−ωokz)

2 [ωS(u)−ω1S(u1)−ωoS(uo)] .

(3.15)
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δ1 is the angle between k⊥1 and k⊥o; more precisely
(k⊥1 × k⊥o)z = k⊥1k⊥o sinδ1.
α2 is obtained from α1 replacing ωo,ko by −ωo,−ko and

the subscript 1 by 2, namely:

α2 =−i neoe2k⊥2k⊥o sinδ2
m2
ev3th,e |Ωe|(ωkzo−ωokz)

[ωS(u)−ω2S(u2)+ωoS(uo)]

− neoe2kz2kzokz

m2
ev3th,e(ωkzo−ωokz)

2 [ωS(u)−ω2S(u2)+ωoS(uo)] ,

(3.16)

where the angle δ2 is defined by (k⊥2 × k⊥o)z = k⊥2k⊥o sinδ2.
The LF nonlinear density perturbation given by

equation (3.14) is thus identical to the expression given in
[15] by equation (200), with the exception that here we have
missed the polarization drift terms, which are usually con-
sidered negligible in the archived literature. Based on the
kinetic equation and the perturbation theory and following
the analysis performed in section 2, within the limit of uni-
form plasma, the following HF nonlinear equations for LH
electrostatic sideband waves are derived:

ε1ϕ 1 =−4π e
k21

nHFe,NL,1, ε2ϕ 2 =−4π e
k22

nHFe,NL,2. (3.17)

Here, ε1 = εHF (ω1,k1) and ε2 = εHF (ω2,k2), where εHF is
the dielectric function in the HF range defined in section 2 in
terms of the electron and ion susceptibilities. Nonlinear dens-
ity perturbations nHFe,NL,1 and n

HF
e,NL,2 are obtained from the non-

linear charge density given by equation (2.79), dividing it by
−e:

nHFe,NL,1 = α3ϕ
∗
oϕ, n

HF
e,NL,2 = α4ϕ oϕ.

Here,

α3 = α1
χ e− ε

χ e
, with |Ωe| → −|Ωe| and α4 = α2

χ e− ε

χ e
,

with |Ωe| → −|Ωe| .

We thus obtain the following parametric dispersion
equation for electrostatic LH waves:

fp =−ε(ω,k)+ µ1

εHF (ω1,k1)
+

µ2

εHF (ω2,k2)
= 0, (3.18)

where,

µ1 =
4π e
k21

4π e
k2

α1α3|ϕ o|2, µ2 =
4π e
k22

4π e
k2

α2α4|ϕ o|2.

(3.19)

This parametric dispersion equation differs from the para-
metric dispersion equation known in the archived literature
[15, 60, 61] only due to the following approximations: (i) in
the HF dielectric function we consider unmagnetized ions; (ii)
in both the LF and HF range finite electron Larmor radius
effects are neglected; (iii) the polarization drift term in the
nonlinear interaction is neglected; (iv) the drift frequency in

Figure 4. Comparison between the growth rates obtained solving
the standard PDE (dashed line) and the PDE here derived (solid
line) as a function of the perpendicular wavenumber of the LF
ion-sound quasi-mode.

Table 6. RF and plasma parameters used to compare the solutions
of the PDE. Pure deuterium plasma and 3.0 kWcm−2 LH coupled
power density have been considered.

f N∥o,Nyo, Nz,Ny Bo ne Te = Ti

8.0 GHz 2,0, 8,0 4.52 T 1.6 1012 cm−3 2.5 eV

the LF linear susceptibility of both the electrons and ions is
neglected. Numerical analysis of the solutions of the para-
metric dispersion equations indicates that, for typical RF and
plasma parameters occurring in peripheral tokamak plasmas,
all these approximations are well justified. Negligible differ-
ences occur between the solutions of the full parametric dis-
persion equation and the solutions of equation (3.11) concern-
ing the growth rates of the instability and the frequency of the
ISQM and ICQM. As an example, we show in figure 4, the
growth rates and the frequency of ISQMversus the normalized
wave number of these LF quasi-modes for the plasma paramet-
ers of table 6.

We consider a pump wave at the operating frequency
fo = 8.0 GHz, parallel refractive index N∥o = 2.0, poloidal
refractive index Nyo = 0 and 3.0 kW cm−2coupled power
density.

In the present study, we express the wave power in terms
of kW m−2 instead of the more habitually used kW m−3.
This is only due to the need to interface the ALGOR code
with the RAYFP code, available in our Institute, implement-
ing ray tracing coupled to a Fokker–Planck solver. It gives
the LH power deposition and current drive, once the initial
power density spectra versus the frequency, toroidal and pol-
oidal wave numbers are provided. This code adopts as input
the power density expressed in kW m−2. The LF quasi-modes
considered have zero poloidal wavenumber and normalized
parallel wavenumber N∥ = k∥c/ωo. The growth rate and the
LF angular frequency, as calculated by numerical solutions
of equation (3.18) are compared with those obtained with the
standard PI modeling, neglecting the polarization drift but
considering finite electron and ion Larmor radius effects in
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both the LF and HF range. Since the poloidal numbers of
the interacting waves are zero, the drift wave frequency is
zero and only the parallel drive of PI occurs (δ1 = δ2 = 0).
As shown in figure 4, only tiny differences can be detected
between the solutions of the standard PDE and the solutions of
equation (3.18), confirming that neglecting the finite Larmor
radius effect of the electrons in both the LF and HF ranges
and considering unmagnetized ions in the HF range is well
justified.

Following [61], we now obtain approximate analytical
solutions of the parametric dispersion equation for a colli-
sional plasma within the limit of parallel dynamics of the elec-
trons. The purpose of this calculation is to compare our res-
ults with the corresponding analytical solutions proposed in
[66]. We assume that |ε2| is sufficiently large to neglect the
LH upper (non-resonant) sideband. The LH lower sideband is
assumed as a quasi-resonant mode, i.e. we assume |ε1| ≪ 1

and electrostatic, i.e. we assume
[
N∥1
]2

= k2z1c
2/ω2

1r ≫ 1 so
that,

ε1 ∼=
∂ε1r
∂ω1r

iγ+ iε1i ∼=
∂ε1r
∂ω1r

i(γ+ γL1 + γC1) , (3.20)

where the subscripts r and i indicate, respectively, the real
and imaginary part, γL1 > 0 and γC1 > 0 , which are, respect-
ively, the LH sideband’s Landau and collisional damping rates,
which, for γL1,γC1 ≪ |ω1r|, can be approximated as,

γL1 ∼=
√
π

ω4
1r

|kz1|3v3e
e
−
(

ω1r
kz1ve

)2

, γC1 ∼=
νe
2
. (3.21)

ω2
1r
∼= ω2

pek
2
z1/k

2
1 and γ is the growth rate of the PI. We

rewrite equation (3.18) neglecting the contribution of the upper
sideband and assuming that |γ1S(u1)| ≪ 1.

We obtain the approximate parametric dispersion
equation:

ε=
µ

ε1
, (3.22)

with,

µ= (ε−χ e)
e2k2zoω

2
pe

2m2
ev4ekz

|ϕ o|2
k2z1
k21

A

(ω1 + iνe)
2 , (3.23)

A∼=
1
ve

[
kzve

ωokz−ωkzo

]2
[ωoS(uo)+ω1S(u1)−ωS(u)] .

(3.24)

Then, equations (3.20) and (3.21) give the growth rate:

γ =−γL1 − γC1 +
1

∂ε1r/∂ω1r
Im
(µ
ε

)
. (3.25)

Concerning the low-frequency quasi-modes, we limit the
analysis to ion-sound quasi-modes. For an order of magnitude
estimate, we assume that the real angular frequency is given
by the expression for magnetized ion-sound waves, namely
ωr = O(|kz|cs), where cs is the ion-sound velocity, given for
single-ion species by cs =

√
ZiTe/mi. The dielectric function

concerning the LF ion-sound quasi-mode can thus be simpli-
fied (for single-ion species with mass mi and charge number
Zi) as,

ε= 1+χ e+χ i
∼= 1+

ω2
pimi

k2ZiTe
−
k2z
k2
ω2
pi

ω2
. (3.26)

Here, the asymptotic approximation has been adopted for
the ions and the ion collisional frequency has been neg-
lected since it is assumed to be much lower than the ion-
sound frequency and the growth rate. We note that the asymp-
totic approximation for plasma ions is justified for growth
rates sufficiently larger than the ion-sound angular frequency.
A small argument approximation has been used concern-
ing the plasma dispersion function for the electrons, consist-
ently with the relevant model constraint, and we approximate
1+ iγeS(u)∼= 1− γe

√
π ∼= 1. The real part of the dielectric

function concerning the LH lower sideband wave is obtained
utilizing both the electrostatic and the asymptotic approxima-
tion and neglecting the collisional frequency compared to the
LH frequency:

ε1r ∼= 1−
k2z1
k21

ω2
pe

ω2
1r

. (3.27)

Therefore,

∂ε1r/∂ω1r
∼= 2/ω1r

∼=−2/ωo. (3.28)

Concerning the coefficient A, we can use, for the plasma
dispersion function, the adiabatic approximation for the high-
frequency terms and the power series for the LF terms and neg-
lect the collisional frequency compared to the high frequency,
thus obtaining,

A∼=−kzv2e
ω2
o
. (3.29)

Inserting in equation (3.25) the value of ∂ε1r/∂ω1r as
approximated by equation (3.28), the value of ε as approx-
imated by equation (3.26) and the value of µ as given in
equation (3.23) with ε and χ e as in equation (3.26), A as
in equation (3.29) and approximating (ω1 + iνe)

2 ∼= ω2
1r
∼=

k2z1ω
2
pe/k

2
1, we finally obtain the following equation for the

growth rate γ, where ωr is the real angular frequency of the
ion-sound quasi-modes:

(γ+ γL1 + γC1)
(
γ4 + 4γ2ω2

r

)
= γω3

r
e2|Ezo|2

4meTeωo
. (3.30)

To derive the above equation, we use the ordering k2λ2De ≪
1. For single-ion species of mass mi and charge number Zi we
thus obtain:

Im
(χ e

ε

)
= Im

(
1+ k2λ2De−

k2zc
2
s

ω2

)−1

∼= Im

(
1−

k2zc
2
s

(ωr+ iγ)2

)−1

∼=− 2y
y4 + 4y2

, (3.31)
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where y= γ/ωr so that y2 ≫ 1− k2zc
2
s/ω

2
r .

Neglecting the Landau damping rate γL1 and the collisional
frequency, we obtain the equation:

γ4 + 4γ2ω2
r = ω3

r
e2|Ezo|2

4meTeωo
. (3.32)

The collisionless growth rate is thus:

γ = ωr

√√√√(4+ e2|Ezo|2

4meTeωoωr

)1/2

− 2 . (3.33)

This growth rate coincides with the growth rate calcu-
lated in [61] for PIs in collisionless plasma involving ISQM
within the limit of dominant parallel interaction and for
ω2
o ≪ ω2

pe ≪ Ω2
e . In collisional plasma and in the presence of

Landau damping of the lower LH sideband, the growth rate
can be expressed as γ = ωrx, where x> 0 is the positive solu-
tion of the fourth degree equation obtained by equation (3.30):

x4 + px3 + 4x2 + 4px− q= 0. (3.34)

Here, we see that the normalized growth rates x= γ/ ωr
are functions of only two parameters, namely:

p=
γL1 + γC1

ωr
,q=

e2|Ezo|2

4meTeωoωr
= η2

ωo
ωr
. (3.35)

The parameter p is proportional to the rates of two dissipat-
ive phenomena, namely the Landau damping of the LH (lower)
sideband and the collisional processes. This has a stabilizing
effect on PI. The parameter q, namely the squared amplitude of
the parallel component of the pump electric field in units Eu =[
4meTeωoωre−2

]1/2
, acts as a PI drive. The parameter q is pro-

portional to the average power density Po of the LH pump
wave (see appendix C). Neglecting electron Landau damp-
ing and thermal effects, as is reasonable in the SOL plasma
for LH pump waves, we can evaluate the ratio |Ezo|2/ωo in
terms of Po by means of equation (C40) of appendix C. The
refractive index componentNx has to be negative for LH pump
power propagation towards the plasma core. To optimize the
LH injected power penetration, the LH antenna spectrum is
usually characterized by a negligible poloidal refractive index,
so that Nx ∼=−N⊥ < 0. The perpendicular refractive index
can be calculated within the cold plasma theory. We approx-
imate the Stix parameter S= 1−

∑
αω

2
pα/
(
ω2
o −Ω2

α

)∼= 1

and assume that |D|=
∣∣∣∣∑
α
ω2
pαΩα/

[
ωo
(
ω2
o −Ω2

α

)]∣∣∣∣≪ 1. The

same result can be obtained for wave equation (2.87). To this
end, we consider only the linear term and use the asymptotic
approximation for the plasma dispersion function in βL, the
quasi-homogeneous plasma approximation, i.e. d2Ezo/dx2 ∼=
−N2

xω
2
oEzo/c

2 and neglect the poloidal refractive index, thus

obtaining Nx ∼=−
[(
ω2
pe−ω2

o

)(
N2
zo− 1

)]1/2
/ωo.

As a result,

|Ezo|2

ωo
∼= ⟨Po⟩

8π
c

√
N2
zo− 1

ω2
pe−ω2

o
, (3.36)

so that the instability parameter is:

q=
2π e2

mecTeωr
⟨Po⟩

√
N2
zo− 1

ω2
pe−ω2

o
. (3.37)

Efficient LH power coupling typically requires ω2
pe
∼=

(2− 3)ω2
o in the plasma region near the antenna mouth,

though passive active multijunction (PAM) launchers [83]
allows relatively low (∼5%) reflection coefficients even near
the LH cutoff [84]. In the peripheral plasma region, the largest
PI growth rates are expected. Assumingω2

pe
∼= 2ω2

o , the PI driv-

ing term q is proportional to f−1
o T−3/2

e . This suggests operating
at high frequency and high electron temperature to minimize
the PI growth rate.

These were indeed the key conditions to reduce PI and
achieve LH interaction in the plasma core at reactor relevant
central density in the FTU tokamak [11]. Concerning the solu-
tions of equation (3.34), we observe that the analytical roots of
the polynomials of the fourth order were obtained during the
16th century by Lodovico Ferrari, collaborator of Girolamo
Cardano, who published the solutions in the 1545 book Artis
magnae sive de regulis algebraicis liber unus [85]. Efficient
methods to compute the roots of quartic equations with real
coefficients as equation (3.34) are described in [86]. Due to
the Descartes rule, equation (3.34) has at most a single posit-
ive root. The polynomial P(x) at the l.h.s. of equation (3.25)
is such that P(0) =−q and P

(
4
√
q
)
> 0 , so the positive root

does exist in the interval
]
0, 4
√
q
[
. The analytical formula for

such a root is,

x=−p
4
− 1

2

√
T1 + S1 +

1
2

√
2 T1 − S1 +

(16p+ p3)

4
√
T1 + S1

.

(3.38)

Here, we define the following parameters:

P1 =−4
(
16− 12p2 − 12q

)3
+
(
128+ 288p2 + 288q− 27p2q

)2
Q= 128+ 288p2 + 288q− 27p2q+

√
P1

R= 4− 3p2 − 3q

S1 = 4 3
√
2 R/3 3

√
Q+ 3

√
Q/3 3

√
2

T1 =−8/3+ p2/4.

Standard numerical routines can be used to calculate the
roots of a polynomial (like roots of MATLAB). Then, one
can pick up the positive root. This procedure might be even
faster and more accurate than the numerical routines imple-
menting the analytical formula (3.38) and has been used here
to calculate the growth rates in figure 5. It is important to note
that the growth rates calculated from equation (3.34) correct
those obtained from equation (26) of [66]. Here, the colli-
sional PDE is derived considering LF nonlinear density per-
turbations calculated not self-consistently with the LF elec-
tric field equation, therefore missing the important contribu-
tion of the plasma ion species. Figure 5 shows a plot of the PI
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Figure 5. Growth rate, normalized to the angular frequency of the
ion-sound quasi-modes, is plotted versus the dissipation parameter p
and the instability drive parameter q.

growth rates normalized to the ion-sound angular frequency
as a function of the two parameters p and q, for a reasonable
range of these parameters. As a result, the PI growth rates are
typically of the order of a few times ωr. To give an idea of
the values of p and q expected in LHCD scenarios, we con-
sider first the LHCD experiment planned in ITER [87], oper-
ating at 5.0 GHz LH wave frequency and with ∼12 eV elec-
tron temperature envisaged in the SOL before the region of
steep gradients near the separatrix. Assuming kz = 6 cm−1,
so that ωr ∼= 1.4 107 rads−1 for deuterium plasma, the above
electric field reference unit has a value of Eu ∼= 0.41 stVcm−1.
We predict a value of |Ezo| ∼= 6.7 stVcm−1 in front of the
LH launcher in ITER, with a power density injection of
3.3 kW cm−2, peak value of the parallel refractive indexN∥o =
1.9 and operating at about twice the cutoff density, namely
at ne ∼= 0.62 1012 cm−3. The value of the parameter q is thus
about 280, corresponding to η ∼= 0.35. The electron-ion colli-
sional frequency is [88],

νe =
4
√
2πΛe4

3m1/2
e T3/2e

∑
i

Z2i ni, (3.39)

where the physical quantities are in cgs units, the sum is over
all the ion species with charge number Zi and density ni and
Λ is a Coulomb logarithm relevant for electron-ion collisions.
For single-ion species, the latter can be evaluated as [89],

Λ = 31.3− ln
(
n

1
2
e T−1

e

)
. (3.40)

Here, the electron density is expressed in cm−3 and Te in
eV. For pure deuterium plasma, considering the above ITER
parameters we thus obtain νe ∼= 0.9 106 s−1.

However, due to the presence of impurities in the dens-
ity and temperature regime envisaged, an effective charge

Zeff = 3 can be expected near the LH launcher. An estim-
ate of the collision frequency might thus be νe ∼= 2.5 106 s−1.
Hence, the parameter p (neglecting γL1) might be about 0.1.
Typical RF and plasma parameters of the LHCD experi-
ment in the FTU tokamak [90, 91] are the operating fre-
quency of 8.0 GHz, a peak value of the parallel refract-
ive index N∥o = 1.8, power density 3.0 kW cm−2 coupled
to the plasma at about twice the cutoff density, namely at
ne ∼= 1.6 1012 cm−3 where the electron temperature is expec-
ted to be of the order of 5 eV. Assuming kz = 15 cm−1,
so that ωr ∼= 1.8 107 rads−1 for deuterium plasma, the above
electric field unit has the value in front of the launcher of
Eu ∼= 0.34 stVcm−1. In front of the LH launcher in FTU we
obtain |Ezo| ∼= 6.1 stVcm−1. Therefore, the value of the para-
meter q is about 260, corresponding to η ∼= 0.30. The colli-
sion frequency is νe ∼= 7.8 106 s−1, assuming pure deuterium
plasma, so that the parameter p (neglecting γL1) is about 0.2.

As shown in figure 5, the effect of the collisions on the
growth rates seems marginal, reducing the growth by a few
percent. However, the LH sideband power amplification is an
exponential function of twice the growth rates, so the over-
all effect might not be negligible. In addition, other approx-
imations are made that can affect the growth rates with an
even larger amount w.r.t. the collisions. We note that a pos-
sible reason for the very different dependence of the growth
rate on the dissipation w.r.t. the instability parameter is that
p≪ q. Taking into account this ordering, an approximate
solution of equation (3.34) for p= 0 and q1/4 ≫ 1 is xo ∼=
q1/4 ≫ 1, and an approximate solution for p≪ 1 is x∼=
(1− p/4)q1/4. The analytical approximation of the growth
rates given in [66] by equation (26) overestimates the effects
of the collisions in reducing the PI growth rates. To illus-
trate this point, let us assume ω2

pe ≫ ω2
o , deuterium plasma at

density n
(
cm−3

)
, and temperatures (eV) Te = Ti = T suf-

ficiently low that the electron Landau damping rate of the
lower sideband is negligible compared to the collisional damp-
ing rate. Simple expressions for the electron and ion colli-
sional frequencies are, respectively, νe = 2.9 10−6 nλT−3/2

and νi = 4.8 10−8 nλT−3/2 µ−1/2 where λ is the Coulomb
logarithm and µ is the deuteron mass in units of the pro-
ton mass [92]. Equation (26) of [56] can thus be written as

γ/ωr = (1− ap)
[
(4+ q)1/2 − 2

]1/2
, where a∼= 86.

The PI growth rates are reduced by the collisional effects
much more than predicted by the solutions of equation (3.34)
and no PIs are expected for almost all the values of p in
figure 1, i.e. for p> 0.0117.We show further numerical solu-
tions of the PDE given by equation (3.18) obtained within the
limit of dominant parallel dynamics of the electrons. The solu-
tions are calculated as the poles of |fP |−1 where the func-
tion fP is defined by equation (3.18). We consider a typ-
ical FTU scenario with 5.0 T static magnetic field, consid-
ering an injected LH power density of 3.0 kW cm−2 operat-
ing at 8.0 GHz frequency with a peak parallel refractive index
of Nzo = kzoc/ωo = 1.8 and assuming a normalized parallel
wavenumber of the LF quasi-modes as given by kzc/ωo =
10. The poloidal wavenumbers of the interacting waves are
set to zero. The perpendicular wavenumber of the lower LH
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Figure 6. Contour plots of the function Log10
∣∣f−1
P

∣∣, where fP is
defined in equation (3.18), as calculated in the plane of real
(ordinates) and imaginary (abscissae) parts of the LF quasi-mode
angular frequency in units of the angular frequency ωo of the LH
pump wave in FTU with Bo = 5.0 T. We assume that
ne = 2.0 1012 cm−3, Te = Ti = 2.5 eV (dashed lines) and
ne = 5.0 1012 cm−3, Te = Ti = 15 eV (continuous lines).
Respective solutions of the electrostatic PDE, which are given by
the poles of

∣∣f−1
P

∣∣ (connected by an arrow in the figure), are
ω = 1.27 108 rads−1, γ = 1.4 108 s−1 and ω = 4.45 107 rads−1,
γ = 9.25 107 s−1. Analytical growth rates, given by equation (3.37,
are, respectively, γ = 3.15 108 s−1 and γ = 7.0 107 s−1 if the
collisions are neglected and γ = 3.09 108 s−1 and γ = 6.85 107 s−1

if the collisions are taken into account. Properties of the LH pump
and sideband waves used in the calculations are described in the te

sideband is chosen as being equal to the solution of the real part
of the linear LH electrostatic dispersion equation, for angu-
lar frequency and parallel wavenumber given by the match-
ing conditions. In figure 6, we show that at higher temperat-
ures one obtains a reduction in the growth rate of the instabil-
ity. In figure 7, we compare the solutions of the PDE with
and without collisions. As a result, the stabilizing effect of
the collision is marginal, of the order of 2% of the growth
rate. The numerical results also suggest that the growth rates
evaluated by analytical formulas might be overestimated by a
factor ∼2.

For RF and plasma parameters of figure 1(a) of [66] we
obtain from the solution of equation (3.34) the growth rate
γ/ωo = 2.76 10−3, i.e. a factor∼30 larger than the peak value
of γ/ωo shown in figure 1(a) of [66]. The numerical solu-
tion of the PDE (3.18) within the limit of dominant parallel
dynamics of the electrons gives γ/ωo = 3.70 10−3. This sug-
gests that larger mistakes affected the analytical formula in
[66]. The role of the collisions becomes essential in determin-
ing the power density threshold for the onset of the PI instabil-
ity. We now derive a general analytical expression for this
threshold, assuming that the electrostatic approximation is jus-
tified for the lower LH sideband and that the parallel dynam-
ics of the electrons is dominant. The latter condition is well
justified in the extreme peripheral plasma region near the LH

antenna mouth. We thus assume that
[
N∥1
]2

= k2z1c
2/ω2

1r ≫ 1.
We start from the growth rate expression (3.25), at the instabil-
ity threshold γ = 0.

Figure 7. Contour plots of the function Log10
∣∣f−1
P

∣∣, where fP is
defined in equation (3.44), as calculated in the plane of real
(ordinates) and imaginary (abscissae) parts of the angular frequency
of the quasi-modes in units of the angular frequency ωo of the LH
pump wave in FTU, with Bo = 5.0 T, for ne = 2.0 1012 cm−3 and
Te = Ti = 2.5 eV in collisionless (dashed lines) and collisional
(continuous lines) plasma. The respective solutions of the
electrostatic PDE, which are given by the poles of

∣∣f−1
P

∣∣ (connected
by an arrow in the figure), are ω = 1.28 108 rads−1,
γ = 1.43 108 s−1 and ω = 1.27 108 rads−1, γ = 1.40 108 s−1. The
analytical growth rates, given by equation (3.383.37), are found,
respectively, γ = 3.18 108 s−1 and γ = 3.09 108 s−1. Injected LH
power and the frequency and wavenumbers of the interacting waves
are the same as in figure 6.

Based on equation (3.28) and considering again
(ω1 + iνe)

2 ∼= ω2
1r
∼= k2z1ω

2
pe/k

2
1 we obtain:

0=−γL1 − γC1 −
ωo
2
Im

[(
1− χ e

ε

) e2A
2m2

ev4ekz
|Ezo|2

]
.

(3.41)

We improve the approximations used above to calculate
the growth rate of PI, namely we consider the following
approximations:

[1+ uS(u)]∼= 1+ i
√
π

ω̃

|kz|ve
, (3.42)

A∼=−kzv2e
ω2
o

(
1+ i

√
π

ω̃

|kz|ve

)
, (3.43)

χ e
∼=
[
1/k2λ2De

](
1+ i

√
π

ω̃

|kz|ve

)
, (3.44)

ε= 1+χ e+χ i
∼= 1+

(
1+ i

√
π ω̃

|kz|vth,e

)
k2λ2De

+
1

k2λ2D,i

[
1+

ω

|kz|vth,i

+∞∑
n=−∞

Z

(
ω− nΩi

|kz|vth,i

)
In (λi)e

−λi

]
.

(3.45)

Here, ω̃ = ωr+ iνe and ω = ωr since the collision rate for
the ions can be neglected. We consider single-ion species with
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Figure 8. Power density at the threshold for PI, as given by
equation (3.48), is plotted versus the frequency of the quasi-modes
that can be excited by the LHCD power injection in FTU. Relevant
plasma and RF data are reported in table 3. We consider here the
parallel wavenumber kz = 30 cm−1 of the LF modes. Three plasma
densities are considered, namely ne = 2 nco (dashed line), ne = 3 nco
(dotted line) and ne = 4 nco (continuous line). Vertical lines indicate
the frequency kzvth,i/(2π ) (line on the left), the ion cyclotron
frequency Ωi/(2π ) (central line) and its first harmonics (line on the
right). Available LHCD power density in FTU is much larger than
the threshold to drive ISQM and ICQM near the fundamental ion
cyclotron frequency. However, ICQM with frequency near the first
ion cyclotron harmonics frequency requires a power density
∼3 kW cm−2, near the maximum available, operating at the larger
density 4 nco.

mass mi and charge number Zi. Assuming k2λ2De ≪ 1 and
|ω̃| ≪ |kz|vth,e, we obtain the following expression for the PI
threshold value of the squared electric field toroidal compon-
ent in collisional plasma:

|Ezo,thrc|2 =
4m2

ev
2
th,eωo

e2
(γL1 + γC1)

Im
(

ZiΓ
τ+ZiΓ

) . (3.46)

Here, we define τ = Ti/Te and

Γ = 1+
ω

|kz|vth,i

+∞∑
n=−∞

Z

(
ω− nΩi

|kz|vth,i

)
In (λi)e

−λi . (3.47)

The threshold for PI of the average power density in colli-
sional plasma is thus obtained by equations (3.36) and (3.45):

Pthrc =
mec
π e2

Te
(γL1 + γC1)

Im
(

ZiΓ
τ+ZiΓ

) √ω2
pe−ω2

o

N2
zo− 1

. (3.48)

In figure 8, we show the above power threshold as a function
of the frequency of the quasi-modes with parallel wavenum-
ber kz = 30 cm−1 for plasma and RF data of near the LHCD

Table 7. Plasma and RF data of the LHCD experiment in FTU. The
plasma parameters correspond to the plasma near the LHCD
antenna. Deuterons are the main ion species. nco = 7.9 1011 cm−3 is
the cutoff density.

Bo (T) Te (eV) τ ne Zeff fo (GHz) Nzo

6.0 2.5 1.5 (2÷ 4) nco 3.0 8.0 1.8

Figure 9. Power density at the threshold for PI, as given by
equation (3.48), is plotted versus the frequency of the quasi-modes
that can be excited by the LHCD power injection in ITER. Relevant
plasma and RF data are reported in table 4. We consider here the
parallel wavenumber kz = 10 cm−1 of the LF modes. Four plasma
densities are considered, namely, in units of 1012 cm−3, ne = 1.1
(dashed line), ne = 4.1 (dotted line) and ne = 7.1 (continuous line)
and ne = 10.1 (dash-dotted line). Vertical lines indicate, from the
left to the right, the frequency kzvth,i/(2π ), the ion cyclotron
frequency Ωi/(2π ) (second line from the left) its first harmonics
(third line from the left) and its second harmonics (fourth line from
the left).

antenna in FTU, which are reported in table 7. We have veri-
fied that the model constraints summarized in table 1, with the
additional constraints for the dominant parallel dynamics of
the electrons, are fulfilled. Minima of Pthrc are found near the
characteristic frequency of ISQM, namely kzvth,i/(2π ) and
near the characteristic frequency of the ICQM, i.e. near the
ion cyclotron frequency and its first harmonics. In this case,
the electron Landau damping rate γL1 of the lower sideband
is negligible and the threshold power is only determined by the
collisional damping γC1 ∼= νe/2.

In figure 9, we show the power threshold as a function of
the frequency of the quasi-modes with parallel wavenumber
kz = 10 cm−1 for typical plasma and RF data of the LHCD
experiment planned for ITER, which are reported in table 8.
We have verified that the model constraints summarized in
table 1 are fulfilled. The power density threshold ismuch lower
than the power density planned for LHCD in ITER and can
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Table 8. Plasma and RF data of the LHCD experiment planned in
ITER. The plasma parameters are those expected in the overall SOL
region up to the steep increase of the density and temperature near
the separatrix. Deuterons are the main ion species. The LH cutoff
density for ITER is nco = 3.1 1011 cm−3.

Bo (T) Te (eV) Ti (eV) ne
(
1012cm−3) Zeff fo (GHz) Nzo

6.0 11.7 21.6 1.1− 10.1 2.0 5.0 1.9

be excited by both ISQM and ICQM, near the fundamental,
first harmonics and second harmonics of the ion cyclotron fre-
quency. The planned power density is up to 3.3 kW cm−2,
so it is possible that the ICQM near the third harmonics of
the ion cyclotron frequency can also be excited. However, we
have not extended the analysis up to the relevant frequency
of about 120 MHz since the condition |ω/(kzvth,e)|LF ≪ 1 is
marginally fulfilled for such a relatively large value.

4. Numerical solutions of the nonlinear wave
equation

We propose here the numerical solutions of the nonlinear
coupled wave equations (2.53) and (2.85) as calculated by the
updated version (currently version 7.2) of the numerical code
ALGOR [93], written in MATLAB. We evaluate the spectral
broadening in the frequency and in the parallel refractive index
due to the nonlinear amplification of the noise produced by
the RF power source, limiting the simulation to those frequen-
cies where PIs are driven by the ISQM channel, as in [73].
We consider an experimental scenario typical for LH power
injection in the FTU tokamak [90]. The profiles for the elec-
tron density and temperature are shown in figure 10, assuming
the last closed magnetic surface (LCMS) at 2.5 cm from the
LH antenna mouth. We consider an electron density at the LH
grill of 1.6× 1012 cm−3 (we assume about twice the cutoff
density) and an electron density of 9.83× 1012cm−3 at the
LCMS, an electron temperature at the LH grill of 2.5 eV and
an LCMS electron temperature of 20 eV. Deuterium plasma
is considered and thermal equilibrium between ions and elec-
trons is assumed, i.e. τ = 1. The line frequency of the RF
source is f0 = 8.0 GHz, the LH coupled power is 300 kW and
the antenna radiating surface is 98.0 cm2, i.e. we simulate a
single module of the FTU LH grill [91]. We compute the
coupled power spectrum at the antenna mouth as the solution
of the antenna power coupling problem [22] with an antenna
facing a linear plasma density profile, which approximates the
density profile in the first centimeter of the SOL. We consider
a phase shift of 90 degrees between adjacent rectangular wave-
guides belonging to the same row of the LH grill. The parallel
and poloidal refractive indexes corresponding to the peak val-
ues of the coupled power spectrum are nzo = 2 and nyo = 0,
respectively.

We consider noise from an RF power source with a spectral
energy density proportional to the reciprocal of the square of
the frequency (red noise) and a power level of−30 dB (relative

Figure 10. Density profile (dotted line) in cm−3 and the
temperature profile (dashed line) in eV considered in the
simulations for the SOL of FTU.

to the pump power) at a frequency shift of about 500 kHz from
the pump line frequency f0. A constant magnetic field B0 =
4.52 ẑ in the SOL is assumed.

We consider the slab geometry described in section 2. To
simplify the spectral representation of the pump wave, we rep-
resent here the pump as a delta function in frequency (centered
at f0) and in poloidal refractive index (centered at nyo = 0),
while we retain its full spectrum in the parallel refractive
index. We perform a spectral discretization of the problem on
a meshgrid with 2583 spectral components. We consider 21
points in frequency around the pump line frequency f0 with
a uniform step size ∆f = 526 kHz, 41 points in the parallel
refractive index with a uniform step size ∆nz = 0.5, 3 points
in the poloidal refractive index with a uniform step size∆ny =
0.5 and a spatial discretization with 251 points in the radial dir-
ection with a uniform step size of 0.01 cm. The complex amp-
litude of the parallel component of the high-frequency electric
field EHFz (x,ω, ky,kz) has the following discrete representa-
tion:

EHFz (x,ky,kz,ω)

=
∑

l,m,n

[
ψ̃ l,m,n (x)δ (ω−ωl)δ (ky− km)δ (kz− kn)+ c.c.

]
,

(4.1)

where ωl = ω0 + l ∗∆ω with ω0 = 2π f0, ∆ω = 2π ∆f, l ∈ Z
and −10⩽ l⩽ 10; km = m ∗∆ky with ∆ky = (ω0/c) ∗∆ny,
m ∈ Z and −1⩽ m⩽ 1; kn = n ∗∆kz with ∆kz = (ω0/c) ∗
∆nz, n ∈ Z and −20⩽ n⩽ 20. Writing the nonlinear wave
equation for each discrete spectral component, we obtain a
homogeneous system of nonlinearly coupled wave equations.
Each equation is a homogeneous ordinary differential equation
given by:

∂2x ψ̃ l,m,n (x)

=
(
βL (x,ωl,km,kn)+ β̃NL (x,ωl,km,kn)

)
ψ̃ l,m,n (x) .

(4.2)
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Here,

βL (x,ωl,km,kn) =

(
k2m+ k2n−

ω2
l

c2

)
+

(
k2n−

ω2
l

c2

)
× k2De (x)

k2n

1+ ũl,n (x)S(ũl,n (x))
1+ iγ̃n (x)S(ũl,n (x))

, (4.3)

with kDe (x) = 1/λDe (x), λDe (x) =
[
kBTe (x)/

(
4πneo (x)e2

)]1/2,
ω̃l (x) = (ωl+ iνe (x)), ũl,n (x) = ω̃l (x)/(knvth,e (x)), γ̃n (x) =
iνe (x)/(knvth,e (x)) and,

β̃NL (x,ωl,km,kn) =− e2

2(kBTe (x))
2

ω2
pe (x)

ω̃2
l (x)

×

(
k2n−

ω2
l
c2

)
(1+ iγnS(ũl,n (x)))

×
∑
a,b,c

∣∣∣ψ̃ a,b,c (x)
∣∣∣2GLF

l−a,m−b,n−c (x)

×Hl,n,a,c
l−a,n−c (x) , (4.4)

where the summation is over every HF spectral component
(a,b,c) in the meshgrid with (a,b,c) ̸= (l,m,n) and,

GLF
l−a,m−b,n−c (x)

=
1

kn−c

(
ε(x, ω̃l−a,km−b,kn−c)−χ e (x, ω̃l−a,km−b,kn−c)

ε(x, ω̃l−a,km−b,kn−c)

)
,

(4.5)

Hl,n,a,c
l−a,n−c (x) =

F(
(
uLFl−a,n−c (x) ,u

HF
l,n (x)

)
kn

−
F
(
uLFl−a,n−c (x) ,

(
uHFa,c (x)

)∗)
kc

, (4.6)

where according to the general selection rules (arising from
the discretization of the two nested convolutions of the non-
linear term (2.60)) ωLFl−a = ωHFl −ωHFa , kLFm−b = kHFm − kHFb ,
kLFn−c = kHFn − kHFc (where we have simply highlighted with
an apex the spectral separation in the frequency domain),
we have that ω̃l−a = ωLFl−a+ iνe (x) = (l− a) ∗∆ω+ iνe (x),
km−b = kLFm−b = (m− b) ∗∆ky, kn−c = kLFn−c = (n− c) ∗∆kz
and uLFl−a,n−c (x) = ω̃l−a/(kn−cvth,e (x)), uHFl,n (x) = ũl,n (x) =
ω̃l/(knvth,e (x)), ω̃a = (ωa+ iνe (x)) and uHFa,c (x) = ũa,c (x) =
ω̃a/(kcvth,e (x)). We solve this nonlinear system with an iter-
ative method, using as initial guess the solution of the linear
wave equation for the pump wave. The iterative method is
based on a numerical scheme that exploits the natural spec-
tral separation in frequency between the pump wave and the
sideband waves [73]. In each iteration, the nonlinear wave
equation is solved first for all the sideband spectral com-
ponents and then for all the pump spectral components. The
nonlinear coupling is limited only between the pumpwave and
the sideband waves, i.e. the nonlinear interactions between the
spectral components of the sideband waves and between the
spectral components of the pump wave are not considered (the
latter is excluded by the zero limit of the coupling function for
zero frequency of the intermediate mode). In this way, in each

iteration, all the sidebands see the same pump (computed at
the previous iteration) and all pump spectral components see
the same sidebands (computed at the previous iteration). We
have found that this scheme ensures the convergence of the
nonlinear system of coupled equations. Moreover, we integ-
rate numerically each wave equation (4.2) with an algorithm
based on an implicit Runge–Kutta method with variable order
and with variable integration step [94], controlling the numer-
ical convergence with thresholds on both the relative error
(1 × 10−6) and the absolute error (1 × 10−9). Moreover,
in order to evaluate the ion susceptibility in equation (4.5),
we solve the system of ordinary differential equations (2.56)
and (2.57) to obtain the relevant complex radial wavenumber
kx of the LF ion-sound quasi-modes resulting from the beating
of two HF electric fields. As initial conditions, concerning the
pump wave equations, we consider for each spectral compon-
ent the amplitude and the derivative of the solution Ez (x) of
the antenna power coupling problem [24] with a facing linear
plasma density profile.

For the sideband wave equations, we consider a red noise
produced by the RF source, and for each spectral component
the amplitude of the parallel electric field Ez (x) and the gradi-
ent ∂xEz (x) are computed in the same way that was done for
the pump wave (since we consider here an antenna coupled
noise). Moreover, we limited theN∥ domain according to a full
accessibility condition to the LCMS plasma layer in order to
avoid the spectral components lost in the mode conversion of
an LH wave to a fast wave. Thus, for all spectral components
here considered, the condition

∣∣N∥
∣∣> 1.24 must be satisfied

(in the present meshgrid, we have
∣∣N∥
∣∣⩾ 1.5). Moreover, we

define the pump depletion at the radial position x as:

Pump_depletion(x) = 1−Px (x)/P
LIN
x (x) , (4.7)

where Px (x) is the radial power flux density, evaluated at x
radial position, obtained from the solution of the nonlinear
coupled system of equations for the pump wave; PLINx (x) is the
radial power flux density, evaluated at the same x radial posi-
tion, computed from the solution of the linear solution of the
wave equation for the pumpwave, i.e. the wave equation (2.85)
without the nonlinear term. The quantity (4.7) measures the
power that the pump wave loses for nonlinear effects due to
the transfer of power to the sideband waves. In figure 11, it is
shown that the trend of the radial component Px of the power
flux density vector P for the pump wave versus the radial posi-
tion x for both the linear and the nonlinear case and the corres-
ponding pump depletion, as defined in (4.7). We reach numer-
ical convergence of the solution of the nonlinear system in
four iterations, with pump depletion at the LCMS of about 3%.
We observe that the numerical convergence here is quite fast
since we simulated a scenario with low pump depletion. In
scenarios with stronger PI, the numerical convergence may be
reached with more iterations and longer simulation times. In
figure 12, the spectral broadening of the coupled power spec-
trum in the frequency domain can be observed. The predicted
asymmetry of the power spectrum is dominated by the lower
sidebands. This asymmetry is typical of PI and it is usually
observed in the measured RF spectra when PI occurs [11, 60,
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Figure 11. Radial component of the power flux vector for the pump
wave versus the radial position x for both the linear (dashed line)
and the nonlinear (point dashed line) case and the corresponding
pump depletion (dotted line).

88]. In figure 13, the spectral broadening of the parallel refract-
ive index can be observed. The predicted broadening improves
previous results [73]. The amplified spectral components up
to N∥ ∼ 10 may determine the power deposition in the outer
part of the plasma column. Figures 12 and 13 are typical res-
ults of a nonlinear modeling allowing the estimation of the
transfer of the pump power to new sideband spectral com-
ponents. Since the FTU experimental scenario considered here
has a pump depletion at the LCMS of about 3%, only a small
fraction of the coupled power is predicted to be transferred to
each sideband. We have checked that all the model constraints
are fulfilled. Here, we show that the more critical parameters
can be checked. In figure 14, we plot the maximum values of
the angle δ, the quantity |ω kx/(Ωekz)|, the expansion para-
meter η and the LF quantity

∣∣(1/k2x)∂ kx/∂x∣∣ versus the radial
position evaluated over all spectral components of the side-
band waves. Since all the values are always much less than
unity, the relevant hypotheses are satisfied in the simulation.
In figure 15, it is shown that, as a representative solution for
the sideband waves, the spatial amplification of a few selected
spectral components of the lower sideband corresponds to the
frequency of the relativemaximum at∼7.996GHz observed in
figure 12. In figure 16, it is shown that, as a representative solu-
tion for the pump wave, the spatial trend for the three selected
spectral components corresponds to the peak of the coupled
power spectrum. The components with a longer wavelength
in the radial direction are those where the WKB validity fails.
Finally, in order to appreciate the difference in the spatial amp-
lification of the sideband waves driven unstable by PI as com-
puted by the ALGOR code, and that one as predicted from the
standard theory [15], we solve the standard PDE in the com-
plex angular frequency, obtaining the growth rates for plasma
parameters corresponding to those of the plasma edge in the
simulation.

Moreover, we use the method indicated in [15, 60] to eval-
uate the effects of convective losses due to plasma inhomo-
geneity and due to finite illumination by the LH pump wave.
As a result, concerning the leading LH sideband, the ALGOR
code predicts a spatial amplification of about 40 dB while the
standard theory predicts a larger amplification of about 60 dB.

Figure 12. Coupled power spectrum (dotted line) at the LH antenna
mouth and nonlinear broadened power spectrum (dashed line) at the
LCMS, both represented in the frequency domain. Spectral
broadening is the result of the nonlinear interaction of the pump
wave at the operating line frequency f0 = 8.0 GHz with the sideband
LH waves.

Figure 13. Coupled power spectrum (dotted line) at the LH antenna
mouth and the broadened power spectrum (dashed line) at the
LCMS, both represented in the parallel refractive index domain.
Gray central band indicates the spectral components of the spectrum
that were ignored in the simulations since they correspond to slow
waves that do not satisfy the accessibility condition to the LCMS.

We have calculated the amplification of other LH sidebands
based on the standard theory of PI and found that this ampli-
fication is overestimated by orders of magnitude with respect
to the new modeling, so that significant pump depletion would
be predicted by the standard modeling, much larger than the
3% found by the new modeling.

5. Discussion and conclusions

The importance of PI in the LHCD physics of tokamak plas-
mas motivates an accurate theoretical modeling of this non-
linear effect. The objective of the present study has been to
overcome the limits and the incorrectness of the standard the-
ory of the PI in inhomogeneous plasma [15, 60, 67, 68] and
provide a correct assessment of the role of the collisions, which
were overestimated by previous, incorrect analysis [66]. This
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Figure 14. Most critical parameters for the model validity,
evaluated taking their maximum values over all simulated spectral
components, plotted here as a function of the radial position x: the
expansion parameter η, the quantity |ω kx/(Ωekz)|, the angle δ and
the quantity

∣∣(1/k2x)∂ kx/∂x∣∣.

Figure 15. Spatial (radial) trend of the real part of the complex
amplitude for selected spectral components of the sideband wave
with l=−7 (corresponding to the frequency ∼7.996 GHz at the
peak shown in figure 12), m= 0 and n= 1, 11, 25, 41.

required developing a full-wave approach, improving previ-
ous modeling [20, 73]. As a main result, a new set of non-
linear coupled integro-differential equations in the LF and
HF ranges, respectively equations (2.53) and (2.88)–(2.90),
has been derived in section 2 from a kinetic model of colli-
sional plasma and the Maxwell equations, based on the spec-
tral method and the perturbation theory up to the third order.
The effects of the collisions have been included here in the kin-
etic equation by a simple BGK particle conserving operator,
which seems sufficient to capture the correct LH physics in
the present study, as suggested by the analysis in appendix A.
As in the standard PI theory for inhomogeneous plasma, the
1D slab model is adopted, assuming a constant equilibrium
magnetic field. 2D modeling and spatial variation of the static
magnetic field are essential to describe the wave propagation
and its effects in the plasma core. In the peripheral plasma,
where PI occurs, it is expected that the nonlinear driving of

Figure 16. Spatial (radial) trend of the real part of the complex
amplitude for selected spectral components of the pump wave with
l= 0, m= 0 and n= 24, 25, 26.

the instabilities does not change significantly in the presence
of these effects, unless important poloidal asymmetries and
important poloidal components of the launched LH waves are
present. However, these should be avoided in a well-designed
LHCD experiment in a tokamak device. The plasma ions, in
the HF range are assumed, as usual in the LH wave model-
ing, to be a cold, unmagnetized fluid. We show in section 3
that this assumption is reasonably well justified. An important
feature of our modeling is that finite electron Larmor radius
effects have been neglected. For typical peripheral plasmas
in tokamak devices, where PI driven by LHCD power injec-
tion occurs, the ordering ρth,e ≪ λD,e usually holds. The kin-
etic equation used here as well as in the standard modeling of
PI only concerns collective effects that occur on scale lengths
much larger than the electron Debye length.

In this vein, the condition |k⊥|ρth,e ≪ 1 that we assume
here should not be considered as a limit of the theory but a pre-
requisite for any LH modeling based on the kinetic equation
for the plasma electrons. We also neglect the drift frequen-
cies compared to the characteristic frequencies of the ISQM
and ICQM channels of PI, which is reasonable, as the latter
are orders of magnitude larger. Moreover, if the eikonal hypo-
thesis is not well justified, a regime that we assume to occur for
|kxL|< 10, we derive the electron charge and current densities
in the HF range based on the cold plasma approximation. In
this regard, we note that in this case the cold plasma approx-
imation is justified and has been used to derive the linear LH
full-wave equation for the analysis of LHCD scenarios in [69],
where the perturbed current densities are calculated by the
cold conductivity tensor. The cold plasma approximation was
also used in the full-wave propagation analysis of the injec-
ted LH power in the presence of steep density profiles [95]. A
complete list of the specific model constraints is proposed in
table 2 of section 2. These are usually fulfilled in peripheral
tokamak plasmas in LHCD experiments, as suggested by the
typical plasma and RF parameters listed in table 3. As a bench-
mark of the new theory, in section 3 we have compared, in the
homogeneous and collisionless plasma limit, the solutions of
both the linear dispersion equation and the nonlinear paramet-
ric dispersion equation for electrostatic LH waves, as derived
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from our modeling, with those obtained within the framework
of a full kinetic model within the archived literature. In partic-
ular, the solutions of the linear dispersion equation are, in prac-
tice, identical. Concerning the parametric dispersion equation
derived from our theory, it differs from the known expres-
sion in the standard theory of PI [15, 60, 61] only due to
the following approximations: (i) in the HF dielectric function
we consider unmagnetized ions; (ii) in both the LF and HF
range finite electron Larmor radius effects are neglected; (iii)
the polarization drift term in the nonlinear interaction is neg-
lected; (iv) the drift frequency in the LF linear susceptibility
of both the electrons and ions is neglected. These approxim-
ations are well justified in peripheral plasma conditions. For
typical experimental scenarios, tiny differences emerge in the
PDE numerical solutions, i.e. in the growth rates and frequen-
cies of the LH sideband waves driven unstable, as a function
of the parallel wavenumber. On the other hand, our model-
ing has many advantages compared to the standard theory of
PI in inhomogeneous plasmas, in addition to overcoming the
lack of validity of the eikonal hypothesis used in that the-
ory. This allows us to treat, in detail, the overall wavenum-
ber spectrum of the pump wave, which in the standard model
is reduced to a single component. The effects of finite illu-
mination of the pump, which in the standard model are con-
sidered only by means of the geometrical parameters of the
area illuminated by the antenna, are embedded here in the
complete poloidal and toroidal wavenumber spectrum of the
LH pump wave. The convective loss effects, which in the
standard model are often treated considering the phase mis-
match of the interacting waves based on their parameters at the
antenna mouth [15, 60], are embedded in the coupled LF-HF
wave equations, considering the wave propagation in the over-
all interaction region. This was also done within the frame-
work of a more refined eikonal theory in [67] concerning elec-
trostatic LH waves, though still affected by the incorrectness
and limits of that approach. Here, we consider electromagnetic
LH waves. These are treated within the electrostatic approx-
imation of the standard theory, and only a recent analysis in
homogeneous plasma [65] suggested a non-negligible stabiliz-
ation effect due to the electromagnetic corrections. Finally, the
model proposed can take into account diffraction effects that
are missing in the eikonal theory and can be important for LH
sidebands with relatively low parallel wavenumber. Although
in the present numerical implementation of the model this fea-
ture is not included, it might in principle also treat sideband-
sideband interactions instead of considering only sideband-
pump interactions. In this vein, cascade PI phenomena might
also be evaluated.

The new modeling improves significantly previous full-
wave LH theories of PI, proposed in [20, 73]. In the former,
a fluid model was used to evaluate the time evolution of an
LH power pulse with two spectral components in the parallel
wave number, thus not considering a steady-state condition,
which is necessary for a comparison with LHCD experiments.
In the latter, only adiabatic electrons in the HF range were con-
sidered and the electron dynamics perpendicular to the mag-
netic field was neglected, missing the effect of E×B drive of
PI. Limiting the ion dynamics in the LF range to the parallel

motion also allowed us to treat only the ISQM channel of PI.
Moreover, due to an approximate treatment of the poles in the
velocity space involved in the kinetic model, based on the adia-
batic approximation, it is not possible to deduce the correct
PDE even within the limit of dominant parallel drive of PI. In
the present implementation of the new model in the numer-
ical code ALGOR, updating older versions [73, 93], only the
parallel electric field E∥ of the LH pump wave is considered.
In fact, it is the dominant PI drive with respect to the E×B
term in the low-density regimes, typically up to ∼ 1019 cm−3,
as long as the angle δ of the perpendicular wavenumber of the
LH pump and the LH sidebands is sufficiently small [61, 73].
To maximize the amplification of the LH sidebands by con-
sidering the convective losses, and the finite region illumin-
ated by the LH antenna, an optimal value of only δ ∼= 0.14
has been indeed suggested [68]. For larger plasma density the
eikonal hypothesis is reasonably justified. Therefore, the PI
modeling can be completed by interfacing the numerical code
ALGORwith the code LHSTAR [60]. The latter calculates the
effects of PI in LHCDphysics based on the eikonal hypothesis.
However, we observe that in reactor scenarios like ITER, for
plasma densities exceeding the above limit, a region of steep
gradients of density and temperature, near the separatrix, is
envisaged. In this case, strong convective losses are expected
to quench the PI and the large electron temperatures Te expec-
ted also reduce the PI drive. Therefore, the present modeling
can also be used standalone as a suitable guide for the design
of LHCD systems for future reactor relevant machines, con-
cerning the PI effects. The numerical solutions of the new set
of nonlinear integro-differential wave equations, proposed in
section 4, exhibit frequency spectra with features similar to
those observed in LHCD experiments, such as spectral broad-
ening and asymmetry around the pump wave frequency, with
larger amplifications of the LH sideband at lower frequen-
cies. A check of the validity of the model constraints as well
as of the energy conservation, which is reasonably well ful-
filled within the unavoidable limit of numerical noise, makes
us confident about the reliability of the model implementation
by ALGOR. A comparison of the amplification of LH side-
bands driven unstable by PI as calculated by ALGOR and by
the method indicated in [15, 60] to evaluate the effects of con-
vective losses and finite illumination by the LH pump wave
has also been performed. As a result, ALGOR predicts a much
smaller amplification (about 20 dB less). This is due to the fact
that the standard theory evaluates the amplification on the basis
of the growth rates calculated at the initial point of the nonlin-
ear interactions, i.e. near the antenna mouth. There, the pump
wave electric field has the largest value. However, the model
implemented in ALGOR considers the space evolution of the
LH pump wave electric field, driving the PI. It decreases fol-
lowing thewave propagation in the peripheral plasma. It is thus
not surprising that the standard modeling of PI in inhomogen-
eous plasma overestimates the LH sideband amplification. We
have also assessed the role of the collisions in PI.We show that
they are marginal concerning the PI for typical levels of the
LH pump power density. In this vein, we have pointed out that
previous analysis, performed in [66], overestimated the stabil-
izing effect of the collisions, due to a model error, completely

30



Plasma Phys. Control. Fusion 66 (2024) 095005 C Castaldo and F Napoli

neglecting the important ion contribution to determine con-
sistently the LF electric field. A new analytical expression for
the growth rate of the PI, within the limit of dominant paral-
lel drive, has been derived, correcting the analogous formula
proposed in [66], which greatly overestimates the effect of the
collisions.

We have found that the role of the collisions becomes
essential near the threshold power for the onset of PI.
An analytical expression for this threshold has been
proposed.

Possible improvements in the modeling are listed in the
following. The ALGOR code must be updated to include the
contribution of the E×B drive and the aforementioned cas-
cade effects. The effects of LH scattering off density fluctu-
ations should be included in the model, as they might provide,
in synergy with nonlinear effects, a more accurate analysis of
LHCD experiments. A 2D model in space will be developed,
overcoming the limits of the slab model. In this regard, we
note that high-frequency waves typically give rise to bend-
ing wave fronts so that treating the equations in one dimen-
sion only merely describes the physics up to a point. It is also
planned to take into account the spatial variation of the equilib-
rium magnetic field, which has been assumed here to be con-
stant. However, it is not expected that these effects might sig-
nificantly change the nonlinear LH physics in peripheral plas-
mas. For a complete LHCD modeling, it is also necessary to
develop an interface between ALGOR and ray-tracing codes
coupled to Fokker–Planck solvers, e.g. RAYFP [96], in order
to evaluate the LHCD power deposition and current drive in
the plasma core. Strong turbulence effects, already sugges-
ted in [20], might occur in front of the LH launcher, where
the expansion parameter in some LHCD scenarios might only

marginally satisfy the weak turbulence conditions. A full non-
linear model, e.g. within the fluid theory or by a suitable
PIC (particle in cell) algorithm, might be used to properly
treat these effects. Finally, a careful theoretical analysis of
the LHCD spectral noise, which is the seed of the PI, pos-
sibly complemented by experimental measurements, should
be performed. We plan to apply the present modeling with at
least some of the above improvements to analyze experimental
scenarios, for example those of [11], [59] and [97] as well as
the LHCD scenarios envisaged for ITER [87] or other reactor
relevant tokamaks.

However, we believe that the present study provides a sig-
nificant improvement over the standard modeling of PI and is
a candidate to represent the state of the art in this field. The
above improvements, now ongoing, should indeed provide a
high-fidelity modeling of the LHCD physics.
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Appendix A. The collision operator

In section 3, we show that the collisions play a marginal role in PI if the LH pump power is much larger than the threshold for
their onset. However, they are important to determine the power threshold for PI and it is reasonable to admit that they affect
the LH nonlinear behavior for low LH power regimes. In this vein, it is important to investigate if the 1D particle-conserving
BGK collision operator, as given by equation (2.1), is sufficiently accurate to model the LH physics. Here, we show that the
collisions do not change significantly the nonlinear coupling function and the LF linear plasma electron response. They affect
the LH physics near the PI threshold due to the collisional damping of the LH sideband waves. We thus first verify that the
LH collisional damping is calculated with reasonable accuracy utilizing the proposed collision operator. We note that the LH
collisional damping is calculated by linear codes within the weak-damping limit usually adding a suitable imaginary part to
the dispersion relation. In the GENRAY code [98], for this purpose, as suggested in [32], the electron mass me is replaced
by me (1+ iνei/ωr) in the cold plasma dispersion relation used in the ray equations of the eikonal theory. Within the limits
ωpe ≪ |Ωce|, ωpi ≪ |ω| and νei ≪ |ω|, for LH quasi-electrostatic waves, the relevant dispersion relation is thus as follows:

ε= 1−
ω2
pe

ω2

k2∥
k2⊥

(
1− i

νei
ωr

)
. (A1)

As a result, the collisional damping rate is γC = νei/2, which is identical to the value given by equation (3.21) utilizing
the collision operator defined in equation (2.1), though a more general collisional rate νe is present there (it might include, in
principle, also the effects of the electron–neutral and electron–electron collisions).

The simple collision operator given by equation (2.1) thus provides essentially the same collisional damping rate of the LH
simulation code GENRAY, widely used for many years to study the LHCD experiments in several tokamak plasma scenarios,
up to quite recent predictive study for the LHCD design [99] in the CFETR planned tokamak fusion reactor [100].

As a further assessment of the accuracy of the collision operator used, we compare the collisional damping in the HF range
with the result obtained by the following more accurate BGK 1D linear collisional operator:

(
∂ge
∂t

)
coll

=−νe
(
ge− geo

ne
neo

)
+ 2νe

(
v2z
v2th,e

− 1
2

)
geo
neo

+∞ˆ

−∞,L

dvz

(
v2z
v2th,e

− 1
2

)
ge. (A2)

This operator conserves the particle number and the kinetic energy and is zero in equilibrium conditions, i.e. for ge = geo =
neoπ−1/2v−1

th,e exp
(
−v2z/v

2
th,e

)
.

The perturbed force density acting on the electrons, due to the collisions, is parallel to the magnetic field, namely Fz =
−meνeneouz, where uz =

´ +∞
−∞ dvz ge/ neo. The sum of the force densities acting on the ions and neutrals must be opposite to Fz,

leading to momentum conservation. However, we have assumed that the ions behave as a fixed background (we can also extend
this assumption for the neutrals), so that no energy exchange is allowed between them and the mobile electrons. Consistently,
we have,

−∞̂

+∞

dvz
1
2
mev

2
z

(
∂ge
∂t

)
coll

= 0. (A3)

The first-order, linear kinetic equation in the HF range is:

∂ge
∂t

+ vz
∂ge
∂z

+
qe
me
Ez
∂geo
∂vz

=

(
∂ge
∂t

)
coll

. (A4)

For monochromatic LH waves Ez = Ez1e−i(ω1t−k1·r) we obtain the following, from equations (A2) and (A4):

ge =
i

ω1 + iνe− kz1vz

[
+
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Here, we define the perturbed quantity K∥ as,

K∥ =
1
neo

−∞,Lˆ

+∞

dvz
1
2
mev

2
zge. (A6)

Following Landau’s prescription, the integration of the equation (A5) gives,

ne =−i qeneo
mekz1v2th,e
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)
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Here, u= (ω1 + iνe)/(kz1vth,e). We rewrite the above equation utilizing the definitions:

Jn =
1√
π

+∞ˆ

−∞,L

dz
e−z2

z− u
zn, Ez1 = EoEz1, γe =

νe
kz1vth,e

. (A8)

Here, Eo > 0 is the squared root of the time average of the squared parallel electric field of the LH pump wave, with angular
frequency ωo, at the peak value corresponding to the parallel wave number N∥o. We also recall the definition of the expansion
parameter:

η =
eEo

mevth,eωo
. (A9)

We thus obtain from equation (A7), defining uo = ωo/(kzvth,e):

ne = iηuoEz1neoJ1 − iγeneJo− iγe

(
2neoK∥

Te
− ne

)(
J2 −

Jo

2

)
. (A10)

From equations (A5) and (A6) we have:

K∥ = Te

[
ηuoEz1J3 − iγe

ne
neo

J2 − iγe

(
2T∥
Te

− ne
neo

)(
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J2

2

)]
. (A11)

In terms of the variables x= ne/neo and y= K∥/Te we rewrite the linear system (A10), (A11) in the form:

x= iηuoEz1J1 − iγeJox− iγe (2y− x)

(
J2 −

Jo

2

)
, (A12)

y= ηuoEz1J3 − iγeJ2x− iγe (2y− x)

(
J4 −

J2

2

)
. (A13)

The calculations of Jn with the integer n, so that 0⩽ n⩽ 4, give:

Jo = S(u) , (A14)

J1 = 1+ uS(u) , (A15)

J2 = u [1+ uS(u)] , (A16)

J3 =
1
2
+ u2 [1+ uS(u)] , (A17)

J4 =
1
2
u+ u3 [1+ uS(u)] . (A18)

For Landau damping rate and collisional damping rate much smaller than the angular wave frequency, i.e. for weak damp-
ing, the perturbation theory can be applied. The anti-Hermitian part of the dielectric tensor can be expressed as a sum of the
contribution due to Landau interaction and the collisional interaction. Therefore, the Landau damping can be calculated setting
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to zero the collisional rate and the collisional damping can be calculated within the limit of vanishing Landau damping, namely
for |u| ≫ 1. The latter ordering gives, considering the asymptotic expansion of the plasma dispersion function:

Jo
∼=−1

u
,J1

∼=− 1
2u2

,J2
∼=− 1

2u
,J3

∼=− 3
4u2

,J4
∼=− 3

4u
. (A19)

The equations (A12) and (A13) give:

x=− iηuoEz1
u2

+ i
γe
u
x, (A20)

y=−3ηuoEz1
4u2

+ i
γe
u
y. (A21)

To determine the collisional damping rate only the former equation is necessary. It gives the perturbed electron density:
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1
1− i νe
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νe
ω1,r

)
. (A22)

The approximation on the r.h.s. of the above equation is obtained from the orderings |ω1,i| ≪ |ω1,r| (weak damping) and
νe ≪ |ω1,r|.

For quasi-homogeneous plasma, so that the eikonal approximation is valid, the approximated linear wave equation in the HF
range, within the electrostatic limit, is obtained from equation (2.26):

k21Ez1 − 4π ikz1ene = 0, (A23)

where ne is given by equation (A22).
The above equation can be cast in the form:

ε1Ez1 = 0. (A24)

The dielectric function ε1 is given by:

ε1 = 1−
ω2
pe

ω2
1

k2z1
k21

(
1− i

νe
ω1,r

)
. (A25)

The perturbation theory gives:

ω2
1,r

∼= ω2
pe

k2z1
k21
, (A26)

and

ω1,i =−νe
2
. (A27)

Therefore, the collisional damping rate is again γC1 = νe/2.
Concerning the LF range, the linear electron density perturbation is formally given by equation (2.42) both in the case of

the Fourier transform and in the case of the response to monochromatic waves. In the former, the LF angular frequency ω is
real, while in the latter, an imaginary part is allowed, to account for damping or growth rates. In both cases, the small argument
approximation can be used for the plasma dispersion function and we obtain:

n(2)Le
∼= 2ineo

eEz
mekzv2th,e

[
1+ i

√
π

ω

kzvth,e

]
. (A28)

We recall that the following orderings hold:

|ω|/(|kz|vth,e) ,νe/(|kz|vth,e)≪ 1.

Equation (A28) is obtained including first-order terms in the small ratios defined above. As a result, the LF linear electron
density perturbation does not depend on the collisional frequency up to the second order in νe/(|kz|vth,e) and, within this order,
is the same for collisionless plasma.We show now that the nonlinear second-order electron density perturbation is pooly affected
by the presence of the collisions and can be approximated reasonably well by the expression obtained for collisionless plasma.
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The present discussion is limited to the parallel coupling function F∥. Similar conclusions concern the perpendicular coupling
function F⊥ as well as the third-order nonlinear density perturbation. We report here the full parallel coupling function that can
be derived also retaining in the gradients of the velocity distribution the contribution to the collisions, namely:

F∥ (ue,u
′
e) =

2
1+ iγeS(ue)

[
ue
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+
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where ue = (ω+ iνe)/(kzvth,e) u ′
e = (ω ′ + iνe)/(k ′zvth,e) and γ

′
e = νe/(k ′zvth,e).

As observed in section 2, only the beating of two HF fields (one of them being a component of the pump due to the ordering
|Ez,sideband| ≪ |Ez,pump|) has to be considered in the nonlinear density perturbation given in section 2. Therefore, the angular
frequencies in the definitions of the variables u and u ′ of the coupling function F(u,u ′) belong, respectively, to the LF and HF
range. The orderings |u| , |γ| , |γ ′| ≪ 1 hold and, for the large majority of LH waves, it is also verified that |ω ′/(k ′zvth,e)|> 2.
Therefore, we obtain, neglecting second-order terms in |u| , |γ| , |γ ′|, adopting the asymptotic expansion for S(u ′) and the small
argument approximation for S(u)

F∥ (u,u
′)∼=

1
u ′

[
4u− 1

u ′ − i
√
π sgn(kz)+ iπ

νe
kzvth,e

]
. (A30)

For a given LF spectral component (with angular frequency ω, poloidal wavenumber ky and toroidal wavenumber kz) any
given spectral component of the LH sideband contributes twice to the integral in equation (2.46), beating with any given pump
component (with angular frequency ωo, poloidal wavenumber kyo and toroidal wavenumber kzo), with parallel electric field
denoted as Ezo, dropping the wavenumbers indices. Let us denote Ez1 as the parallel electric field of an LH sideband spectral
component with angular frequency ω1 = ω−ωo, poloidal wavenumber ky1 = ky− kyo and toroidal wavenumber kz1 = kz− kzo.

The two contributions of the beating EzoEz1 comes from ω ′ = ωo, k ′y = kyo, k ′z = kzo andω ′ = ω1, k ′y = ky1, k ′z = kz1.
Therefore, the total contribution to the integral due to the beating EzoEz1 is given by:

EzoEz1

(
F∥ (u,uo)

kzkzo
+
F∥ (u,u1)

kzkz1

)
=
EzoEz1
kz

{
1

uokzo

[
4u− 1

uo
− i

√
π sgn(kz)+ iπ

νe
kzvth,e

]
+

1
u1kz1

[
4u− 1

u1
− i

√
π sgn(kz)+ iπ

νe
kzvth,e

]}
∼=−EzoEz1

v2th,e
ω2
o

[
1+O

(
νe
ωo

)
+O

(∣∣∣∣ ω

kzvth,e

∣∣∣∣)] . (A31)

In figure A1, we plot as a function of the frequency of the quasi-modes the real part of the following quantity:

A=
ω2
o

v2th,e

(
F∥ (u,uo)

kzkzo
+
F∥ (u,u1)

kzkz1

)
∼=−1+O

(
νe
ωo

)
+O

(∣∣∣∣ ω

kzvth,e

∣∣∣∣) . (A32)

The plasma and RF parameters considered are summarized in table A1. These values are typical for ITER scenarios [76,
77], except obviously the parallel wavenumber of the LF quasi-modes.

The mode coupling is affected by the collisions by less than 1% concerning the real part. In figure A2, we show the imaginary
part of A. It is mainly due to the correction to the approximate expression coming from the term of the order |ω/(kzvth,e)|. The
effect of the collision is marginal and can be seen more precisely only by zooming the figure.

Let us now denoteEz2 as the parallel electric field of an LH sideband spectral component with angular frequencyω2 = ω+ωo,
poloidal wavenumber ky2 = ky+ kyo and toroidal wavenumber kz2 = kz+ kzo.

The two contributions of the beating E∗
zoEz2 comes from ω ′ =−ωo, k ′y =−kyo, k ′z =−kzo and ω ′ = ω2, k ′y = ky2, k ′z = kz2.

Therefore, the total contribution to the integral due to the beating E∗
zoEz2 is given by:

E∗
zoEz2

(
−
F∥ (u,u∗o)

kzkzo
+
F∥ (u,u2)

kzkz2

)
=
E∗
zoEz2
kz

{
− 1
u∗okzo

[
4u− 1

u∗o
− i

√
π sgn(kz)+ iπ

νe
kzvth,e

]
+

1
u2kz2

[
4u− 1

u2
− i

√
π sgn(kz)+ iπ

νe
kzvth,e

]}
∼=−E∗

zoEz2
v2th,e
ω2
o

[
1+O

(
νe
ωo

)
+O

(∣∣∣∣ ω

kzvth,e

∣∣∣∣)] . (A33)
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Figure A1. We plot the real part of the quantity A defined in equation (A31) as a function of the frequency of the quasi-modes. Plasma and
RF parameters are reported in table A1. From the top curve to the bottom curve the density is increased following the values indicated in
table A1, and the collision rates increase, following the set of values given in its caption.

Table A1. Plasma and RF parameters used in figure A1. Here, N || = k||c/ωo, where k|| is the parallel wavenumber of the LF quasi-modes.
The collision frequencies associated with the increasing values of the plasma density are (in 106 s−1 units) 0.216, 1.04, 2.04, 9.75 and 19.1.

Te (eV) ne (1012 cm−3) Zeff f o (GHz) N ||o N ||

11.7 0.1, 0.5, 1.0, 5.0, 10.0 1.5 5.0 1.85 20.0

Figure A2. We plot the imaginary part of the quantity A defined in equation (A31) as a function of the frequency of the quasi-modes.
Plasma and RF parameters are reported in table A1. From the top curve to the bottom curve the density is increased following the values
indicated in table A1, so that the collision rates increase. However, their effect is marginal, of the order of 0.1% compared to Re(A) and can
only be seen by zooming the figure, as in the inset shown.
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Plots of the real and imaginary parts of quantity B defined below accord with the same observations made concerning
quantity A:

B=
ω2
o

v2th,e

(
−
F∥ (u,u∗o)

kzkzo
+
F∥ (u,u2)

kzkz2

)
∼=−1+ O

(
νe
ωo

)
+O

(∣∣∣∣ ω

kzvth,e

∣∣∣∣) . (A34)

We may conclude that the collisions contribute to the nonlinear electron density perturbation only marginally. The BGK
operator, while conserving the necessary quantity, neglects small angle scattering and cannot predict the enhanced relaxation
that occurs in the velocity ranges in which the distribution varies sharply. To account for small angle scattering by a diffusion
term, a collisional operator for like particles was proposed by Dougherty [101]. In 1D velocity space, its general nonlinear form
for plasma electrons is: (

∂g
∂t

)
c

=−νee (n,T)
∂

∂vz

[
T(g)
m

∂g
∂vz

+(vz−Uz (g))g

]
. (A35)

Here, the density n, the average velocity Uz and the temperature T, are given respectively as:

n=

+∞ˆ

−∞

dvzg, Uz =
1
n

+∞ˆ

−∞

dvzvzg, T=
m
n

+∞ˆ

−∞

dvz(vz−Uz (g))
2g .

If the electron distribution can be written as g= go+ δg where δg is a small perturbation and go is the Maxwellian with
density neo, temperature Te and zero mean velocity, then one may write the linear collisional operator as follows:(

∂g
∂t

)
c,D

=−νee (neo,Te)
∂

∂vz

[
Te
m
∂δg
∂vz

+
δT
m
∂go
∂vz

+ vzδg− δUzgo

]
, (A36)

where,

δT=
m
neo

+∞ˆ

−∞

dvz

(
vz

2 − Te
m

)
δg=

m
neo

+∞ˆ

−∞

dvzvz
2δg− Te

neo
ne,

ne =

+∞ˆ

−∞

dvzδg, δUz =
1
neo

+∞ˆ

−∞

dvzvzδg.

The 1D linear kinetic equation for the perturbed distribution δg in the HF range with the linearized Dougherty collision
operator given above is:

∂δg
∂t

+ vz
∂δg
∂z

− e
m
Ez1

∂go
∂vz

=

(
∂g
∂t

)
c,D

. (A37)

For monochromatic waves Ez1 = Az1 exp [−i(ω1t− k1 · r)] we have:

− i(ω1 − kz1vz)δg+ 2
e
m
Az1

vz
v2th,e

go =−νee
∂

∂vz

[
Te
m
∂δg
∂vz

+
δT
m
∂go
∂vz

+ vzδg− δUzgo

]
. (A38)

We define the variable z= vz/vth,e and the parameter u= ω1/(kz1vth,e), so the above equation can be rewritten in term of
dimensionless perturbed distribution δf(z) = vth,eδg(vth,ez)/neo. We obtain:

(z− u)δf − 2ieAz1
mkz1v2th,e

1√
π
ze−z2 = i

νee
kz1vth,e

[
1
2
∂2

∂z2
δf +

∂

∂z
zδf +

δT
2Te

1√
π

∂2e−z2

∂z2
− δUz

vth,e

1√
π

∂e−z2

∂z

]
. (A39)

In terms of the perturbed distribution function δf the quantities δT/(2Te) and δUz/vth are, respectively:

δT
2Te

=

+∞ˆ

−∞,L

dz z2δf − ne
2neo

,
δUz

vth,e
=

+∞ˆ

−∞,L

dz z δf,
ne
neo

=

+∞ˆ

−∞,L

dz δf. (A40)
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The Landau prescription, suggested above by the symbol L in the integrals above, must be used to treat the possible
poles of δf. The integro-differential equation for the perturbed distribution δf should be solved with the boundary conditions
lim

z→+∞
δf = lim

z→−∞
δf = 0. However, an approximate solution can be obtained considering that the collision operator on the r.h.s.

of equation (A36) is a small perturbation of the operator on the l.h.s. due to the ordering νee ≪ |kz1|vth. Therefore, the solution
of equation (A36) up to the zero order in the small parameter γee = νee/(|kz1|vth,e)≪ 1 is:

δf(o) = az1
1√
π

ze−z2

z− u
, where az1 =

2ieAz1
mkz1v2th,e

. (A41)

The solution correct up to the first order in γee is obtained by replacing δf with δf o on the r.h.s of equation (A39) and in the
integrals in equation (A39).

Therefore, we obtain:

δf(1) = δf(o) + i
γee
z− u

[
1
2
∂2

∂z2
δf(o) +

∂

∂z
zδf(o) +

(
δT
2Te

)(o) 1√
π

∂2e−z2

∂z2
−
(
δUz

vth,e

)(o) 1√
π

∂e−z2

∂z

]
, (A42)

where,

(
δT
2Te

)(o)

=

+∞ˆ

−∞,L

dz z2 δf(o) − 1
2

(
ne
neo

)(o)

,

(
δUz

vth,e

)(o)

=

+∞ˆ

−∞,L

dz z δf(o),

(
ne
neo

)(o)

=

+∞ˆ

−∞,L

dz δf(o).

The Landau prescription must be used to treat the pole of δf(o). We can now calculate the normalized perturbed density
correct up to the first order in γee, and obtain:(

ne
neo

)(1)

= az1J1 + iγeeaz1

[
−u1

2
d2

du2
J1 − u

1
6
d3

du3
Jo+

(
J3 −

1
2
J1

)
(4J2 − 2Jo)+ 2J2J1

]
. (A43)

As discussed above, the collisional damping can be obtained neglecting the electron Landau damping, i.e. within the limit
u≫ 1, so that the asymptotic expansion of the plasma dispersion function holds. We recall that,

J1
∼=− 1

2u2
. (A44)

In addition, we have:

J3 −
1
2
J1

∼=− 1
2u2

, (A45)

4J2 − 2Jo = 0, (A46)

2J2J1
∼=

1
2u3

, (A47)

d2

du2
J1

∼=− 3
u4
, (A48)

d3

du3
Jo

∼=
6
u4
. (A49)

Therefore,

− u
1
2
d2

du2
J1 − u

1
6
d3

du3
Jo

∼=
1
2u3

. (A50)

We thus obtain:

− u
1
2
d2

du2
J1 − u

1
6
d3

du3
Jo+

(
J3 −

1
2
J1

)
(4J2 − 2Jo)+ 2J2J1

∼=
1
u3
. (A51)
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The density perturbation up to the first order in γee is thus given by:(
ne
neo

)(1)

=− 2ieAz1
mkz1v2th,e

(
1
2u2

− iγee
1
u3

)
. (A52)

The wave equation gives, within the electrostatic limit:

k2Az1 − 4π ikz1e

[
−ineo

eAz1
m

kz1
ω2
1

− neo
νee
ω1

eAz1kz1
mω2

1

]
= 0. (A53)

This equation can be cast in the form of the dispersion equation:

ε1Az1 = 0, (A54)

where the dielectric function is:

ε1 = 1−
ω2
pe

ω2
1

k2z1
k2

+ i
ω2
pek

2
z1

k2ω2
1

νee
ω1
. (A55)

The relevant damping rate, calculated as usual by the perturbation theory, is νee/2. To summarize the results of this appendix,
the simple BGK operator used in our kinetic equation seems appropriate to describe the effects of the collisions in the nonlinear
LH wave physics. The collisions do not affect significantly both the linear LF electron response and the nonlinear LF electron
density perturbation. Their role is marginal for LH pump power much larger than the threshold for the onset of PI. However, the
latter is determined by the collisions, due to the PI quenching effect produced by the collisional damping. It is thus reasonable
to assume that the collisions play an important role in the nonlinear LH physics for sufficiently low LH pump power, near the PI
threshold and that they affect the LH nonlinear physics through the collisional damping. The particle-conserving BGK operator
proposed in our kinetic model provides a collisional damping rate of νe/2, which is in agreement with the value νei/2 obtained
by the model of collisions implemented in the numerical code GENRAY, if the characteristic collision rate νe coincides with
νei. A more complex and accurate BGK collision operator, which conserves both the energy and the number of particles, gives
the same collisional damping with respect to the simpler operator proposed in our kinetic model.

A 1D linearized Dougherty collisional operator, which describes the like particle collisions, including small scattering effects
and particle diffusion, gives a collisional damping equal to νee/2. This result can easily be incorporated in our model, if we
assume that νe = νei+ νee. In the same vein, by defining νe = νei+ νee+ νen, we can also include the effects of the collisions
with the neutrals by introducing the electron-neutral characteristic collision rate νen.

Appendix B. Drift waves

The drift waves are quasi-electrostatic normal plasma modes that propagate mainly in the poloidal plane with angular frequency
ω ∼= ω∗

e , where ω
∗
e = kyv2th,e/(2Ln |Ωe|) is the electron diamagnetic drift angular frequency. Ln is the characteristic length of

variation of the density. Their wavenumbers are such that |kz|vi ≪ |ω| ≪ |kz|ve and 0.1ρ−1
i < |ky|< ρ−1

i , for the main ion
species i. We observe that the drift waves can provide, in principle, an efficient channel of PI for LH waves [15]. However, for
LHCD experiments in tokamaks, they are not considered in the archived literature. The following qualitative analysis suggests
indeed that the coupling of the LH sidebands with the pump wave, as driven by drift waves, is poor. The above ordering ρ−1

i >
|ky|> 0.1 ρ−1

i indicates indeed that the drift waves are characterized by relative large poloidal wave number. The perpendicular
wavenumber ko⊥ of the LH pump wave is usually aligned in the radial direction to maximize the power density flow towards
the plasma core. Therefore, due to the matching condition ks = k± ko the LH sidebands nonlinearly coupled to the pump wave
should have perpendicular wavenumbers in practice aligned in the poloidal direction in the low-density peripheral plasma near
the LH launcher. These sidebands propagate mainly in the poloidal plane, so that PIs are strongly limited due to the convective
losses and the fact that the LH sidebands quickly propagate outside the region illuminated by the LH antenna, and thus the
wave-wave interaction quenches. We also observe that the LF linear response of both the electrons and ions should include, in
principle, the effects of the density gradient through the diamagnetic drift angular frequencies.

The ion scalar susceptibility should be defined as [15],

χ i =
1

k2λ2D,i

[
1+

ω−ω∗
i

kzvth,i

+∞∑
n=−∞

S

(
ω− nΩi

kzvth,i

)
In (λi)e

−λi

]
, (B1)

where ω∗
i = kyv2th,i/(2LnΩi) is the ion diamagnetic drift angular frequency. The model constraint δ≪ 1 implies |ky| ≪ k⊥,

so that |ω∗
i | ≪ k⊥ρevth,eτ/(2ZiLn), where τ = Ti/Te is in the range of a few units and Zi is the ion charge, which is one for
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the hydrogen isotopes that are the main ion species. In peripheral tokamak plasmas, with magnetic field of the order of 4 T,
maximum electron temperature of the order of 50 eV, Ln of the order of 1 cm and k⊥ not exceeding the order of 100 cm−1, the
order of magnitude of k⊥ρevth,eτ/(2ZiLn) is not larger than 0.5 106 rads−1, so that |ω∗

i |/(2π )≪ 0.1 MHz, i.e. a frequency
negligible compared to the typical frequency of the LF quasi-modes driven by LH waves. The electron susceptibility should be
defined as [15],

χ e =
1

k2λ2D,e

[
1+

ω+ω∗
e

kzvth,e

+∞∑
n=−∞

S

(
ω− nΩe

kzvth,e

)
In (λe)e

−λe

]
. (B2)

The electron diamagnetic drift frequency is also much less than 0.1 MHz. Therefore, to evaluate the LF linear electron and
ion density perturbations the effects of the diamagnetic drift frequency can be neglected.

Appendix C. LH waves for dominant parallel dynamics of the electrons and fixed ion background

If the perpendicular dynamics of the electrons is neglected, kinetic equation (2.7) can be solved by application of the operators
F and I⊥. As a result we obtain:

gHF(1)e;ω,ky,kz
= 2iη

neo
vth,e

ωo
kzvth,e

1√
π

ζe−ζ2

ζ − ue
ẼHFz;ω,ky,kz −

iνe
kzv2th,e

n(1)e√
π

e−ζ2

ζ − ue
, (C1)

where gHF(1)e;ω,ky,kz
= FI⊥fHF(1)e , ζ = vz/vth,e and ue = (ω+ iνe)/(kzvth,e). The perturbed density at the first order in η is obtained

by integration in the 1D velocity space, following the Landau prescription concerning the pole at the denominator.
As a result, we have:

nHF(1)e;ω,ky,kz
=

2iηneo
1+ iγeSσ (u)

ωo
kzvth,e

[1+ ueSσ (ue)] Ẽ
HF
z;ω,ky,kz . (C2)

The electron charge density perturbation is ρHF(1)e;ω,ky,kz
=−enHF(1)e;ω,ky,kz

and the toroidal electron current density as deduced from
the charge conservation, is:

JHF(1)e;ω,ky,kz
=−eω

kz
nHF(1)e;ω,ky,kz

. (C3)

The charge density perturbation and the toroidal current density perturbation of the electrons at the first order in η have
been calculated by a method also valid for inhomogeneous plasma and coincide with the corresponding quantities evaluated in
section 2 by a different method, within the limit of negligible perpendicular dynamics of the electrons.

The Maxwell equations, as written in Gaussian units, with the effects of a plasma medium embedded in the current density
and in the charge density, give the local energy conservation law:

∇·P+
∂W
∂t

+E · J= 0. (C4)

Here, P= c (E×B)/4π is the Poynting vector and W=
(
E2 +B2

)
/8π is the energy density of the electromagnetic field.

In equation (D1) all the vector and scalar quantities are real. Within the frame of the spectral analysis, these quantities, here
indicated by the function ψ (r, t), are given by the inverse Fourier transforms:

ψ (r, t) =

ˆ ˆ ˆ
dωdky dkzψω,ky,kz (x) e

−i(ωt−kyy−kzz). (C5)

The Fourier transforms ψω,ky,kz (x) are defined as in equation (2.2) of section 2, where the adopted plasma slab geometry is
defined. Although no explicit indication is provided, the boundary values of the integrals are intended hereinafter as defined in
section 2. For ψ (r, t) real ψ−ω,−ky,−kz = ψ ∗

ω,ky,kz . The steady-state condition, implicit above for real ω, implies that the integral
of the energy density in the poloidal plane YZ is constant, namely:

¨
d yd z

∂W
∂t

= 0. (C6)
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We can thus derive from the energy conservation an equation for the energy flux across a poloidal plane, during a time
interval T (centered on an instant t), which we assume to be much larger than any period of the HF electromagnetic field:

t+T/2ˆ

t−T/2

dτ
¨

dy dz
∂Px
∂x

=−

t+ T
2ˆ

t− T
2

dτ
¨

dy dz E · J. (C7)

We observe that,
¨

dy dz∇·P=

¨
dy dz

∂Px
∂x

. (C8)

Here, we also assume that T is much larger than any period of the HF electromagnetic field but much lower than any LF
period. We recall that the periodic structure in the LF range emerges from the beating of HF waves. Performing the space-time
integrals indicated above (D1) by means of the spectral analysis, we thus obtain for the time interval T:

∂

∂x
⟨Px⟩=−(2π )3

ˆ ˆ ˆ
dωdky dkzEω,ky,kz (x) · J∗ω,ky,kz (x) . (C9)

Here, the angular frequency integral is limited to the HF range and we define,

⟨Px⟩=

t+ T
2ˆ

t− T
2

dτ
ˆ ˆ

dydzPx = 2π 2c
ˆ ˆ ˆ

dωdky dkz
[
Eω,ky,kz (x) × B∗

ω,ky,kz (x)
]
x
. (C10)

We also consider electromagnetic fields given by a superposition of discrete monochromatic waves, i.e. with real components
of the form:

ψ (r, t) =
1
2

∑
ω,ky,kz

[
ψω,ky,kz (x) e

−i(ωt−kyy−kzz) + c.c
]
, (C11)

where the symbol c. c. indicates, as usual, the complex conjugate of the term on the left andψω,ky,kz (x) is the complex amplitude.
In this case, we obtain the following from equation (C4):

∂

∂x
⟨Px⟩=−1

4

∑
ω,ky,kz

[
Eω,ky,kz (x) · J∗ω,ky,kz (x)+ c.c.

]
. (C12)

Here,

⟨Px⟩=
1

TLyLz

T/2ˆ

−T/2

dt

+Ly/2ˆ

−Ly/2

dy

+Lz/2ˆ

−Lz/2

dzPx (r, t) =
c

16π

∑
ω,ky,kz

{[
Eω,ky,kz (x)×B∗

ω,ky,kz (x)
]
x
+ c.c.

}
. (C13)

We recall that the time interval T is much larger than the periods of the HF monochromatic waves and much lower than
the LF periods and that the lengths Ly and Lz are much larger, respectively, of the HF poloidal and toroidal wavelengths. The
Maxwell equations can be used to obtain the full electromagnetic field from the toroidal components within the framework of
the slab model adopted and the condition that the current density is parallel to the static magnetic field, which is fulfilled in the
HF range within the model hypothesis discussed in section 2. To this end, we first consider the Maxwell equations that do not
contain the charge density and the toroidal current density, namely:

ikyEz− ikzEy = i(ω/c)Bx, (C14)

ikzEx− ∂xEz = i(ω/c)By, (C15)

−ikyEx+ ∂xEy = i(ω/c)Bz, (C16)

ikyBz− ikzBy =−i(ω/c)Ex, (C17)

ikzBx− ∂xBz =−i(ω/c)Ey. (C18)

Equations (C14)–(C16) are obtained by the Faraday equation; equations (C17) and (C18) are obtained by the Ampere–
Maxwell law, considering only the components along X and Y, respectively, and considering that the relevant current density
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is negligible, namely Jx = Jy = 0. The plasma ions, within the model constraints, are considered as a fixed neutralizing back-
ground in the HF range. Equations (C14)–(C18) hold both for Fourier transformed quantities and for discrete monochromatic
electromagnetic field components. We first express the X and Y components of the electromagnetic field in terms of Ez, Bz and
their derivatives with respect to x. From equation (C15), we have:

Ex =−(i/kz)∂xEz+(1/Nz)B. (C19)

Substituting this expression in equation (C17) we obtain:

By =
1

N2
z − 1

[
NyNzBz−

ic
ω
∂xEz

]
, (C20)

and equation (C19) gives:

Ex =
1

N2
z − 1

[
NyBz−

ic
ω
Nz∂xEz

]
. (C21)

From equation (C14) we have:

Ey = (ky/kz)Ez− (1/Nz)Bx . (C22)

Substituting this expression in equation (C18) we obtain:

Bx =− 1
N2
z − 1

[
NyEz+

ic
ω
Nz∂xBz

]
, (C23)

and equation (C22) gives:

Ey =
1

N2
z − 1

[
NyNzEz+

ic
ω
∂xBz

]
. (C24)

We then substitute Ex from equation (C21) and Ey from equation (C24) in equation (C16) and obtain:

∂2xBz =
ω2

c2
(
N2
z +N2

y − 1
)
Bz. (C25)

The HF fields require N2
z ⩾ N2

z, crit > 1 where Nz,crit is the critical parallel refractive index so that the mode conversion of LH
waves into whistler waves occurs (we have assumed that |Nz|> 1.5) so that equation (C25) only admits evanescent solutions.
Unphysical growing solutions are not considered.

They occur and are discarded, for example, also when the cold plasma dispersion equation gives negative values for the
squared perpendicular refractive index. We also exclude evanescent solutions and obtain Bz = 0.

Therefore, the electromagnetic field can be expressed in terms of Ez and ∂xEz utilizing equations (C20), (C21), (C23)
and (C24):

Bx =−
NyEz
N2
z − 1

, (C26)

By =− i(c/ω)
N2
z − 1

∂xEz, (C27)

Bz = 0, (C28)

Ex =− i(c/ω)
N2
z − 1

Nz∂xEz, (C29)

Ey =
NyNzEz
N2
z − 1

. (C30)

Taking into account equations (C26)–(C30), the Maxwell equations also provide the wave equation in the HF range for Ez,
namely:

d2Ez;ω,ky,kz

dx2
=

(
k2y + k2z −

ω2

c2

)
Ez;ω,ky,kz +

4π i
kz

(
k2z −

ω2

c2

)
ρ
HF(1)
e;ω,ky,kz

. (C31)
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This equation is identical to equation (2.26) of section 2.
We can express the average x-component of the Poynting vector, as defined in (C10) considering Fourier transforms, in terms

of the toroidal electric field only:

⟨Px⟩=−2π 2c
ˆ ˆ ˆ

dωdky dkz
i(c/ω)
n2z − 1

Ez;ω,ky,kz∂xE
∗
z;ω,ky,kz . (C32)

From equation (C10), since Jx = Jy = 0, we obtain:

∂

∂x
⟨Px⟩=−(2π )3

ˆ ˆ ˆ
dωdky dkzEz;ω,ky,kz (x) J

∗
z;ω,ky,kz (x) . (C33)

Due to the charge conservation we obtain:

∂

∂x
⟨Px⟩=−(2π )3

ˆ ˆ ˆ
dωdky dkzEz;ω,ky,kz (x)

ω

kz
ρ∗z;ω,ky,kz (x) . (C34)

Following the same method, we can derive the conservation equation of the power density radial flow for electromagnetic
fields, charge and current densities given by a superposition of discrete waves of the following form:

ψ (r, t) =
1
2

∑
ω,ky,kz

[
ψω,ky,kz (x) e

−i(ωt−kyy−kzz) + c.c
]
. (C35)

In this case, the radial component of the average Poynting vector is:

⟨Px⟩=
c

16π

∑
ω,ky,kz

{[
Eω,ky,kz (x)×B∗

ω,ky,kz (x)
]
x
+ c.c.

}
=− c

16π

∑
ω,ky,kz

{
Ez;ω,ky,kz (x)

i(c/ω)
n2z − 1

∂xE
∗
z;ω,ky,kz (x)+ c.c.

}
, (C36)

and the relevant conservation law is:

∂

∂x
⟨Px⟩=−1

4

∑
ω,ky,kz

[
Ez;ω,ky,kz (x) J

∗
z;ω,ky,kz (x)+ c.c.

]
. (C37)

Taking into account the charge conservation we obtain:

∂

∂x
⟨Px⟩=−1

4

∑
ω,ky,kz

[
Ez;ω,ky,kz (x)

ω

kz
ρ∗ω,ky,kz (x)+ c.c.

]
. (C38)

This equation has to be verified by the numerical solutions Ez; ω,ky,kz (x) of the set of nonlinear integro-differential LH wave
equations. If the power absorption due to the electron Landau damping or the collisional damping can be neglected, the power
of the sideband waves increases at the expense of the injected ‘pump’ waves, and ⟨Px⟩= const.

For quasi-uniform plasma, such that the eikonal approximation holds, the electromagnetic fields can be expressed as a
superposition of quasi-monochromatic components in the following form:

ψ (r, t) =
1
2

∑
ω,kx,ky,kz

[
ψω,kx,ky,kz (x) e

−i(ωt−S(x)−kyy−kzz) + c.c
]
, (C39)

where the eikonal function S(x) is real and ∂xE∗
z;ω,ky,kz

∼=−ikxE∗
z;ω,kx,ky,kz , with kx = ∂S/∂x.

Therefore, in this case,

⟨Px⟩ ∼=− c
8π

∑
ω,kx,ky,kz

Nx
N2
z − 1

∣∣Ez;ω,kx,ky,kz

∣∣2 . (C40)

Moreover, Nx = kxc/ω is real and, for normal plasma modes, is obtained as a function of ω,ky,kz and x by the local linear
dispersion equation based on the Hermitian part of the dielectric tensor. For inward power density flow Nx < 0.
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