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Abstract: We consider a dynamic scenario for characterizing the late Universe evolution, aiming to
mitigate the Hubble tension. Specifically, we consider a metric f (R) gravity in the Jordan frame which
is implemented to the dynamics of a flat isotropic Universe. This cosmological model incorporates a
matter creation process, due to the time variation of the cosmological gravitational field. We model
particle creation by representing the isotropic Universe (specifically, a given fiducial volume) as
an open thermodynamic system. The resulting dynamical model involves four unknowns: the
Hubble parameter, the non-minimally coupled scalar field, its potential, and the energy density of
the matter component. We impose suitable conditions to derive a closed system for these functions
of the redshift. In this model, the vacuum energy density of the present Universe is determined by
the scalar field potential, in line with the modified gravity scenario. Hence, we construct a viable
model, determining the form of the f (R) theory a posteriori and appropriately constraining the
phenomenological parameters of the matter creation process to eliminate tachyon modes. Finally,
by analyzing the allowed parameter space, we demonstrate that the Planck evolution of the Hubble
parameter can be reconciled with the late Universe dynamics, thus alleviating the Hubble tension.

Keywords: modified gravity; Late Universe; Hubble tension; classical cosmology

1. Introduction

Over the past decade, cosmological studies of the late Universe have uncovered a
significant discrepancy in data, known as the “Hubble tension”. This tension arises from
the differing values of the Hubble constant (H0) measured by the SH0ES Collaboration
using Type Ia Supernova (SNIa) data [1–4] and those obtained by the Planck Satellite
Collaboration [5]. The discrepancy, approximately 5σ, presents a perplexing challenge,
prompting new considerations regarding the dynamics of the late Universe. For a series of
discussions on this topic, see [6–15]. We also underline how, nonetheless, in the presence
of such a tension, the most commonly accepted cosmological model which describes the
evolution of the Hubble parameter is the so-called Lambda Cold Dark Matter (ΛCDM)
model [16,17]. This corresponds to including, in the Universe dynamics, a matter-like con-
tribution and a cosmological constant. The possibility of interpreting the Hubble tension
as a continuous effective variation of the Hubble constant based on redshift—where its
value appears to depend on the redshift region of the astrophysical sources used for its
determination—has been supported by analyses in [18–20], and is also discussed in [21,22].
Moreover, the coexistence of SNIa and baryon acoustic oscillations (BAOs) [23] (and refer-
ences therein) data within the same redshift region, and their resulting tension, as BAO
provides a H0 value compatible with that from Planck, has led to the development of early
dark energy (DE) models [24] and a suitable combination of early and late modified dy-
namics [25,26]. In particular, the analysis in [7] proposed a specific f (R) model, examined
within the so-called Jordan frame [27,28], to effectively address the Hubble tension in the

Entropy 2024, 26, 662. https://doi.org/10.3390/e26080662 https://www.mdpi.com/journal/entropy



Entropy 2024, 26, 662 2 of 10

presence of evolutionary DE, which transits to a phantom contribution at z > 1. This model
presents an intriguing scenario where the Hubble tension is essentially resolved at z ≳ 2,
since the non-minimally coupled scalar field shows a monotonically increasing behaviour
toward an asymptote. This asymptotic configuration aligns with the Planck value for the
Hubble constant, occurring at a relatively low redshift.

In this work, we explore a similar approach, but rather than initially assuming the
existence of evolutionary dark energy (DE), we consider a more natural physical scenario.
This scenario involves the gravitational field generating weakly massive particles due
to its time variation, effectively introducing a radiation component in the late Universe.
Specifically, the matter creation process is treated phenomenologically, by regarding the
Universe as an open thermodynamic system, as discussed in previous works like [29,30].
The particle creation rate is determined using an ansatz in the form of a power-law in the
Hubble parameter. For a more comprehensive understanding of the matter creation process
across the Universe, please see [31–34].

After constructing the dynamical system governing the late Universe dynamics and
incorporating the creation of a radiation component by the gravitational background,
we demonstrate how the Hubble tension could be effectively alleviated within certain
favourable regions of the parameter space. This framework offers a promising depiction of
the underlying mechanism potentially resolving such a cosmological issue. It is noteworthy
that the current-day radiation created does not exceed a few percent, and the anticipated
weakly interacting nature of these particles explains why this generated energy density
remains indirectly observed in the actual Universe.

The paper is structured as follows. In Section 2, a phenomenological approach to the
matter creation process is presented and the dynamics for the created energy density is
fixed. In Section 3, the formulation of a metric f (R) gravity in the Jordan frame is reviewed
and the basic features of the proposed model are traced. In Section 4, the dynamical model
corresponding to the evolution of a flat isotropic Universe in the considered modified
scenario is constructed. The set of free parameters is described and the initial conditions
for constructing the numerical solutions are given. In Section 5, the free parameter space is
numerically investigated generating a triangular plot. A privileged set of parameters is
then identified and the profile of the Hubble parameter is provided in order to show the
capability of the model to alleviate the Hubble tension.

2. Matter Creation Process

In the thermodynamic framework presented in this work, the concept of matter
creation from a time-varying gravitational field relies on a simple phenomenological repre-
sentation. Let us start from the first principle, as follows:

dU = −pdV + δQ + µdN , (1)

which has to be combined with the heat change δQ, expressed by means of the second
thermodynamics principle as δQ = TdS. Here, U is the internal energy, p is the pressure, T
is the temperature, S is the entropy, µ is the chemical potential, N is the particle number,
and V is the volume of the considered system. Introducing now the expressions U = ρV,
S = σN, and µ = (ρ + p)V/N − σT (in which ρ is the total energy density of the system
and σ is the entropy per particle), we can rewrite Equation (1) as follows:

dρ = −(ρ + p)
(

1 − d ln N
d ln V

)
dV
V

+ T
N
V

dσ . (2)

The difference from an iso-entropic system is that we only need to ensure the preservation
of entropy per particle by setting dσ = 0. Hence, it is clear that, since σ = S/N, matter
creation results in an increase in the entropy of the system. Therefore, Equation (2) simplifies
as follows:

dρ

dτ
= −(ρ + p)

(
1 − d ln N

d ln V

)
d ln V

dτ
, (3)
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once it is applied to a homogeneous background and its evolution is tracked with respect
to a clock labelled τ. Here, the time variable τ thus denotes the specific time variable
associated with the considered dynamical system and, in what follows, it will be identified
with the cosmological Gaussian time. The line element of a flat isotropic Universe [35]
reads as follows:

ds2 = −dt2 + a2(t)
(

dx2 + dy2 + dz2
)

, (4)

in which t denotes the synchronous time (c = 1), and {x, y, z} are the Cartesian coordinates.
Moreover, a(t) stands for the cosmic scale factor responsible for the Universe expansion.

In terms of the Hubble parameter H(t) ≡ ȧ/a (the dot denoting synchronous time
differentiation), a reliable ansatz for the matter creation is as follows:

d ln N
d ln V

= (H/H̄)
β , (5)

where β and H̄ are positive free parameters of the model and the considered fiducial
volume can be set as V = a(t)3V0, with V0 as a generic coordinate volume which does not
enter the dynamics.

Since the present-day Universe expansion rate is rather slow, it is natural to argue
that the gravitational field is generating very low-mass particles [36,37]. Given that, we
address this process to a radiation-like component energy density ρr. According to the
analysis above, the dynamics of such an emerging radiation contribution is governed by
the following equation (i.e., we use the equation of state p = wρ with w = 1/3):

ρ̇r = −4Hρr

(
1 − (H/H̄)

β
)

. (6)

This equation comes from Equation (3), once we use τ = t, the ansatz in Equation (5), and
by implementing d lnV/dt = 3H. In the following sections, we embed this mechanism in
the context of a metric f (R) gravity in the Jordan frame.

3. Modified Cosmological Dynamics in the Jordan Frame

In the Jordan frame, the action of a metric f (R) gravity can be cast as follows [27]:

S =
1

2χ

∫
d4x

√
−g(ϕR − V(ϕ)) , (7)

where χ denotes the Einstein constant, g and R are the metric determinant and the Ricci
scalar, respectively, while the non-minimally coupled scalar field ϕ is the independent
degree of freedom expressing the modified gravity formulation. In particular, the potential
term V(ϕ) is linked to the specific form of the function f (R) via the following relation:

f (R(ϕ)) = ϕ
dV
dϕ

− V(ϕ) , (8)

which comes from the basic definition ϕ ≡ d f /dR and from the substitution of the field
equation into the expression of V, obtained by varying the action Equation (7) with respect
to ϕ, i.e., R = dV/dϕ. A basic viability condition for the choice of a given f (R) model
is that the scalar mode possesses a positively defined quadratic mass, according to the
following definition [38]:

µ2
ϕ ≡ 1

3

(
ϕ

d2V
dϕ2 − dV

dϕ

)
≥ 0 . (9)

The variation in the action (7) with respect to the metric tensor yields the vacuum Einstein
equations of the extended scalar–tensor theory. By taking the trace of these equations and
incorporating the condition R = dV/dϕ, we can derive a Klein–Gordon-like equation for
the scalar field. Introducing a matter source is straightforward; it involves a conserved
energy–momentum tensor that represents the specific physical system under consideration.
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The trace of this tensor also contributes to the Klein–Gordon-like equation for the scalar
field, as discussed by [27].

We now specify the field equation for the line element of a flat isotropic Universe (see
Equation (4)) in the presence of a co-moving total energy density ρtot. In particular, we
consider the 00-component of the Einstein Equation [16], as follows:

H2 =
χρtot

3ϕ
− H

ϕ̇

ϕ
+

V(ϕ)

6ϕ
. (10)

Here, ρtot = ρm + ρr, where ρm denotes the (dark and baryonic) matter component of the
Universe, verifying the standard conservation law i.e., the divergenceless nature of the
corresponding energy–momentum tensor, as follows:

ρ̇m + 3Hρm = 0 → ρm = ρ0
m(1 + z)3 , (11)

in which ρ0
m denotes the present-day value of ρm. We introduced the redshift variable

z(t) = 1/a(t)− 1 (we set the present value of the cosmic scale factor equal to unity). It
is worth noting that the evolution of the Universe matter component is not affected by
the matter creation process. Actually, the radiation creation, as described in Equation (6),
does not follow the divergenceless character of a prefect fluid with w = 1/3. However, it
corresponds to a perfect fluid with the following time-varying equation of a state parameter:

wr(t) =
1
3
− 4

3

(
H
H̄

)β

. (12)

It is the conservation law of a such an energy–momentum tensor which provides Equation (6).
The second basic equation of the cosmological dynamics reads as follows:

dV
dϕ

= R = 12H2 + 6Ḣ . (13)

This approach is particularly suitable for determining a posteriori the form of the f (R)
gravity that can help alleviate the Hubble tension.

4. Reduced Dynamics

In order to transform the potential V(ϕ) from an ingredient which is assigned via the
function f (R) into a dynamical variable V(t), we impose on Equation (10) the following
two conditions:

V(ϕ) = 2χρΛ + G(ϕ) , 6Hϕ̇ = G , (14)

where ρΛ is the constant value of the Universe energy density and G is a generic functional
form, to be dynamically determined. Clearly, these two relations play a crucial role in giving
Equation (10) a form that resembles the dynamics of a ΛCDM model for the Universe, as
specified at the beginning of the next section. Introducing the critical parameters in place
of the energy density according to the relations Ω0

m = χρm/3H2
0 , Ω0

Λ = χρΛ/3H2
0 , and

Ωr = χρr/3H2
0 , where H0 is the present day value of the Hubble constant, we can rewrite

Equation (10) into the following form:

H2(z) =
H2

0
ϕ(z)

(
Ω0

m(1 + z)3 + Ω0
Λ + Ωr(z)

)
, (15)
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where Ω0
r = Ωr(z = 0) and the relation Ω0

Λ = 1 − Ω0
m − Ω0

r must be satisfied, given
that we set ϕ(z = 0) = 1. This equation is coupled with the dynamical system of
Equations (6), (13), and (14) recast as follows (the prime denotes z-differentiation):

ϕ′ = − G(z)
6(1 + z)H2 , (16)

G′ = 3ϕ′
(

4H2 − 2(1 + z)HH′
)

, (17)

Ω′
r = 4(1 + z)Ωr

(
1 − (H/H̄)

β
)

. (18)

The ratio of Equations (16) and (17) gives us the following relation [7]:

G(z) = −6A2H(z)(1 + z)−2 , (19)

where A2 is a positive integration constant. Substituting the expression above into Equation (16),
we obtain the following:

ϕ′ =
A2

H(z)(1 + z)3 , (20)

which describes the increasing behaviour of ϕ with the time variable z.
In this scheme, the dynamical system thus reduces to the following:

ϕ′ = A2
0 (1 + z)−3 (

ϕ(z)−1(Ω0
m(1 + z)3 + 1 − Ω0

m − Ω0
r + Ωr(z))

)−1/2 , (21)

Ω′
r = 4(1 + z)−1Ωr(x)

(
1 −

(
H̄−2

0 ϕ(z)−1(Ω0
m(1 + z)3 + 1 − Ω0

m − Ω0
r + Ωr(z))

)β/2
)

, (22)

where A2
0 ≡ A2/H0 and H̄0 ≡ H̄/H0. Once we have calculated the function ϕ(z), we can

also determine the potential G(ϕ) and, finally, the form of the resulting f (R) gravity.

5. Numerical Analysis

In this section, we provide a comprehensive description of the methodology used for
integrating the model. Specifically, we numerically derive the dynamical forms of ϕ(z) and
Ωr(z), which ultimately lead to the final expression of H(z) in Equation (15). To compare
our results with the standard two flat ΛCDM forms of the Hubble parameter constrained
by the early Universe data [5] and by the Phanteon+ dataset [3], we introduce the following
quantities:

HPl(z) = HPl
0 (Ω0Pl

m (1 + z)3 + (1 − Ω0Pl
m ))1/2 , (23)

HSN(z) = HSN
0 (Ω0SN

m (1 + z)3 + (1 − Ω0SN
m ))1/2 , (24)

with the following (H and H0 are in units of km s−1 Mpc−1):

HPl
0 = 67.4 ± 0.5 , Ω0Pl

m = 0.315 ± 0.007 , (25)

HSN
0 = 73.6 ± 1.1 , Ω0SN

m = 0.334 ± 0.018 , (26)

In order to study the viability of the addressed scenario and also its capability in al-
leviating the Hubble tension, we explore the full free parameter space of the model
{H0, Ω0

m, Ω0
r , H̄0, A0, β}. Equations (21) and (22) are numerically solved, spanning a

grid of 15 values for each parameter, and thus collecting 156 sampled different models. The
ranges are defined according to previously conducted tests on the integrability of the system
and phenomenological considerations: we have set 72.5 ≤ H0 ≤ 74.7, 0.25 ≤ Ω0

m ≤ 0.335,
0.01 ≤ Ω0

r ≤ 0.15, 0.5 ≤ H̄0 ≤ 1.5, 0.1 ≤ A0 ≤ 0.5, and 0.5 ≤ β ≤ 1.5. We note that the se-
lected values of H0 are in accordance with the measurements of the Pantheon+ analysis [3],
while Ω0

r is assumed, as already stated, to remain a small contribution to the energy density
of the Universe.
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The obtained models are then filtered requiring non-tachyonic modes, i.e., that
Equation (9) is guaranteed, and we further impose the condition that the normalized
(by H2

0 ) squared mass is less or equal to unity, today. This point is relevant in order for the
considered f (R) model to obey the so-called “chameleon” mechanism [39]. The resulting
models are thus physically viable and, to study the efficiency in order to alleviate the
tension, we also require that 0.999 < H/HPl |z=10 < 1.001. With this procedure, we finally
obtain around 5 × 103 sampled models. We then convolve the data with a normal distribu-
tion to create a smooth density estimate. A kernel density estimate plot is a visualization
method used to depict the distribution of observations in a dataset, akin to a histogram.
The results are depicted in Figure 1.

Figure 1. Density plot for all the model’s parameters. The yellow region indicates the most frequent
values preferred by the model.

From this analysis, preferred regions can be individualized providing the most fre-
quent parameter sets. As an example of the model’s capability in alleviating the Hubble
tension, we select the following:

H0 = 72.9 , Ω0
m = 0.28 , Ω0

r = 0.035 , H̄0 = 1.01 , A0 = 0.33 , β = 0.7 . (27)

In Figure 2, we plot the resulting evolution of H(z) from Equation (15), with this parameter
setup, together with the curves in Equation (23) (blue) and Equation (24) (red), considering
the corresponding errors. The tension alleviation emerges clearly, and the H(z) profile
overlaps HPl(z) already at z ≃ 3, but reaches higher values of the Hubble constant in
z = 0. In the figure, we also depict six relevant measurements for BAO sources (in the
range 0.3 < z < 3) [40–43] and the SH0ES prior for H(z) today. This clearly indicates the
capability of the addressed model to also alleviate the tension derived from different late
Universe sources. In Figure 3, we instead plot the functions ϕ and Ωr as functions of z.
The curves are obtained by integrating Equations (21) and (22), assuming the choice of the
parameters as in Equation (27). As expected, for z > 3, Ωr(z) approaches zero, while ϕ(z)
is frozen as a plateau.
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Figure 2. Plot of H(z) (black) using the parameters in Equation (27) and the profiles (with the
corresponding errors) of HPl(z) (blue) and HSN(z) (red). Grey squares represent the SH0ES prior
and six relevant measurements for BAO sources for 0.3 < z < 3.
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Figure 3. Plot of ϕ(z) (green) and Ωr(z) (orange) integrated from Equations (21) and (22), implement-
ing the parameters in Equation (27).

This study of the parameter space is essential for guiding the real data analysis
procedure, clearly indicating the model’s viability for interpreting the Hubble tension
through the missing physics that must be added to the ΛCDM formulation to reconcile
it with observations. The numerical study highlights how the additional components
of modified metric f (R) gravity and the radiation term generated by the cosmological
background are crucial for mitigating the Hubble tension within the framework of a
physical theory. In this context, a key aspect of the numerical filtering procedure is ensuring
that the modified gravity is not associated with a tachyonic mode.

6. Conclusions

We constructed a revised dynamical model for the late Universe based on both a
metric f (R) gravity in the Jordan frame, similar to the approach in [7], and a phenomeno-
logical model for matter creation associated with the time variation of the cosmological
gravitational field. The matter creation is described by treating the Universe as an open
thermodynamic system, with the rate of particle creation phenomenologically regulated
by a power-law of the Hubble parameter. The form of the f (R) gravity is not assigned a
priori. Indeed, by imposing suitable conditions on the generalized Friedmann equation, the
potential of the non-minimally coupled scalar field V(z) ≡ V(ϕ(z)) becomes a dynamical
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variable, along with ϕ(z) and Ωr(z). Consequently, it is possible to reconstruct the form of
V(ϕ) and thus determine the function f (R) governing the modified gravity.

We developed a dynamical model with six free parameters, {H0, Ω0
m, Ω0

r , H̄0, A0, β},
aimed at alleviating the Hubble tension. Our numerical analysis involved a thorough
screening of all possible solutions, retaining only those parameter sets that ensured the
physical consistency of the proposed scenario. These solutions also had to meet two
criteria: the resulting Hubble parameter needed to exhibit the required asymptotic ΛCDM
behaviour (achieved at low z values) and allow for a Hubble constant compatible with
the SH0ES collaboration observations. Identifying a preferred set of parameters provided
significant insights into how real data comparisons could impact the parameter space. This
approach could successfully address the Hubble tension, as the Hubble parameter rapidly
converges to the ΛCDM model with Planck-measured parameters as the redshift increases.

We conclude by emphasizing that the privileged values of Ω0
r were found to be very

small, making this component reliably unobserved through direct measurement. The
particles forming this radiation component, such as sterile neutrinos [44], very weakly
interact, which explains their elusive nature. The key takeaway from this study is that
the Hubble tension can be effectively addressed by combining metric f (R) gravity with
additional modifications to the standard ΛCDM model.
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