symmetry

Article

Quantum Gravity Corrections to the Inflationary Spectrum in a
Bohmian Approach

Giulia Maniccia 12*

check for
updates

Citation: Maniccia, G.; Montani, G.
Quantum Gravity Corrections to the
Inflationary Spectrum in a Bohmian
Approach. Symmetry 2024, 16, 816.
https://doi.org/10.3390/
sym16070816

Academic Editor: Jerzy

Kowalski-Glikman

Received: 16 May 2024
Revised: 18 June 2024
Accepted: 24 June 2024
Published: 29 June 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Giovanni Montani I/

3

Physics Department, “La Sapienza” University of Rome, Ple A. Moro 5, 00185 Roma, Italy;
giovanni.montani@enea.it

Department Physik, Institut fiir Quantengravitation, Theoretische Physik III, Friedrich-Alexander Universitit
Erlangen-Niirnberg, Staudtstr. 7/B2, 91058 Erlangen, Germany

3 FNS Department, ENEA, C.R. Frascati, Via E. Fermi 45, 00044 Frascati, Italy

Correspondence: giulia.maniccia@uniromal.it

Abstract: A precise interpretation of the universe wave function is forbidden in the spirit of the
Copenhagen School since a precise notion of measure operation cannot be satisfactorily defined.
Here, we propose a Bohmian interpretation of the isotropic universe quantum dynamics, in which
the Hamilton—Jacobi equation is restated by including quantum corrections, which lead to a classical
trajectory containing effects of order h2. This solution is then used to determine the spectrum of
gauge-invariant quantum fluctuations living on the obtained background model. The analysis is
performed adopting the wave function approach to describe the fluctuation dynamics, which gives a
time-dependent harmonic oscillator for each Fourier mode and whose frequency is affected by the
72 corrections. The properties of the emerging spectrum are discussed, outlining the modification
induced with respect to the scale-invariant result, and the hierarchy of the spectral index running
is discussed.
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1. Introduction

The Copenhagen School interpretation of Quantum Mechanics (QM) [1] fully suc-
ceeded in interpreting the fundamental experiments on atomic and molecular spectra and
it remained, over the years, the privileged point of view, providing a viable phenomenol-
ogy for quantum field theory too [2]. However, no rigorous and unique proof exists that
the Copenhagen School formulation of the “measurement operation” is the only viable
description for the quantum phenomena. In the 1950s, de Broglie and Bohm [3,4] proposed
a completely different approach to the description of quantum phenomenology, based on
the idea that the indeterminism results into a “quantum potential” acting on a classical
trajectory, in close analogy to a stochastic mechanical approach [5]. This alternative for-
mulation, which deprives the physical (quasi-classical) observer from its central role in
the phenomenology of a quantum dynamics, turns out to be of particular interest in those
situations in which the definition of such an observer is ambiguous, if not even impossible,
like in quantum gravity physics [6].

Among these special physical contexts, Quantum Cosmology stands as the most ap-
propriate arena in which to implement the de Broglie-Bohm (dBB) interpretation. In fact,
in Quantum Cosmology reviews [7-12], the difficulty of defining a quasi-classical observer
appears evident when the whole universe is subjected to a quantum dynamical regime,
which we expect happened in the Planckian era [13-15]. A different situation is realized
with a separation of the system between a background quasi-classical cosmology and a
fully quantum subsystem [16-21]. However, also in these hybrid situations, the concept
of the observer as well as of the measurement operation suffer from non-trivial formal
ambiguities [22]. Thus, in Quantum Cosmology, the dBB formulation appears as a natural
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interpretative tool to extract phenomenological information from the canonical quanti-
zation as described via a “quantum trajectory” instead of the standard universe wave
function [23,24].

Here, we address exactly this point of view, having the scope of calculating the
quantum gravity corrections to the inflationary primordial spectrum. Thus, we start from
a standard Wheeler-DeWitt (WDW) equation for an isotropic universe in the presence
of a cosmological constant, to be thought as an inflationary potential in the slow-rolling
region [14,25-28]. Then, we perform the separation of the universe wave function in its
modulus and phase, respectively, searching for the dynamical equations of the imaginary
and real parts of the corresponding Hamiltonian constraint. As a result, the real part turns
out to be a modified Hamilton—Jacobi for the de Sitter universe, containing a quantum
potential which is due to the non-constant modulus of the wave function. The imaginary
part links this modulus to the phase of the wave function, whose dependence can be
explicitly expressed. Thus, we arrive at a single equation for the phase, corresponding to
a Hamilton-Jacobi formulation, amended for *-corrections. Solving this equation and
restoring the standard relation between the momentum and the phase derivative, we arrive
at a modified classical dynamics of the de Sitter universe in the presence of 1% corrections,
coming from quantum cosmological features.

Then, we use this revised “classical” background to study the inflationary spectrum as
being due to the quantum fluctuations of a free massless scalar field, i.e., the same inflaton
responsible for the vacuum energy which exponentially expands the universe. According to
a Born—O]ZDpenheimer separation of the dynamics [19,29-31] and working at the dominant
order in /i“, we study the quantum fluctuations of the inflaton field and solve the associated
time-dependent harmonic oscillator, describing its Fourier components dynamics. As a
fundamental result of this analysis, we calculate a revised inflationary spectrum which
contains quantum gravity corrections up to order i? and which is the dBB counterpart of
the same study performed via a standard canonical formulation in [32-35].

The manuscript is structured as follows. In Section 2, we review the main points of
the dBB interpretation of Quantum Mechanics; such an approach is then applied to the
background cosmological picture in Section 3. Section 4 is devoted to the setting of the
Born-Oppenheimer approximation for the model consisting of the inflaton field evolution
over such a dBB background. In Section 5, the computation of the primordial perturbations
spectrum is carried out. Final remarks and outlooks are presented in Section 6.

2. Overview of the de Broglie-Bohm Approach

The de Broglie-Bohm approach, also referred to as pilot wave theory [3,4,36], provides
a deterministic quantum theory alternative to QM. In this framework, the core elements of
the quantum theory are postulated to exist independently of observation or measurement
(for the gravitational case, the geometry of the 3d hypersurfaces and their canonical mo-
menta identified via the ADM representation [37]), without any need for the wave function
collapse. The evolution of the elements of the theory diverges from classical dynamics due
to the emergence of a quantum potential; however, the deterministic character is assured
by the guiding wave function, which uniquely identifies the evolution of particles and their
positions in space, with suitable initial conditions.

For a comprehensive review on this topic, including its historical development, ex-
planation of the measurement process, and applications, we refer to the reviews [38,39].
A simple case to illustrate this approach is the non-relativistic particle, whose quantum
dynamics is expressed by the Schrodinger equation

2
iho/¥ (x,t) = (—fa,% + V(x))‘l’(x, t). 1)

m
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Here, we have the freedom to rewrite the complex wave function as
¥(x, t) = A(x, t) enSH) )

where A and S are both real. We stress the presence of a formal analogy between (2) and
the ansatz of [17], i.e., Vilenkin’s proposal for the identification of a quantum subsystem
in the semiclassical regime. However, here, such a form of the wave function carries
a different connotation: in [17], such writing is necessary to perform the semiclassical
WKB expansion and reconstruct a time parameter from the scalar WDW constraint. Here,
instead, we already start from a full Schrodinger dynamics in the label time. In this
sense, it is important to remark that the dBB interpretation relies on the idea of small
quantum corrections i.e., it identifies the /i parameter as small, while keeping the whole
set of constraints; on the other hand, the WKB method effectively reduces the system’s
equations via an /: expansion, essentially providing physically meaningful results in the
limit i — 0. The similarity between the two ansatzs will be further discussed in relation to
the cosmological picture considered in Section 4.

The expression (2) automatically decomposes the dynamics (1) into two partial differ-
ential equations, i.e., its real and imaginary parts, respectively:

0S  (9:5)? nRA
§+ 2m +V72m A =0, ®)
1
2 2 _
QA+ —, (A axs) -0. @)

In the Copenhagen interpretation of QM, Equation (4) represents the continuity equation
for the probability density A% associated to finding the particle at a given position x in
time. In this sense, all physical content is given by this equation so that the phase and
Equation (3) turn out to be superfluous for a given state.

The dBB interpretation provides instead a larger view of both components. In partic-
ular, Equation (3) can be recognized as the Hamilton-Jacobi equation plus an extra term,
labeled as the quantum potential:

Q) = =5 25 (x,1). ©

Here, we observe that Q depends only on the form of ¥, i.e., on its amplitude A. This
potential acts as a quantum effect, modifying the phase dynamics from its classical form
governed by the Hamilton—Jacobi (H]) equation; see Equation (3). Therefore, the particle
trajectory determined by the solution of the guidance equation

p = mx = 9,S(x,t) (6)

takes into account such quantum effects due to the presence of Q. Clearly, the classical limit
is recovered in the regime Q — 0 so that Equation (3) reduces to the standard HJ equation
and the physical predictions coincide with the classical behavior. In this case, the set of
Equations (3) and (4) can be interpreted as describing an ensemble of classical particles
under the influence of a classical potential V, with velocity field 9,5 /m.

The dBB interpretation also allows for a simple explanation of the measurement
process: observational outcomes are determined by the interactions between the guiding
wave function and the measuring apparatus, which preserve the unitary evolution of the
quantum state; in other words, no collapse of the wave function is necessary.

The description of quantum phenomena through definite particle trajectories as fa-
cilitated by such a framework opens possibilities for novel methodologies in handling
multi-particle systems (for a generalization to many-particle settings, see [38]), such as in
quantum hydrodynamics (e.g., [40]). In the context of Quantum Cosmology, this interpreta-
tion opens new perspectives such as the spacetime singularity resolution (see [39]); here,
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we will focus on its application to address the description of quantum perturbations of the
gravitational background and their influence on the inflaton sector. Nonetheless, it shall be
remarked that experimental verifications of the dBB predictions may present significant
challenges [36].

3. The Background dBB Picture

It is interesting to consider the dBB picture in the gravitational context. Such an
approach has been shown to influence the constraint algebra in quantum gravity and
the dynamical sector of Einstein’s equations [41]; in black hole systems, the Hawking
radiation has been predicted to stop before total evaporation due to the quantum trajectories
modifying the Schwarzschild setting [42,43].

For Quantum Cosmology, the dBB approach has been implemented as a tool to inves-
tigate the primordial evolution of the universe [44-48] and its boundary conditions [49]; a
remarkable result from such dBB trajectories is the prediction of a universe avoiding the
primordial singularity, usually through a quantum bounce [50-57].

In the present paper, we compute the dBB universe volume trajectory in order to
analyze the consequences on the primordial inflaton perturbations, which are superimposed
on a pure de Sitter background expressed through a simple minisuperspace model [14,58].

3.1. The de Sitter Expanding Universe
We consider a spatially flat isotropic universe described by the FLRW line element:

ds? = —N2df2 + a2(1) (dx® + dy? + dz2) . @)

On such a background, we will introduce small perturbations of the scalar inflaton field
¢; see Section 4. In accordance with the homogeneity of the model, we can reduce the full
minisuperspace formalism to the two minisuperspace variables, associated to the scale
factor and scalar inflaton fluctuations.

At the action level, we insert a positive cosmological constant in order to put ourselves
in the (pure) de Sitter regime. Indeed, the exponential expansion of inflation is propelled by
the inflaton field rolling down its potential V' (¢); in the regime of nearly constant potential,
a suitable description is provided by replacing V(¢) =~ const. with an effective (positive)
cosmological constant contribution A. This reflects onto the expansion rate of the universe
as # o« /A, ie., the Hubble parameter # = a/a takes a constant value, giving the
classical solution a = e”** (being t the label time).

The super-Hamiltonian takes the form (n ¢ = 1 units):

_ 1 p 3

H = — o0 ot +4MAa +H?, (8)
where M = 1/(32nG) = m?/(4h), where mp is the reduced Planck mass, and p, is the
momentum canonically conjugate to 4, corresponding to p, = —24M a 4 from the Hamilton
equation [59]. Here, the scalar inflaton field ¢ represents the only matter content; it is
precisely the small fluctuations of ¢ on such a background that result in the power spectrum
being investigated. For convenience of the analysis, we make a canonical transformation
to use a square-root volume variable v = a%/2 instead of the scale factor a, obtaining the
following super-Hamiltonian for the gravitational background (indicated by the label bk):

3
HY* = ~ P2+ 4AMAY? . 9)

For an application of the super-Hamiltonian formalism in a different research area,
see [60].
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3.2. Modified Trajectory for the Gravitational Background

Following Section 2, we now wish to derive the dBB trajectory for the scale factor
(actually for the variable v = a/3) of the universe in this minisuperspace model.
We write the Bohmian wave function (2) as

$(0) = 1/p(v) 5@, (10)

which refers to the background only; both /p(v) and S(v) are real, and the “quantum”
character is encoded in the phase contribution.

Although the trajectory is described by the guidance Equation (6) and depends on
the phase S only, the dynamics of |/p and S are actually coupled as can be inferred by the
real and imaginary parts of the quantized gravitational constraint. Indeed, considering the
background WDW equation

3’ 92
(64M82+4MA0>1/J()—0 (11)
we find the following real and imaginary contributions, labeled with Cy and Cg, respectively:
_ 3 2P 3 95\ ? 2 o
Cp := 64Mh p _64M\/ﬁ 3 +4MAv"\/p =0, (12)
3 . a\f oS 0%S
Cs i= 64Mlh< 9 a0 VP av2> 0. (13

Actually, we remark that that the Wheeler—-DeWitt constraint associated to a canoni-
cally quantized system can sometimes be solved exactly: for instance, Equation (11) admits
a solution in terms of the Bessel functions (see [28]). However, the reconstruction a posteri-
ori of the phase and modulus of the wave function from a solution of the WDW equation
does not in general commute with solving the coupled equations for these two same
quantities, both from a conceptual and technical point of view. While the starting WDW
Equation (11) contains linear differential operators only, Equation (12) is clearly non-linear
in the Hamilton-Jacobi component; this in principle prevents a direct mapping of the
space of solutions for the two setups. The structure of the WDW constraint can provide
different solutions in distinct regions of the quantum numbers involved in the problem
(see [28]), a feature with an unclear correspondence in the dBB scheme. In the dBB approach,
the physical content of the theory is dictated by the setup of a coupled system of equations
for the amplitude and phase. Indeed, the emergence of a generalized HJ function is the
basis of the idea that quantum physics is summarized by the additional quantum potential,
while the original (classical) concept of trajectories is still preserved. Therefore, we here
address ab initio the analysis of Equation (13) for the wave functional phase coupled with
Equation (12), disregarding any memory of the original Wheeler—-DeWitt formulation.

Consistently with the Bohmian interpretation, Cyx (12) corresponds in the i — 0 limit
to the standard HJ equation

2
ﬁl—&fM<gi> +4MA02] =0. (14)

Indeed, the first term of Equation (12), which is of order #?, is the quantum potential giving
the deviation from the purely classical solution. We recall that, for the HJ theory on curved
spacetime, many investigations have been carried out in the context of cosmology; see, for
example, [61-63] for black hole radiation. Here, however, we will focus on the modified HJ
equation emerging from (12) in the dBB picture.
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Now focusing on the imaginary part of the constraint, we recognize that Equation (13)
can be rewritten as 9, [(\/p)zavs] /+/p so that we can immediately solve the amplitude in

terms of the phase:
c

Ve = 10,5172 (15)

where c is a numerical constant. Substituting into (12) and dividing by ,/p, one is led to the
following equation for S(v):

3
64M

on* (d25)% | 3k 33S
256M (9,5)2 ' 128M 9,5’

(0,5)* + 4MAD? = — (16)
which is a third-order non-linear inhomogeneous differential equation, of which a closed
form is not found. Since we wish to consider the small deviations from the classical
behavior, attributed to the quantum potential and responsible for the right-hand side of
(16), we look for an approximate solution at the leading order:

S(v) = So(v) 4+ 1251 (v) . (17)

This expression can be interpreted as the WKB expansion of the gravitational phase alone
in (2); see [17,64]. Clearly, Sp must correspond to the (classical) Hamilton—Jacobi solution of
(14), i.e., for an expanding universe

So(v) = —\%M\/XUZ + const. (18)

Inserting (17) in (16), the leading contributions in 2 to Cy result in

3
64M

9r* (9280)2 = 3h* 335

_ .19
256M (9,50)2 | 128M a5, )

((avso)2 + 2h2(az,so)az,sl) +AMAD? =

Making use of the solution (18), for which 935Sy = 0, we arrive at the following expression

for S1:
1

51(v) = 256730

Therefore, the gravitational phase in (10) at the leading order is:

v~2 4 const. (20)

4 >
——MVAv?+ ——— 02 + const. 21
V3 2561/3A @

We remark that the presence of a non-zero cosmological constant A is compatible with
a de Sitter phase: indeed, for A = 0, we would not have a viable cosmological solution of
Einstein’s equations. If one considered Equation (9) with A = 0, the interpretation would
be non-trivial: this case would correspond to a vacuum universe having from (14) Sp = 0
at the classical level (actually So(v) = const, which can be put to zero) but with total phase
S(v) = 1?S1(v). Therefore, the model would yield a “purely quantum” trajectory without
the classical background. For this reason, in the following, we always consider A > 0.

The Bohmian trajectory for v can now be inferred from the guidance equation

S(v) =

. dv 3 dS
T U T T®mMoo’ (22)

Using the phase computed in (21), one obtains the analytical solution

2 1/4
o(t) V2 <e¢37(tfo) — \/§'h> (23)

ONEE 16 - 256 M/A
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which is valid in a limited range ty < f,; <t < tyqy inside the de Sitter phase (where £
is the beginning of such phase). For a detailed discussion on computational techniques
to solve the guidance equation, we instead refer the reader to [38]. By definition of v,
the classical regime would correspond to

3/2
wolt) = T 00— gyt = ()2, @

where ay(t) is the classical solution of the de Sitter phase. For simplicity, we reabsorb the
numerical factor in front inside ¢y; we also consider ty = 0, effectively putting the origin of
the coordinate time at the beginning of the de Sitter phase such that .# = v/3A /6.

For the following analysis, it is more convenient to work in the conformal time gauge

N = a = 3, in which the classical scale factor takes the form a(n) = =1/(#n). The dBB

trajectory (23) now becomes
6 2 7
2 1 h
oln) = <3J£> [(‘%17) N 32'256%1 ‘ @)

Let us remark that in our analysis, the de Sitter model does not correspond to an eternal
inflation scenario; therefore, the solution above is valid inside an interval i; < 1 < 77¢,
analogous to (24).

We observe that in both solutions (23) and (25), the action of the quantum potential
results in a “volume” (actually its square root), which is non-vanishing in the considered
range due to the contribution of O (1) (see Figure 1), striking a difference from the classical
solution. Indeed, Equation (25) vanishes for #* = —2v2# M6 /113, which falls outside
our de Sitter approximation.

ST

150 |-

100 -

1 L L L L 1 L L L L 1 L L L L 1 L L L L L
-20 -15 -10 -5 0

Figure 1. Plot of the computed dBB trajectory (25) in conformal time. As an effect of the quantum
correction, the variable remains above the 1 axis and does not reach zero. We use as reference values
¢ = 0.02 and 71 = 0.001 to properly describe the perturbative regime.

4. A Born—-Oppenheimer-like Separation of the System

The evolution of the primordial universe is deeply tied to the matter content. However,
one can investigate the dynamics of the full system by implementing a Born-Oppenheimer-
like separation of the two components, namely geometry and matter, in view of the
difference in their typical scales. The “lighter” matter content is described as a fast quantum
contribution, while the gravitational sector is heavier (due to the Planck scale being several
orders of magnitude higher) and therefore slow. In other words, one could think of the
total wave function as a separable entity ¥ (g, m) = ¥(g)x(m, g), g being the gravitational
degrees of freedom and m the matter ones as in the exact factorization program of molecular
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physics [65,66]. This line of research has been extensively applied in the context of Canonical
Quantum Gravity and Quantum Cosmology and, through perturbative expansions, it has
led to the investigation of quantum-gravitational modifications to the primordial matter
evolution, even at the level of the inflaton field, therefore influencing the primordial
perturbation spectrum [32,33,35,67].

Therefore, we now introduce the small perturbations of the inflaton sector, represented
by a single scalar field. The gauge-invariant formulation of such fluctuations allows us to
write the corresponding super-Hamiltonian as

N 1
A? = 25373 ;(—rﬂaﬁ,k + w,%(n)goi) , (26)

¢k = adPy being the associated Mukhanov-Sasaki variable [68,69], i.e., the Fourier com-
ponent of the scalar field perturbation recasted via the universe scale factor. We stress
that the inflaton field propagates on a background which is not exactly the classical de
Sitter one, due to the Bohmian modifications to the scale factor trajectory computed in the
previous section.

We now employ the Born—-Oppenheimer separation between the gravitational and
matter components: ¥ (v, ¢) = ¥ (v)x(¢,v). Here, the inflaton field is understood as a
purely quantum component, while for the gravitational sector, we wish to use the dBB
picture; the ultimate goal is to infer the inflaton evolution with small quantum corrections
coming from the gravitational background. Therefore, keeping in mind the form (2), we
start with the following ansatz:

¥(0,9) = v/p(v) ei5® x(g,0) 27)

As previously noted, this ansatz is similar to Vilenkin’s one [17]. An important deviation

from that treatment (and also from the works [19,32,33,35,64,70]) is that here, we do not

implement a full WKB expansion of the wave function. Instead, the form (27) can be inter-

preted as a WKB expanded gravitational sector with a purely quantum matter component.
In the spirit of the BO separation, we implement the following assumptions:

*  We consider the gravitational constraint to be satisfied a priori, similarly to [17].
Actually, it can be shown that this requirement is equivalent in the canonical picture
to performing an extended BO approximation and averaging over the small graviton
fluctuations since the associated gauge reconstructs the gravitational WDW constraint
at first order [21].

¢  To characterize the regime in which the gravitational sector is close to the classical
behavior, we consider it to have a large momentum [71]. Recalling Equation (6), this
can expressed through its phase by the condition:

9,5>>1. (28)

This condition is usually referred to as the eikonal approximation [72], which is a sim-
pler case of the WKB one. In other words (by employing the hypothesis (28) together
with the form (27)), we effectively use a gravitational WKB scheme, considering the
small quantum deviations via the dBB picture.

*  To express the small dependence of the fast matter sector on the volume-like variable,
we consider the following adiabatic approximation

32X < (D09)dox, (29)

where the smallness is here expressed with respect to the gravitational wave function
contribution. On the other hand, the terms 0, are the objects of our investigation and
will be the source of the relevant first-order corrections to the inflaton dynamics.
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3

Putting together the ansatz (27), which obeys the total Wheeler-DeWitt equation,
and the background description of Section 3, the following system of quantized con-
straints holds:

2 .
<6?Zv182 +4MAv )ﬁeés =0, (30)
RIVEG +4MAD* + A? | \Joeisx =0, 31)

where H? is given by (26). Now expanding the second expression, we have

VP

{ \f+2 (2, VP)% 5+hf325—f(3 S) }en X+643M\/ﬁ€hsazx+4MAv JperS x

3 75 S 1 is 2.2 2 2\, _
T 3M (av\/ﬁeﬁ + ﬁ\/ﬁ(avs)eﬁ >(avX) topmvee ;(_h e +wk(’7)§0k>7( =0.

(32)

This expression is simplified by the background constraint; see Equations (12) and (13).
By the assumptions (28) and (29), we truncate all the higher-order contributions, finding

3 1 ig 1 ig 2.2 5 5 B
3OM (h\fp(aus)av)()eh + 202/3ﬁeh ;(—h a(Pk —l—wk(iy)(pk)x =0. (33)

Here, we stress that only the dominant contribution from the gravitational momentum
operator acting on ¥ has been taken into account. The other terms which are present in the
second line of Equation (32) are negligible in the present B-O picture. More specifically, we
omit both 92 due to the condition (29) with respect to (9,5)9dyx, and the term with 9 ,/p.
The motivation for the latter is that the background amplitude is determined by the dBB

picture to be
1
—_—, 34
VB (357 (34)

(see Equation (15)), and therefore subdominant from condition (28).

To recover a physical description of the inflaton evolution, we have to recover a time
parameter from the WDW equation. It is now straightforward to implement the time
definition 4 la Vilenkin [17], up to a Planckian numerical factor [64]: the matter evolution is
expressed by its dependence on S via

3

L (3,8 )0ox - (35)
Such a time construction, analogous to the one in [70], has been debated to lead to non-
unitary effects in the canonical picture [64,73]; however, the case of investigation here is
different since we are using the dBB interpretation instead of the canonical quantization.
Indeed, here, the modified dynamics for the inflaton sector will be induced by the fact
that the gravitational component experiences a non-classical evolution due to the quan-
tum potential, as is clear in the computation of the dBB trajectory (Section 3). Therefore,
this approach is not in contrast with the findings of [19,31,74] but it gives an alternative
formulation to study small quantum corrections for the gravity—matter system.

From Equations (33) and (35), the inflaton field thus experiences a Schrodinger-like
evolution, behaving as a time-dependent harmonic-oscillator

, _ 1 242 20,3 2
ihopx = 3527 ;(—h ¥, + a)k(ﬂ)q)k)x, (36)
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with frequency in Fourier space
w(n)? =k - = (37)

where k = |k| identifies the mode, z = a./€ being € = —.# / #?, the first slow-roll parameter.

Let us summarize our findings until now. By considering a B-O separation of the
scalar inflaton field on top of the Bohmian de Sitter background of Section 3, with the clock
definition (35), we place ourselves in the same scenario as the cosmological investigations
of [32,33,35], with the fundamental difference that the universe volume experiences the
modified Bohmian trajectory (25).

5. Inflaton Power Spectrum Analysis

The behavior of the universe volume-like variable computed in Section 3 is the cause
of a modified frequency of the harmonic oscillator in Equation (37); thus, this will result
in a deviation from the standard primordial power spectrum. To compute these features,
we now focus on the behavior of the quantum primordial perturbations on top of the
gravitational dBB background of Section 3.

5.1. Quantum Perturbation Analysis

Inspecting Equation (37), the variable z is clearly influenced by the dBB trajectory of
Section 3, both through v(77) and the slow-rolling parameter €, which itself depends on
v(n) via the Hubble function. In this pure de Sitter scheme, we implement a constant € so
that from (25), one finds at the leading order in 7 the following expression:

2
w(;7)2 ~ K% — ? + yhz 4 (38)

where y = %%ﬂ ® is a numerical factor. Here, again, in the limit # — 0, Equation (38)
yields the standard result of cosmological perturbation theory.

To infer the corresponding power spectrum, we recall that the correlation function
must be computed on the eigenstates of the oscillator properly satisfying the Bunch-Davies
condition [68,75]. Through the Lewis—Riesenfeld method of invariants [76-78], this requires
to find the solution to the Ermakov equation:

P+ wipk = ., (39)

LA

where ' = dy, which is then used to compute the invariant

1|02

I=2|% 4 (oo, — prok)? (40)
2 0

allowing to determine the oscillator eingenstates (see an analogous implementation in [35]).

However, we must take into account that our frequency (37) has a contribution of
order /2. In an approximate scheme, the solution to (39) can also be expanded in such a
way that

w? (k) = Wik, 1) +Pwi(k,n), (41)
o(k, 1) = po(k,n) +W?p1(k, 1), (42)

where we drop the subscript k for readability. From comparison with (38), we have that

2
wi(k, 1) :kz—?, wi(k,n) = pn*. (43)
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As a consequence, also the Ermakov equation splits into a contribution of order 1, i.e.,

1 1
(00)" + w§ po = PN (44)

and next-order contributions. For the latter, we truncate at the order h2. This is obtained by
Taylor expanding the term 1/p%, which results in:

"4 w?p = —w? +3P—1. 45
(Pl) 001 100 (P0)4 ( )

Concerning Equation (44), we immediately recognize that its solution corresponds to
the standard result in cosmology, namely,

1
o = 72+E/ (46)

which already satisfies the Bunch-Davies vacuum requirement.

For p;, we need to solve Equation (45), which is of the second order and inhomoge-
neous. However, we can carry on a qualitative analysis in the limit of small #, in which we
aim to compute the spectrum; this regime assures that the inflationary perturbations freeze
out [68,75]. The term wop; with wg o« 1/7? results in being dominant, while w?py ~ 7% and
1/(po)* ~ 1*. Therefore, by neglecting the last term, we deal with the approximate form of
Equation (45) in the limit of small #:

(01)" + whpr = —wipo . 47)

Its general solution is

prlm) = (0 costhy) ) + 2 (<L ¢ sinfi)

Vk\  ky vVk\  ky (48)
cos(kn)  sin(ky) T cos(kn)  sin(kn) I
Tz T ey )T ey, e )
where ¢, c; are numerical constants, and we define the following integrals
L uyd (1 1\ /2 / cos(ky) .
T = /1 dy [_kl/Z(k3y2+k> k +ysin(ky) ||, (49)
o w1 1\ /2 sin(ky)
s 7/1 dy lkl/z <k3y2+k) ycos(ky) — — | (50)

Here, we observe that the first line of (48) would reconstruct, after the appropriate Bunch-
Davies requirement, the same pg of the previous order; therefore, we can consider the
two coefficients ¢; and ¢, to be equal to zero such that p; purely describes the quantum
correction to the previous order solution.

However, for the final state to determine the Bunch-Davies vacuum, the function p;
must go to zero in the relevant limit. Indeed, in the Bunch-Davies regime, one considers
the inflaton wavelength to be small with respect to the curvature (subhorizon) so that
kpnys > 1. In this way, the eigenstate should correspond to the (Minkowskian) lowest
energy state of the oscillator. For large values of k, it can be shown that (48) goes to zero,
and we recall that pg satisfies the requirement by construction; as a consequence, the total
function p = pg + h%p; is compatible with the Bunch-Davies condition.
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5.2. Spectrum Morphology

We are now left with the task of computing the power spectrum from p given by (46)
and (48). Following the reasoning of [75], we find that the correlation function provides the
contribution p?(k, 17). Subsequently, the power spectrum of perturbations stemming from
the inflaton field is

K p*(k1)

P (k) = 472 2a2%¢

, (51)
—kn<1

where ( is the comoving curvature perturbation, freezing when the perturbations are
outside the horizon (i.e., the super-Hubble limit in Equation (51)); this variable is related to
the Mukhanov-Sasaki one by
4nG
= /=2 (52)
€ a

By considering the lowest-order contribution pg, we would clearly recover the standard
scale-invariant result, i.e.,
o
4 - Te

, (53)
k=a )

having valuated the slow-roll parameter € at the horizon crossing.

At the leading order, p; gives a small deviation which can be evaluated by performing
a series expansion of the integrals in (49) and (50). Then, computing the expression in
n= 27t/k < 1, we find

PO (k) = (’;) 4(;) Cown, (54)

where ji <1/ M? is a numerical coefficient, k and 7 are reference values for the mode and
Hubble parameter in the considered limit, and & is the following polynomial function in k:

Pk k) = k8 [20n6k6(90 — 90K% — 35k* + 9k®) + 115279k k* (5 + 3Kk2)

— 907t*k% k*(90 — 90k? — 35k* + 9k®) — 28807r°k> k2 (5 + 3k?) (55)
- ~ 2
+907%k* k% (90 — 90Kk* — 35k* + 9k®) + 45k°(90 — 90k* — 35k* + 9k6)} .

For the CMB spectrum, a standard value of k is the pivot scale k ~ 0.002 Mpc_l,' see, for
example, [79].

A plot of the obtained power spectrum is provided in Figure 2.

The obtained correction is clearly not scale invariant; moreover, we observe the pres-
ence of a minimum at a point much larger than the pivot scale k. The presence of the
numerical factors i and 1/M? in front assures that ’Pé(l) constitutes a small deviation from
the standard result.

Let us now discuss additional quantities describing the behavior of this primordial
signature. The scale dependence of the primordial power spectrum is identified via its
spectral index 7, defined as

Pk) = Ak™71, (56)

which therefore can be obtained by

din(P(k)/A)

ng =1+ dink (57)
Likewise, one can define as additional observables the so-called running a;
d
fy =~ (58)

dink
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and the running of the running S
dag

Ps = dink’
It is understood that these quantities are evaluated at the horizon exit, i.e., at the pivot
scale k = k implemented previously. The dependence of such parameters on the number of
e-folds is influenced by the specific model of inflation; see, for example, the study [80].

(59)

P (k)
71071 F
6x107"1
51071 |

4x10" 1 F

310711 F
2x10" 1" |

110"

L 1 1 1 | 1 1 1 | 1 1 1
0.2 04 0.6 0.8 1.0 «

Figure 2. Plot of the computed dBB power spectrum (54) with reference values 7 = 2, # = 0.02,
k = 0.027, where we have implemented Planckian-like units i = 0.001, M = 10, ¢ = 1, which
correspond to setting to one the quantity 10°/(1.22 - 213 M), appearing in the coefficient i of mod-
ified frequency (43). In this setting, 7 behaves as the small expansion parameter, and the pivot
scale 0.002 M pc~! corresponds to the value k = 0.027 suitable to ensure an accurate mathematical
integration.

The interesting case stems from the result 73(1), where the dependence on the scale k
is expressed by the polynomial in (55). Here, we expect the spectral index to depart from
unity; computing the corresponding value from the total power spectrum, we now have a
polynomial function of k, which is plotted in Figure 3.

0.96
0.94

0.92

0.01 0.02 0.03 0.04 0.05
(

Figure 3. Plot of the spectral index 15 corresponding to the power spectrum Pg.l) in (54). Reference
values are JZ = 2, 7 = 0.02, k = 0.027 in Planckian-like units i = 0.001, M = 10, ¢ = 1, see also the
caption of Figure 2.

As a consequence, we now have non-trivial runnings as and B, corresponding again
to polynomial functions in the wave number k. A comparison of the two functions provided
in Figure 4 shows that, while both parameters are compatible with zero in the limit of small
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k, they actually invert their behavior around k* =~ 0.13, a value approximately five times
larger than the pivot scale here considered.

0.05 0.10 0.15 0.20

-0.02
-0.04
-0.06
-0.08 —

-0.10F
B_s

-012F

Figure 4. Behavior of the runnings as an s corresponding to the power spectrum Pél) in (54).
Reference values k = 0.002, 5Z = 2, # = 0.02, h = 0.001, M = 10 in Planckian-like units (h = 0.001,
M=10,c=1).

Such behavior of the two runnings, also referred to as inversion of the hierarchy, is
deduced by observations of the PLANCK satellite; see [81]. We stress that here, the de-
viation of the spectral index and the associated runnings are a consequence of the small
dBB corrections alone (their smallness is assured by the presence of the terms %/ M? in
(54)) due to the simplifications of the model applied. In this sense, they could be overcome
by greater-order effects, for example, by taking into account the more refined slow-roll
approximation, or via other models of inflation. Nonetheless, this prediction of the present
perturbative model provides interesting insights for future investigations.

6. Discussion and Outlooks

In the analysis above, we implemented the dBB approach to describe the quantum
gravity correction to a standard inflationary spectrum. We started from the Wheeler-DeWitt
equation associated to an isotropic universe in the presence of a cosmological constant and
a free massless scalar field, according to an inflation-like scenario (the cosmological constant
term must be interpreted as the vacuum energy during the slow-rolling phase [25,82,83]) in
an exact de Sitter phase.

The decoupling between the classical gravity, its quantum corrections, and the pure
quantum Hamiltonian governing the scalar field fluctuations has been performed accord-
ing to a Born-Oppenheimer separation procedure, in which the quasi-classical gravity is
the “slow”-component, while the quantum matter is the “fast” one. As a result, we have
studied the dynamics of a quantum scalar field fluctuation on a classical-like background,
constructed via a dBB recasting of the quantum gravitational constraint as a modified
Hamilton-Jacobi equation, solved up to order /. This scenario is associated with a cor-
respondingly modified frequency function for the time-dependent harmonic oscillator,
which describes the behavior of the Fourier component of the scalar fluctuations [32,75].
Thus, we could provide an expression for the inflationary spectrum, when the slow-rolling
parameter is taken as constant, finding the /> corrections with respect to the scale-invariant
spectrum of the standard formulation [68]. These outcoming corrections, which primarily
affect the gravitational sector and then the inflaton one, have a non-trivial profile in terms
of a polynomial representation, exhibiting an oscillating-like behavior; therefore, they alter
the entire spectrum in a non-factorizable manner, preventing the scale-invariant result.
While these deviations diminish as k decreases, they remain significant for large k; see
Figure 2. This aspect opens intriguing scenarios in view of the Planck collaboration results,
discussed in [84]. We remark that such a result is in contrast with the findings of [35],
where the quantum corrections (computed without the dBB interpretation) resulted in a
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time-dependent phase and canceled out when computing the spectrum, and it is also
significantly different from the result in [32] obtained in a WKB treatment without the
graviton averaging procedure.

Consequently, our interpretation of a gravity-matter system within the dBB framework
demonstrates that relevant quantum effects can occur at the leading order for the power
spectrum of primordial perturbations. This offers an intriguing opportunity to compare
the canonical and dBB paradigms within the confines of the Born-Oppenheimer approxi-
mation’s validity. However, it must be noted that the possibility of a direct observation of
the spectrum corrections here predicted is not a realistic one in the future.

The result we obtained here for an exact de Sitter phase of the universe could be
also generalized to a more realistic inflationary theory, in which the details of the scalar
field potential can play a physical role [68]. One could take into account the dependence
of the slow-roll parameter € on the quantum trajectory for the volume-like variable v, so
extending beyond the scope of the pure de Sitter phase (¢ = const), which was implemented
in [32,35]. Another interesting setup would be to consider the primordial perturbations in
a Planckian epoch, i.e., a potential-free inflaton field: at Planckian temperature, the most
common inflaton potentials [25] are negligible with respect to its kinetic energy. This would
require to analyze the HJ Equation (14) in absence of a cosmological constant, then use
the “purely quantum” background (we recall that in the FLRW model, the classical HJ
solution requires a cosmological term) to evaluate the spectrum of the free inflaton field.
However, it must be noted that its observability could have been forbidden in practice by
the subsequent inflationary scenario; for a discussion of the possible implications of the
primordial spectrum on the inflationary scenario, see [85].

This proposed scenario could be, in principle, applied to any gravity—matter model. In-
deed, the gravity—matter separation reduces the impact of the quantum gravity correction to
a modified HJ dynamics, containing /* terms; this does not lead to a single closed equation
for the HJ function like Equation (16) but to two equations for the phase and the amplitude
of the wave functional, which are intrinsically coupled. The difficulty in treating the generic
gravitational picture stands in its functional character: both the real and imaginary part
of the dynamics naturally have a functional structure, leading to revised equations in
the full superspace [37] of the possible 3d geometries (we emphasize that, formally, the
supermomentum constraint is also shifted into a modulus and phase). The spatial inhomo-
geneity of the considered gravitational field would essentially result into a 3d-curvature
term in the real component of the WDW equation, i.e., a potential-like contribution for the
HJ functional. This puzzling feature can be successfully addressed only under a decom-
position into independent minisuperspaces, like for the Bianchi universes [14] or for the
generic cosmological solution in the limit of validity of the so-called “long-wavelength
conjecture” [86-88]. Similarly, one could develop this analysis for black hole physics in the
limit in which a minisuperspace representation can be applied (see, for instance, the case of
“Polymer Black Holes” [89,90]); clearly, in this case, a 3 + 1-Hamiltonian dynamics could
only emerge with a regularization of the spatial gradients of the 3d metric, reduced to an
effective potential for the infinite but discrete degrees of freedom, for example, by means of
a Regge Calculus [91,92].

Despite possible technical difficulties typical of all functional approaches to quantum
physics, we have here provided a general algorithm by combining a B-O separation between
matter and gravity with the dBB treatment of the quantum gravitational degrees of freedom.
This introduces a new point of view on the origin and interpretation of the deviation from
a pure QFT-induced spectrum. In fact, the presence of quantum gravity corrections in the
inflationary spectrum would open a non-trivial debate on their measurement and, hence,
interpretation ([21] proposed an average over the quantum gravity degrees of freedom
before a QFT phenomenology can arise). Here, these questions are essentially overcome
simply because the quantum ripples of the metric are restated via a modified “trajectory”,
i.e.,, a modified Einsteinian gravity, on which QFT can live with its natural predictivity: de
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facto, we have reduced the problem to the study of QFT on a classical-like background
but amended for the 7 corrections due to quantum gravity.
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