RESEARCH ARTICLE | JULY 15 2024
Calculation of toroidal Alfvén eigenmode mode structure in
general axisymmetric toroidal geometry @

Guangyu Wei @ ; Matteo Valerio Falessi ©© ; Tao Wang @ ; Fulvio Zonca & © ; Zhiyong Qiu

’ '.) Check for updates ‘

Phys. Plasmas 31, 072505 (2024)
https://doi.org/10.1063/5.0213242

@ B

View Export
Online  Citation

Articles You May Be Interested In

Self-consistent perturbed equilibrium with neoclassical toroidal torque in tokamaks

2]
©
=
2]
T
o B
T
o
/)]
O
2]
>
e
Q.

Phys. Plasmas (March 2017)
Electron cyclotron current drive modelling with parallel momentum correction for tokamaks and stellarators
Phys. Plasmas (October 2012)

Algebraic and numerical studies on the roles of momentum conservation and self-adjointness in moment-
based neoclassical particle fluxes

Phys. Plasmas (September 2023)

£ Publishing Physics of Plasmas

Special Topics Open

for Submissions

Learn More

AIP
é/_‘. Publishing

L¥:21:01 G202 AeN 80



pubs.aip.org/aip/pop

Physics of Plasmas ARTICLE

Calculation of toroidal Alfvéen eigenmode
mode structure in general axisymmetric toroidal
geometry @

Cite as: Phys. Plasmas 31, 072505 (2024); doi: 10.1063/5.0213242 @ 1 @
Submitted: 9 April 2024 - Accepted: 24 June 2024 - (Il
Pu b|IShed online: 15 July 2024 View Online Export Citation CrossMark

Guangyu Wei,"? (5) Matteo Valerio Falessi,>” (®) Tao Wang,"? (®) Fulvio Zonca,"*? () and Zhiyong Qiu**

AFFILIATIONS

TInstitute for Fusion Theory and Simulation and Department of Physics, Zhejiang University, Hangzhou 310027, China
“Center for Nonlinear Plasma Science and C.R. ENEA Frascati, Via E. Fermi 45, 00044 Frascati, Italy
*|stituto Nazionale di Fisica Nucleare (INFN), Sezione di Roma, Piazzale Aldo Moro 2, 00185 Roma, Italy

“Key Laboratory of Frontier Physics in Controlled Nuclear Fusion and Institute of Plasma Physics, Chinese Academy of Sciences,
Hefei 230031, China

3 Author to whom correspondence should be addressed: fulvio.zonca@enea.it

ABSTRACT

A workflow is developed based on the ideal MHD model to investigate the linear physics of various Alfvén eigenmodes in general
axisymmetric toroidal geometry by solving the coupled shear Alfvén wave (SAW) and ion sound wave (ISW) equations in ballooning space.
The model equations are solved by the FALCON code in the singular layer, and the corresponding solutions are then taken as the boundary
conditions for calculating parallel mode structures in the whole ballooning space. As an application of the code, the frequencies and mode
structures of toroidal Alfvén eigenmode (TAE) are calculated in the reference equilibria of the Divertor Tokamak Test facility with positive
and negative triangularities, respectively. As typical result for reactor relevant plasma conditions, which are strongly triangular in the outer
core region where magnetic shear is of order unity, we show that the triangularity effect on TAE is generally small. Furthermore, by properly
handling the boundary conditions, we demonstrate finite TAE damping due to coupling with the local acoustic continuum and find that the
damping rate is small for typical plasma parameters.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0213242

I. INTRODUCTION

In magnetically confined fusion plasmas, excitation of shear
Alfvén wave (SAW) instabilities by energetic particles (EPs) via wave-
particle resonance has been one of the major concerns due to their
potential role in EP transport." Therefore, a comprehensive under-
standing of the dynamics of SAW fluctuations in fusion plasmas is of
crucial importance. It is well known that, in toroidal plasma devices

condition and, thus, have attracted a lot of attention in fusion research.
If the EP drive is sufficiently strong to overcome the continuum damp-
ing, it can give rise to another type of discrete fluctuations known as
energetic particle modes (EPMs)’ originated from the SAW continu-
ous spectrum. Therefore, it is particularly important to precisely calcu-
late the structures of SAW continuous spectrum and the frequencies of
various AEs in realistic magnetic configurations with plasma non-
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such as tokamaks, SAWs and ion sound waves (ISWs) are character-
ized by continuously varying continuous spectra. The periodic varia-
tion of equilibrium quantities along the magnetic field lines leads to
breakup of the frequency spectrum and formation of SAW-ISW
frequency gaps, where discrete eigenmodes may exist.”’ The
discrete Alfvén eigenmodes (AEs), such as toroidal Alfvén eigenmode
(TAE)”™" and beta-induced Alfvén eigenmode (BAE),” which are
inside the frequency gaps and are free of significant continuum
damping,” ® can be easily driven unstable by EPs with a low threshold

uniformities properly accounted for, which can serve as a valuable
reference for analyzing and interpreting simulation results and experi-
mental observations.

The coupled SAW-ISW continuous spectrum can be obtained by
solving the equations that describe the fluctuations’ propagation along
the equilibrium magnetic field lines.'” '* This is equivalent to the typi-
cal approach that takes a spectral decomposition of the fluctuations in
poloidal and toroidal angles and computes the null space (kernel) of
the matrix of the highest order radial derivative,” corresponding to
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radially singular SAW-ISW structures. It is worth noting that the
former method is convenient when dealing with high toroidal
mode numbers and can be straightforwardly extended to kinetic
description.'" In addition, by solving the differential equations of
SAW-ISW continuous spectrum in the ballooning space, the obtained
solutions also determine the asymptotic behaviors of the discrete AEs
in the frequency gaps.'""”

In previous works, some of the authors developed the
Floquet Alfvén continuum code (FALCON) to calculate the coupled
SAW-ISW continuous spectrum in general axisymmetric toroidal
geometry. FALCON, along with its associated library called
EQUIibrium Postprocessing codE (EQUIPE), is a tool available to the
fusion community upon proper request.” They have been collabora-
tively developed, validated,''® and verified in the last years. In this
work, we are dedicated to develop a workflow for the calculation of
AEs within this framework and adopt the ideal MHD limit to illustrate
the general methodology in a simple case. In particular, we present for
the first time a detailed calculation of the small but finite damping due
to the coupling of TAE mode structures with the SAW-ISW continu-
ous spectrum, demonstrating analytically and numerically where its
physical origin stands. This damping channel, as discussed in the fol-
lowing, is generally neglected by codes adopting the slow sound
approximation. Nonetheless, it may become important in the high-
pressure core region of fusion plasmas. Furthermore, it is appropriate
to address a fundamental physics process in order to be able to quanti-
tatively predict its possible relevance in practical applications. The
extension of present calculation to kinetic description is straightfor-
ward thanks to the adoption of ballooning mode representation’ '
and will be pursued in future work. The local dispersion curves calcu-
lated by FALCON' """ can be used to construct the global continuous
spectrum. Meanwhile, they can be taken as the boundary condition for
calculating the parallel mode structures of discrete gap modes.
Therefore, we have developed a general workflow, based on the
FALCON code, to calculate the frequencies and mode structures of
AEs. As an application of the code, in this work, we calculate the
TAE™’ spectrum in one of the reference equilibria of the Divertor
Tokamak Test facility (DTT)'” and demonstrate the existence of a
small but finite TAE damping rate even in the ideal MHD limit, under
the constraint of self-adjointedness of the force operator. This damping
results from the coupling between TAE and the acoustic continuum,
so it is generally much smaller than the conventional SAW continuum
damping for typical plasma parameters, due to the different polariza-
tions of the eigenmode and the local ISW continuum. The dependence
of this effect on plasma shaping is illustrated here as we calculate TAE
in a DTT equilibrium with negative triangularity (NT), demonstrating
the general applicability of the workflow across different geometries.
We find minimal deviation from previous results with positive triangu-
larity (PT), which is consistent with the experimental observations on
DIII-D tokamak.”’ Our findings are then discussed in terms of impli-
cations for present day and future devices.

The paper is organized as follows. In Sec. II, we introduce the
model equations and numerical approach adopted in the code. In Sec.
111, we apply the code to analyze the frequencies and parallel mode
structure of TAE in DTT equilibria with positive and negative triangu-
larities and discuss the weak effect of triangularity on TAE. In Sec. IV,
we give a brief summary of current work and outline the future pros-
pects for code development.

11,12,14
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Il. THEORETICAL FRAMEWORK
A. Model equations

Following Ref. 13, we introduce our model equations that
describe the SAW and ISW fluctuations coupled by the magnetic cur-
vature, which consist of the vorticity equation,

1 o?
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and the parallel force balance equation,
2 Pyc
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2

where @; is the perturbed stream function, related to the perpendicular
plasma displacement 0&, = (c¢/By)by x Vs, 6Py = —['PyV
-(6&, + 9&bo) is the compressional component of the perturbed pres-
sure, k = by - Vb, is the magnetic curvature, vA = B2/(4np,) and
¢t = T'Py/p, are the Alfvén and sound speed, respectively, and other
notations are standard. In Eq. (1), the first three terms on the left-hand
side represent field line bending, plasma inertia, and curvature-pressure
coupling, respectively, while the fourth term, representing the well-
known kink drive, will be neglected in the following study, since it is typ-
ically small for high mode number AEs characterizing DTT plasmas as
expected for reactor relevant conditions.”"** The right-hand side is the
contribution of curvature coupling with plasma compressibility. In Eq.
(2), the left-hand side can be regarded as the linear response of ISW in a
straight equilibrium magnetic field, and the right-hand side is the correc-
tion of finite magnetic curvature.

In this work, we consider a general tokamak geometry with the
equilibrium magnetic field expressed by

By =F({)Vo + Vo x Vi, (3)

1
O25Peomp — 2By (B—vuapcomp) ——
0

where  is the poloidal magnetic flux function, and ¢ is the physical
toroidal angle. Following our previous works, ' we make use of Boozer
coordinates (r, 0, (), where r(i) is a radial-like flux coordinate, poloi-
dal angle 0 is chosen such that _¢#B} depends only on v, with ¢
= (Vi x VO - V{)_1 being the Jacobian of the coordinates, and the
generalized toroidal angle { is defined such that the magnetic field lines
are straight on a flux surface, i.e.,
By - V(

1= B,-vo “

is a flux function. Focusing on modes with high toroidal mode
number and finite magnetic shear, we adopt the ballooning mode
representation,'””'? where an arbitrary fluctuation field can be

decomposed as
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and the time dependence of the fluctuation field (oc e ') is left
implicit for the sake of simplicity in notation. On the right-hand side
of Eq. (5), A(r) is the radial envelope of the mode, and f L(0,7) is the
corresponding parallel mode structure in the ballooning space, with ¢
being the “extended poloidal angle” along the magnetic field line. By
writing Eq. (5), we have assumed the scale separation between radial
envelope and single poloidal harmonics, which enables us to reduce
the original two-dimensional problem in the poloidal plane to two
one-dimensional problems,” i.e., solving for the parallel mode structure
f (¥, ) in ballooning space at the lowest order and for the radial enve-
lope A(r) at the next step. In this work, we focus on the solution of the
parallel mode structure.

Applying the ballooning mode representation and ignoring the
effect of radial envelope variation, the coupled SAW-ISW equations
Egs. (1) and (2) become'’
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where g, (1)) and g (¥)) are the projections of ®; and dP.qpp in bal-
looning space with convenient normalization, f§ is the ratio of
kinetic and magnetic pressure, s is the sound frequency, Kg and
K, are geodesic and normal curvature, and K is the normalized
perpendicular wave vector. The definitions of these quantities are
as follows:
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where ky = —nq/r, and s = rq' /q is the magnetic shear. For simplic-

ity, here, we have omitted the slow equilibrium radial scale dependence

in the functions g; and g,, noting that it is parameterized by the radial

variation of equilibrium quantities. Equations (6), describing the
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SAW-ISW mode structures propagating along the magnetic field lines,
are the starting point of the present work.

Equations (6) with proper boundary conditions define a well-
posed eigenvalue problem that generally does not allow for analytical
solutions except in some particular cases with limiting parameters
and simplified geometry.”"” In this work, we developed a workflow to
solve Eq. (6) numerically with proper boundary conditions.
Compared with other codes that directly solve the ideal MHD equa-
tions in real space, adopting the ballooning mode representation in
our model equations allows us not only to compute the high-n modes
with higher resolution but also to study the underlying physics in
more detail, as will be shown below. In the following, we will briefly
introduce our methodology for solving this problem, which was first
proposed in Ref. 11.

B. Solving method
Taking the |J] — oo limit, we can reduce Eq. (6) to''

R|Vr|  o? #°B: J*BL 50
A1 NG AP PR o ‘/2—— 7
<8l} |V7’| Vf‘; & ( ﬁ) | 19| Kgg27 ( a)

B} w} B
(ﬁR;’er—gaf,) (21"/3)1/2/ \sﬁl Kegr. (7b)
0

Notice that in Eq. (5), due to finite magnetic shear, the extended poloi-
dal angle ¥ also plays the role of a dimensionless radial wave vector.
So, Eq. (7), obtained from Eq. (6) in || — oo limit, can actually
describe the radial singular structures of plasma response, i.e., the con-
tinuous spectrum.'' "> More generally, by solving Eq. (7), we obtain
the asymptotic behaviors of the parallel mode structures in the radial
singular layer for both continuous spectrum as well as AEs.”>** These
solutions will then be taken as the boundary condition for Eq. (6) to
calculate parallel mode structure in the whole ballooning space and
the corresponding dispersion relation. Here, we will consider the
0k = k./(nq') — 0 limit corresponding to the most unstable mode
radial envelope structure, with k, the radial envelope wave number. At
the same time, the radial envelope for the ground state of a radially
localized mode structure can be computed analytically. Here, this will
provide a simple (ad hoc) example, which we will use to illustrate the
two-dimensional radial mode structure that can be reconstructed fol-
lowing the present approach.

Following Ref. 11, we note that all the coefficients in Eq. (7),
related to the equilibrium quantities, are 27-periodic functions of ¥J;
so, Floquet theory” can be employed to investigate the solutions of
this system. In this paper, we review only the most important results of
Floquet theory, and interested readers are referred to Refs. 11 and 25
for more detailed discussions. Rewriting Eq. (7) as four first order cou-
pled differential equations, we know from Floquet theory that, given
the value of , they must have solutions in the form of

xj(w; ) =

P(0)e"”, i=1,2,3,4, (8)

where x; is a column vector with four elements corresponding to the
solutions of g;, 9yg1, &, and dygy, respectively. P;(1) is a 2m-periodic
function, and v; is generally a complex number called characteristic
Floquet exponent. One of the major advantages of Floquet solutions is
that their asymptotic behaviors are totally determined by the charac-
teristic Floquet exponent v, so we can choose the solutions that satisfy
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the physical boundary condition (outgoing/decaying wave*** in ¥
space), with only the information of v;(w, r). Specifically, solutions
in the continuum are traveling waves that propagate toward
|9] — oo, so the Floquet exponent must satisfy Imrv =0 and
sgn(¥)0Rer/dw > 0. Solutions in the frequency gap are standing
waves, which exponentially decay as || — oo, corresponding to
AEs, so the Floquet exponent must satisfy sgn(¢)Imy > 0. The
FALCON code, developed by Falessi et al., calculates the local dis-
persion curves v(m,r) at each radial position and uses v*(w,r)
= (nq(r) — m)* to compute the global continuous spectrum.'’ The
advantage and accuracy of this approach are due to the fact that
the dispersion curves v(w, r) are independent of n and of any fast
radial variation. In this work, we use the dispersion curves calcu-
lated by FALCON to determine the frequencies and parallel mode
structures of AEs.

Since for generally up—down asymmetric equilibrium, the solu-
tions of Eq. (6) are asymmetric for parity transformation in ¢ space,
we should calculate the boundary condition on the left (¢ — —o0)
and right (J — +00) separately. At each boundary, among the four
solutions in Eq. (8), generally only two of them satisfy the physical
boundary conditions. So we have the general solutions of Eq. (7), for
negative and positive ¥, expressed by

x (w3 0) = wix] +w, x5,

F (e 19) — et + ot
X (0;0) = wixy +wix;,

&)

respectively, where x;, and x;’, are selected from x; in Eq. (8) taking
into account the boundary conditions, while w;, and w;, are weight
coefficients of the linear combination. Since Eq. (7) is the limiting
form of Eq. (6) as || — oo, it is possible to connect the solutions of
Eq. (6), denoted by X~ (1) (for negative ) and X (+J) (for positive 19),
with the solutions of Eq. (7): X (—27nf) =x (»;0) and
XT(2nl) = x(w;0), where ¢ is a sufficiently large positive integer.
The solution in the whole ballooning space can be formally expressed
by

X~ (9) = wi Xy +wy X,

(10)
X*H(0) = wi X} + wiX],

where X, and X, are obtained by numerically integrating Eq. (6)
from —27n¢ and 2n¢ with boundary condition X, (—27¢)
= x;,(w;0) and X/, (27f) = x7,(w;0), respectively. The two solu-
tions given in Eq. (10) must match at ¥ = 0, ie, X (0) = X*(0),
which yields a linear matrix equation,

M(w)w =0, (11)

where w = (w,,w, ,w;,w; ) is a column vector composed of the
four weight coefficients, and M is a 4 x 4 matrix given by

(X7 (0)X;(0) — X[ (0) —X;(0)). (12)

Condition for Eq. (11) having nontrivial solution leads to the local
dispersion relation D(w) = det(M) = 0, where we have omitted its
explicit dependence on the local parameters for simplicity. In prac-
tice, the eigenvalue o is found by scanning the frequency gap and
minimizing the value of |D(w)|. The corresponding solution of w is
then substituted into Eq. (10) to construct the parallel mode
structure.

pubs.aip.org/aip/pop

lll. NUMERICAL RESULTS

The model equations and numerical approach introduced in Sec.
IIB for solving SAW-ISW eigenmodes are general. In this section, we
will illustrate, taking the well-known TAE as an example, the calculation
of mode frequency and parallel mode structure in general geometry of
experimental interest. For consistency with Ref. 11, we use the equilib-
rium of a DTT reference scenario'” to illustrate the application of our
code. The magnetic equilibrium has been originally calculated by means
of the free boundary equilibrium evolution code CREATE-NL* and
further refined using the high-resolution equilibrium solver CHEASE.”’
We consider a single null configuration with magnetic axis and plasma
edge excluded to avoid the possible singularity, as shown in Fig. 1. The
profiles of safety factor and magnetic shear are depicted in Fig. 2(a),
with g, the normalized toroidal radius."’ Profile of f = 8nP, / Bg is
depicted in Fig. 2(b), with By the magnetic field on axis.

A. Boundary condition

Following the workflow described in Sec. II B, we first calculate all
the coefficients of Eq. (6) using EQUIPE. Then, we call FALCON to
compute the dispersion curves and the boundary condition of Eq. (6).
Figures 3(a) and 3(b) show the real and imaginary parts of v;(Q) at
Py = 0.54, respectively. Here, Q = wR/v4o with V4o the Alfvén
velocity on the magnetic axis, and for convenience, Q is chosen as the
vertical coordinates to show different branches and gaps more clearly.
Then, we can pick out the SAW-ISW continuum with Imv = 0, as
depicted in Fig. 4(a), where the shade of the dot’s color is proportional
to the value of Alfvénici'fy,“‘lz’l’1

27
J gf (05 v,r)dd
0 (13)

27 b
|| lettosvr) + gwivn]ao
0

A=

which characterizes the degree of SAW polarization of the fluctuation.
Here, g; and g denote the solutions of Eq. (7). According to Fig. 4(a),

N T T
1.0 3
I QRN \\
I QRN
[ S
S \“;l,
0.5 ] 8
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N 00Ff F ]
i
7
—0.5F .
—1.0F , s
2 3
R(m)

FIG. 1. Contour lines of i and 0 coordinates.
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FIG. 2. (a) Profiles of safety factor g and magnetic shear s. (b) Profile of /.

there is clearly a SAW polarized frequency gap at Q ~ 0.5, which is
caused by the interaction of two counter-propagating SAWs along the
magnetic field line. We know that TAE is located in this frequency
gap, and the existence of acoustic polarized continuum in the same
region implies the possible damping of TAE due to the coupling with
ISW continuum, as will be shown in Sec. III B. Some insights into the
coupling of AEs and ISW continuum can be obtained by checking the
properties of the characteristic Floquet exponents in Figs. 3(a) and
3(b). Within the range 0.38<Q=<0.68, v, = —v;3 is purely a real
number, which is related to the ISW continuum solution, while
vy = —v4 has a real part of —0.5 and a negative imaginary part, which
is related to the SAW gap AE solution. The asymptotic solution of
TAE parallel mode structure in this frequency range is generally given
by the mixture of both SAW gap and ISW continuum solutions,

x~(w;9) = wi Py (9)e™? + wy Py(19)e™?,

+ -9) = +P 9 iv31) +P 9 vyt (14)
x"(@;0) = wy Ps(9)e"" + wy Py(0)e™",

where outgoing wave boundary conditions have been imposed, and @
is assumed to be located at a position where dv, /0w = —dv; /0w
< 0, otherwise, subscripts 2 and 3 in Eq. (14) should be exchanged.

B. Frequency and parallel mode structure of TAE
in DTT

In this subsection, we calculate the frequency and parallel
mode structure of TAE in the DTT reference equilibrium. Figure
4(b) depicts the SAW-ISW continuous spectrum of n =5 calcu-
lated by FALCON in this equilibrium, with Alfvénicity denoted by
the colorbar. The choice of n =15, here, is given for convenience of
graphical display of the results. In fact, the radial structures of the
SAW-ISW continuum for an arbitrary mode number can be read-
ily shown based on the dispersion curves of Fig. 4(a)."? Given the

0.8 —
(b)
0.6
S 04
. n
02p ° e
o d Vs e o -
= IS
© U —nlu—
0.0
—04 -02 00 02 04 —02 01 00 0.1 02
Re(v;) Tm(v;)

FIG. 3. (a) Real parts and (b) imaginary parts of the characteristic Floquet expo-
nents v;(Q) at p,,, = 0.54.
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FIG. 4. (a) Local dispersion curves v(Q) at p,,, = 0.54, with the colorbar showing
the Alfvénicity defined by Eq. (13), whose value is connected with the polarization
of the corresponding fluctuation.""'* (b) SAW-ISW continuous spectrum of n=5
calculated by FALCON in DTT, and the colorbar shows the Alfvénicity. The red plus,
-+, marks the frequency of TAE calculated at p,,, = 0.54.

boundary condition in Sec. III A, and adopting the workflow
introduced in Sec. II B, we calculate the TAE frequency and parallel
mode structure at the radial position p,, =0.54, where
B = 2.28%. The real frequency of TAE is Q, = 0.649, close to the
upper SAW continuum, as marked by the red plus + in Fig. 4.
Meanwhile, coupling of TAE with the local ISW continuum will
lead to a finite damping rate of the mode, due to the generation of
short scale radial singular structure. Considering the different
polarization of the AE and the resonantly excited ISW continuum
[Fig. 4(a)], the damping rate of TAE Q; is expected to be very small.
This justifies the use of a perturbation method to calculate Q.
Upon determining the value of Q, by finding the roots of D,(Q,),
we then obtain the value of Q; as
D;
= 5538 e (15)

where D, and D; are real and imaginary parts of D((Q,), respectively.
In this way, the obtained value of Q; = —1.61 x 10~*, which is much
smaller than Q, as expected.
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FIG. 5. Normalized g4 and g, in ¢ space.

The small but finite TAE coupling with ISW continuum and the
consequent damping rate is consistent with the parallel mode struc-
tures of g; and g in ballooning space, as shown in Fig. 5. g;, represent-
ing the response of SAW, is characterized by an exponentially
decaying behavior corresponding the formation of a gap mode.
Conversely, g,, which represents the response of ISW, exhibits a peri-
odic oscillating behavior at large |9/, typical of a continuum mode. The
oscillation of g, is much faster than g;, which can be explained by the
fact that an Alfvén wave with relatively low k| is interacting with
sound waves with higher k. The parallel mode structure in large-}
limit implies that there is an energy flux from large scale to small scale.
This physical picture can be seen more clearly using a variational prin-
ciple.”® Specifically, we perform on Eq. (6) the operation

8- (6a) —g1 - (6a)" +[g; - (6b) — g - (6b)7],
and we integrate over the ballooning space. Thus, we get
00 jZ Bé

2
o V4

g1 [*d0 ~ — (g7 9vg1 — g100g})

4iw,w,-j
W5 ¢ N
“w (8098 — £008;) ‘%7 (16)
where * is the standard notation for complex conjugate. In Eq. (16),
the left-hand side represents the changing rate of the total energy, and
the two terms on the right-hand side represent the outgoing energy
flux, contributed by g; and g, respectively. With the parallel mode
structures of g; and g, already obtained numerically, we plot the energy
fluxes of g; and g, in Fig. 6. The combination of Eq. (16) and Fig. 6
demonstrates that the energy of the mode primarily originates from g,
whereas the energy flux is attributed to g,, which is consistent with the
physical picture that the TAE in the gap is slightly modified by the
acoustic continuum. Furthermore, we calculate the damping rate
directly given by Eq. (16), resulting in a value of Q; = —1.84 x 1074,
which agrees well with the previous result from Eq. (15), obtained
from a perturbation expansion.

The damping rate of TAE resulting from the coupling with
acoustic continuum is notably small, about &(10~*) of the real fre-
quency. This damping rate can easily be covered by numerical errors
in most codes. Here, the local analysis that we have adopted gives us
the capability to investigate such a subtle physical effect. However, we
should note that the value of the damping rate is not always so small as
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FIG. 6. Energy fluxes in 1) space. The black and red lines represent the energy flux
contributed by g1 and g, respectively.

it depends on the strength of SAW-ISW coupling and, ultimately, on
the mode polarizations.'” It can be expected that SAW and ISW may
be more strongly coupled for higher § and the damping rate could be
more relevant. For example, at p,,, = 0.385, f = 3.53%, the obtained
TAE real frequency is Q, = 0.770, with a damping rate of Q; = —1.43
%1073, Tt is also worth mentioning that Eq. (6) generally have multiple
solutions satisfying the outgoing wave boundary conditions in the
complex Q space. The solution we have reported is the Alfvén polar-
ized one, corresponding to the well-known TAE. Meanwhile, there
also exist acoustic polarized solutions in the same frequency range,
which are highly damped due to strong coupling with the continuum
and are, therefore, less relevant and ignored here. We emphasize,
again, that mode polarization is the control physical quantity that
determines how strongly damped the corresponding fluctuation struc-
ture is (cf. the color shade in Fig. 4, reflecting the Alfvénicity' "'*"").
For a more intuitive understanding of the physics mechanism
underlying the TAE damping by resonant ISW continuum excitation,
it is helpful to investigate the fast radial variation of mode structures in
real space consistent with the present ballooning mode representation.
The local radial structures of mth harmonics of the normalized @, and
OPcomp in (ng — m) real space, obtained by direct Fourier transform of
g1/k . and g consistent with Eq. (5), are shown in Fig. 7. There are
clearly two dominant radial singular structures of dPcomp around

6 F—— Re(®s) 8

— Im(®.)
4 —— Re(6Peomp) ]
—— Im(6Peomp)

275 50 -25 00 2.5 5.0 7.5
ng—m

FIG. 7. Local radial mode structures of the mth harmonics of the normalized g
and 6Peomp in real space. The horizontal axis ng-m can be regarded as the fast
varying radial coordinate corresponding to the parallel mode structure, consistent
with Eq. (5).
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nq — m = *4.5, which reflect the result of acoustic continuum reso-
nances where ®* — (nq —m)’w} =0 is satisfied. Meanwhile, the
sidebands around ng — m = *£3.5, £5.5 arise from the coupling of
different poloidal harmonics. By analogy with SAW resonant absorp-
tion,”””” one may expect the radial singular structures illustrated here
bear acoustic continuum damping due to the same process. Physically,
the outgoing energy fluxes in the ballooning space, illustrated in Fig. 6,
correspond to a Poynting flux in the real space, which enters a narrow
(infinitesimally small, in the ideal MHD limit) layer at the position
where the wave is resonant with the continuous spectrum and where
the aforementioned radial singular structures are formed. In the pre-
sent case, the multiple resonance absorption layers must be attributed
to the rich SAW-ISW coupling due to geometry effects."”'*'* This
makes the accurate calculation of the resonant absorption quite
involved in the real space and shows the better accuracy of our present
approach, which, within the adopted ideal MHD model, can calculate
the resulting damping up to the computer precision. Meanwhile, it is
evident that the damping rate is relatively small since the resonances
occur in high [kj| region, where the dominant TAE mode structure
(@) rapidly decays away from its peak. We finally note that the finite
wave damping due to resonant absorption is fully consistent with the
self-adjointedness of the ideal MHD force operator. In fact, the dissipa-
tion is connected with the small but finite residual contributions that
are picked-up integrating the energy functional across the resonant
absorption layers, using causality constraints to resolve the
singularities.””"*

C. Global mode structure of TAE in DTT

In this study, we have omitted the slow radial variation of the par-
allel mode structures and focused on the solution of the local problem,
leaving the self-consistent solution of the global problem to future
studies. Nonetheless, as anticipated in Sec. 1I, the radial envelope for
the ground state of a radially localized mode structure can be com-
puted analytically™”' and yields A(r) = exp|—(r — ry)*/Ar?], where
1o is the reference rational surface, and

1/2

, 2 [aZD/aei

re = _
Inq'|

&D]or*

r=ry

Here, D(w, r, 0x) denotes the local TAE dispersion function. Using
this analytical (ad hoc) radial envelope, we can schematically construct
the global fluctuation fields in real space with the help of Eq. (5).
Figures 8(a) and 8(b) show the two- and three-dimensional structures
of the perturbed stream function ®; with toroidal mode number
n =20, which is chosen here as representative of a radially localized
mode structure as discussed above. In fact, the toroidal mode number
dependence will be reflected only by the mode width Ar, the parallel
mode structure remaining independent of # at the leading order in the
high-n ballooning limit. We note that Fig. 8(a) is similar to Fig. 7 of
Ref. 31, although a more accurate kinetic description is adopted in that
work. Note that the radial singular structures due to SAW-ISW cou-
pling are not visible in Fig. 8 due to the fact that the effect is finite but
small, as discussed above. Actually, this radial singular will be
completely eliminated in kinetic description, when the finite Larmor
radius effect comes into play and modifies the potential functions’" in
the model equations. Detailed studies of these physics effects will be
reported elsewhere.
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FIG. 8. (a) Two-dimensional and (b) three-dimensional mode structures of a n =20
TAE obtained with an ad hoc radial envelope.

As a final remark, it is worth mentioning that, for the high-
frequency modes such as TAE analyzed here, slow sound approxima-
tion (SSA)'*'" is usually adopted to further simplify Eq. (6). The range
of validity of this approximation has been systematically studied in
Ref. 12. In SSA, one drops the &3 term in Eq. (6b) and turns it into an
algebraic equation, so Eq. (6) are reduced to one second order differen-
tial equation. By reapplying the methodology outlined in Sec. II B, we
calculate TAE in SSA using the same parameters. The frequency of
TAE in SSA is Q = 0.645, very close to the result in the full system.
The corresponding parallel mode structure is shown in Fig. 9, which
indicates that g; has little variation compared to that in the full system,
while g, is significantly modified. This is indeed expected, since ISW
resonances are removed in SSA, with the obvious consequence of
removing TAE damping due to corresponding ISW resonance absorp-
tion. The comparison above between the results of SSA and the full

1.5
1.0
0.5
0.0
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_60. . ._40. . ._20. . . N n -

-1.0

FIG. 9. Normalized g4 and g, in +) space, adopting slow sound approximation.
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system demonstrates that the former encapsulates most of the signifi-
cant characters of TAE, such as the frequency and the parallel mode
structure of g;, while the latter gives a finite amplitude of the parallel
mode structure in singular layer and the resultant TAE damping rate.
We note that, studying the fully compressible response will be crucial
for the investigation of low-frequency AEs in future works, although
rigorous calculation of the full system only introduces a perturbative
correction compared to that of SSA for the high-frequency mode such
as TAE analyzed here.

D. Effect of NT on TAE

Recently, research studies on using the NT plasma shaping as
tokamak reactor design are revitalized due to its potential advantage in
achieving a better plasma confinement while avoiding the threat of
edge localized modes (ELMs).”” ** However, present research studies
on NT have not yet fully explored the spectrum of n ~ €(10) AEs,”’
whose impact on alpha particle transport could play a crucial role in
the burning plasma power balance. In order to study the effect of dif-
ferent triangularities on TAEs, we calculate TAE in one of the pro-
posed DTT NT equilibria and compare the results with those obtained
previously in PT equilibrium. The cross section of the NT equilibrium
is depicted in Fig. 10, which is obtained by mirror flipping the last
magnetic surface in Fig. 1 and recalculating the equilibrium using
CHEASE code at fixed q and pressure profiles, enabling us to isolate
and analyze the specific impact of triangularity.

Figure 11 depicts the continuous spectra of PT and NT equilibria
calculated by EQUIPE-FALCON, where the SSA is adopted to focus
on the variation of the TAE gap. Note that the use of SSA is motivated
only by the graphical quality of the resulting continuous spectrum,
removing the coupling of the multiple SAW-ISW branches, whose
effect is extensively discussed above but is of limited interest for the tri-
angularity effect on the SAW continuum radial structures. The lower
branches of the continuous spectra in both equilibria are situated
within the same frequency range, while the upper branch is slightly
lower in the NT equilibrium. We calculate the TAE frequency in this
NT equilibrium, which is found to be Q = 0.616 — 1.67 x 10~*i, and

1.0} -
0.5F |
g
N 0.0 5
-05F ]
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~1.0F . L
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FIG. 10. Contour lines of ¢ and 0 coordinates in NT equilibrium.
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FIG. 11. Continuous spectra of PT and NT equilibria, adopting slow sound
approximation.

also slightly lower than that of PT equilibrium (Q = 0.649 — 1.61
x107*i). The real frequencies of TAEs in these two equilibria are
marked by black and red pluses in Fig. 11, respectively, and their rela-
tive difference is negligibly small. The parallel mode structure of TAE
computed as solution of the coupled SAW-ISW system is depicted in
Fig. 12, which, as expected, shows a similar pattern with former Fig. 5.
In order to better appreciate the generality of this result, we have fitted
the local DTT equilibrium at p,,, = 0.54 by a Miller parameteriza-
tion” and independently varied the triangularity in the range
0 € (—0.2,0.2). This is a reasonable test of the effect of triangularity,
despite the fact that an actual self-consistent study would generally
require the re-construction of a series of global equilibria with con-
trolled triangularity variation at fixed profiles, which is hard to obtain.
Results are shown in Fig. 13, where we report the upper and lower lim-
its of the SAW continuous spectrum as well as the TAE frequency vs
0. The dashed vertical lines at 6 = *£0.09 represent, respectively, the
two cases for PT and NT discussed in detail above. As expected, the
effect of & on TAE frequency as well as on the SAW continuum accu-
mulation points is small. In fact, if one normalizes the TAE frequency
by the local characteristic Alfvén frequency (27) " §va/(_#Bo)d0

—60 —40 -20 0 20 40 60

FIG. 12. Normalized g4 and g, in ¥ space in NT equilibrium.
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FIG. 13. Dependence of the upper and lower limits of the SAW continuous spec-
trum as well as the TAE frequency on the triangularity 6. The dashed vertical lines
at 6 = *0.09 represent, respectively, the two cases for PT and NT discussed in
detail above.

instead of ¥ 49/ Ry, the differences are even smaller. Therefore, we con-
clude that, in the ideal MHD limit, simply changing the triangularity
of the equilibrium does not have a significant influence on the fre-
quency or mode structure of TAE. This result is not surprising, consid-
ering that the TAE spectrum has a predominant feature at
[JBoky| ~ 1/2. Thus, the TAE dispersion relation, written in the form
of a variational principle,””* readily shows that triangularity effects
average out at the leading order. This is also consistent with toroidal
frequency gap formation being dominated by the cos 0-type variation
of the magnetic field (i.e., toroidicity), while triangularity merely intro-
duces a small component of higher order sidebands. In addition, since
TAEs are radially localized deeper in the core region as compared to
ELMs, triangularity may also attenuate its effect as one moves from
plasma edge toward the magnetic axis. The information from our pre-
sent results is not limited to DTT but extrapolates to other devices in
the ideal MHD limit, since the plasma region characterized by most
relevant triangularity effects is typically the outer core, where magnetic
shear is of order unity and the MHD properties of TAE are qualita-
tively consistent with those discussed here for DTT. Our present
results are also consistent with other analyses reported in the litera-
tures’®”” about the relatively weak impact of NT on AE fluctuation
structures. Meanwhile, they are not in contrast with the results from
existing numerical and theoretical works that NT could instead be rele-
vant in the AE excitation mechanism by EP via modification of both
resonance conditions and EP orbits.”*** Adopting the workflow pro-
posed here, a more detailed investigation on this issue with kinetic
effects included will be reported in our future work.

IV. SUMMARY AND PROSPECT

In this work, we illustrate the numerical calculation of AEs in the
ideal MHD limit, adopting the general theoretical framework discussed
in Refs. 11, 12, 23, and 24. By solving the model equations in the
ballooning space, the asymptotic behaviors of the solutions in the
large-|?J| limit are completely determined by the corresponding char-
acteristic Floquet exponents, which makes it straightforward to select
the proper boundary conditions and, thus, defines a well-posed

ARTICLE pubs.aip.org/aip/pop

eigenvalue problem in the ballooning space. To solve this problem effi-
ciently, a workflow has been developed on the basis of FALCON'""?
to calculate the frequencies and parallel mode structures of AEs in real-
istic tokamak geometries. As an application of the code, we calculate
the TAE in the reference equilibria of DTT and demonstrate it has a
small but finite damping rate due to coupling with the acoustic contin-
uum. The existence of the damping rate is also confirmed by the
derived variational principle, which highlights that the acoustic polar-
ized component of the fluctuation carries a finite amount of energy
leaking out of the potential well in the ballooning space; i.e., toward
radial singular structures, resulting in the dissipation of the mode.
Although the obtained TAE damping rate for the parameters used
here is small, due to the different polarization of the eigenmode and
the ISW continuum, one should note that, in fusion plasma with
higher f, SAW and ISW may be more strongly coupled even in the
TAE frequency range, and the mechanism that we have proposed
could potentially become more relevant.'” This novel result demon-
strates the accuracy of the present approach in describing the fine
radial structures that are due to the resonant excitation of ISW contin-
uous spectra by TAE. By comparing the numerical results in different
DTT equilibria with PT and NT, we find that simply changing the tri-
angularity does not have a significant influence on TAE frequency and
mode structure within the ideal MHD description. Plasma triangular-
ity scans, based on Miller parameterization of the local plasma equilib-
rium, are then used to illustrate the general validity of our results for
typical tokamak equilibria, where the outer core region is usually char-
acterized by stronger triangularity and (1) finite magnetic shear.

Although we have limited ourselves to the local problem by
neglecting the slow variation of the radial envelope in Eq. (6) for the
sake of simplicity, the self-consistent solution of the global problem is
included in the general theoretical framework.”>”* The general
approach adopted in the present work can be straightforwardly
extended to kinetic description due to the similar structure of the
mode equations,” allowing to explore the effects of finite Larmor
radius, wave-particle interaction, and diamagnetic frequency on the
SAW-ISW fluctuations, as anticipated in Ref. 31.
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