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ARTICLE INFO ABSTRACT

Keywords: A semi-analytical procedure is presented for predicting the complete flexural response of partially interacting
Analysis steel-concrete composite beams up to failure. The governing equation of the Euler-Bernoulli beam theory is
Concrete solved wherein concrete, steel and the shear connectors joining the concrete slab to the steel beam are assumed
;Z:Il’f:;;er to have nonlinear stress-deformation relationships. The adopted constitutive relationship for the connectors

Partial interaction allows for partial or full composite action. The solution is applicable to beams and one-way slabs subjected to
Steel concentrated or uniform load and/or their combination. The governing equation is numerically solved by
satisfying the equilibrium and compatibility requirements along the member. For the reinforced concrete part of
the composite beam, a nonlinear moment-curvature relationship is developed that accounts for concrete
nonlinearity in compression and for cracking and tension-stiffening in tension as well as for steel reinforcement
nonlinearity. The steel profile is assumed to have a bilinear elasto-plastic strain-hardening moment—curvature
relationship. Comparison of the proposed model results with the corresponding experimental load—-deflection
curves and interfacial shear-slip curves of several beams tested by others shows good agreement. The relative
simplicity, efficiency and easy application of the present solution make it possible to accurately predict the

failure load, interfacial slip and full nonlinear response of partially interacting composite beams.

1. Introduction

Steel-concrete composite members are considered an attractive op-
tion for the construction of buildings and bridges as they take advantage
of the high tensile strength and shear capacity of steel and the high
compressive strength of concrete as well as avoiding the early buckling
of the compression flange of the steel section. Furthermore, cost-
effectiveness and ease of construction due to minimal formwork and
non-necessity of shoring make them very popular. Consequently, a large
portion of the short and medium span bridges built around the world
involve this form of construction. However, such construction may be
structurally less attractive for members that experience large and/or
frequent moment reversal, causing significant tension in the concrete
slab [1].

In steel-concrete composite flexural members, the steel girder is
typically connected to the reinforced concrete slab using steel shear
connectors to ensure a high degree of composite action and to allow the
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horizontal shear forces to be transferred between the girder and the slab.
Typically, the connectors consist of headed shear studs that are welded
to the top flange of the steel girder and embedded in the concrete slab
[2]. The size, stiffness, strength and spacing of the studs will affect the
degree of composite action, and the strength and stiffness of the com-
posite member. Experiments have shown [3] that the interfacial slip
between the concrete slab and the steel girder can occur even at low load
levels due to the finite rigidity of the connectors. This phenomenon re-
sults in the so-called “partial interaction” or partial composite action.
Several models are available in the literature for computing the ul-
timate strength and deformations of composite members experiencing
partial interaction [4-9]. The earliest of these was presented by New-
mark et al. [4] where the steel girder and the concrete slab were
considered as two conventional beams, connected by means of linear
springs capable of transferring the horizontal shear at the beams inter-
face. The differential equation governing the flexural behavior of the
joined beams was formulated. Several methods can be employed to solve
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Fig. 1. Typical steel-concrete composite beam: (a) frontal view; (b) section; (c) reference system.
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Fig. 2. Transverse section of steel-concrete composite beam.

the equation and to perform the analysis for various girder-slab assem-
blies. Subsequently, others primarily applied the finite element method
to analyze composite bridges, but most of these have used commercially
available software and linear elastic analysis, assuming full composite
action (Eom and Nowak [5], Phuvoran et al. [5], Yousif and Hindi [7]).
Other researchers developed analytical methods for modeling composite
beams and frames as summarized by Spacone and El-Tawil [8],
assuming a linear or bilinear shear-slip relationship for the
concrete-steel interface (Foraboschi [9]).

Additionally, analytical models have been developed, based on the
conventional Euler-Bernoulli beam theory, coupled with interlayer slip
[10-13]. Wu et al. [10] used the classic linear-elastic partial-interaction

theory for composite steel and concrete members to evaluate the
response of composite beams and columns under flexure. Girhammar
etal. [11,12] applied the same beam theory to evaluate the deflection of
partially composite beams and beam-columns wherein both the steel
and concrete were assumed to behave linear elastically. Jian-Ping et al.
[13] derived the stiffness matrix of composite beams considering the
interlayer slips based on the kinematic assumptions of Timoshenko’s
beam theory. They developed a finite element model by assembling the
local stiffness matrices and corresponding equivalent nodal forces. Once
again, all the constituent materials were assumed to behave linear
elastically. To account for the effects of shear deformations, Xu et al.
[14,15] used Timoshenko’s beam theory coupled with interlayer slip to
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Fig. 5. Bilinear moment—curvature curve for steel section.

investigate the static, dynamic, and buckling behavior of partially
interacting composite beams. Subsequently, Xu and Wang [16] formu-
lated the minimum potential and complementary energy equations for
the partial interaction of composite beams, as well as the variational
principles for the free vibration and buckling of such members under the
assumptions of linear elasticity. Schnabl et al. [17] also gave the
analytical solutions for analyzing the elastic flexural response of a
two-layer beam including shear deformation. Furthermore, Xu and
Wang [18] compared the solutions of the governing equations of
partial-interaction in composite flexural members based on the as-
sumptions of Euler-Bernoulli and Timoshenko’s beam theories and

linear elasticity.

Numerical methods based on the stiffness method have been also
developed to investigate partial interaction in composite beams
[19-22]. Ayoub and Filippou [23] derived an inelastic beam element for
the analysis of steel-concrete girders with partial interaction, subjected
to monotonic or cyclic loads. The partial interaction was accounted for
by an interface model with distributed force transfer characteristics.
Faella et al. [24] developed the stiffness matrix of a composite beam
element based on the exact solution of the governing equation formu-
lated by Newmark, coupled with the assumption of linear shear-slip
relationship for the connectors. Cas et al. [25] presented a formulation
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by employing a modified form of the principle of virtual work for the
non-linear analysis of two-layer composite planar members admitting
interlayer slip. Ranzi et al. [26] proposed an alternative formulation that
essentially utilized the same concepts as contained in Newmark et al.’s
seminal work [4]. Ranzi and Bradford [27] presented a formulation for
the analysis of composite beam-columns based on the direct stiffness
method, which considered partial interaction, assuming all the constit-
uent materials, including the shear connectors, to be linear elastic.
Subsequently, Ranzi and Zona [28] presented an analytical model for
the analysis of steel-concrete composite beams by coupling the con-
ventional beam theory for the reinforced concrete slab to the Timo-
shenko’s theory for the steel girder that included the shear deformability
of the latter. In the last work, the formulation accounted for creep and
shrinkage effects in the concrete slab, but both the reinforcing steel and
the steel girder were assumed to behave linear elastically. Jiang et al.
[29] developed a two-node linear composite beam element for the
steel-concrete composite beam with discrete shear connection. The
element stiffness matrix was derived by applying the principle of total
potential energy based on Timoshenko’s beam theory and linear
Lagrangian interpolation functions. Although both the concrete slab and

the steel girder were assumed to obey Timoshenko’s beam theory, the
concrete slab was assumed to be linear elastic, lacking tensile strength,
and the presence of steel reinforcement in the slab was neglected.
Similarly, Nguyen et al. [30] derived the exact stiffness matrix for a
two-layer Timoshenko’s beam element with partial interaction. The
shear connection was modeled through a linear relationship between the
interface shear flow and the concomitant slip. Martinelli et al. [31]
presented a closed-form formulation of the stiffness matrix and the
equivalent nodal forces of an element, assuming linear elastic shear
connectors, to analyze shear-flexible steel-concrete composite beams
experiencing partial interaction.

Razaqpur et al. [32,33], developed a nonlinear finite element for-
mulations for the analysis of composite steel-concrete bridges. In this
formulation a special one-dimensional finite element with a nonlinear
shear-slip relationship was developed to model shear connectors while
the concrete slab and steel girder were discretized using layered facet
shell elements. Both concrete and steel, including the reinforcing bars in
the concrete slab, were assumed to behave nonlinearly, having defined
failure criteria under a combined stress state. The applicability of the
formulation was demonstrated in [34]. Other studies have been
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Table 1
Geometrical and material properties of steel-concrete beam analyzed.
Property Unit Beam
Case (a) Case (b) Case (c)
[48] [49] [50]
Steel section height, hj mm 250® 150 305
350
Steel section web thickness, t,, mm 9 10 10
12
Steel flange width, b, mm 250® 130 152
350
Steel flange thickness, t, mm 14 10 10
19
Concrete slab width, b, mm 600 600 1220
Concrete slab thickness, h, mm 130 100 152
160
Reinforcement cover mm 30 30 30
Tension steel area, A mm? 302 226 151
Compression steel area,A’ mm? 302 226 151
Beam span length, L mm 3700 4000 5490
Shear span, a mm 1500 1600 -
Concrete strength, f MPa  38.97 34.40) 42,5
35.2
74.9
Concrete ultimate strain, €, - 0.035 0.035 0.035
Concrete elastic modulus, E, GPa 37 341 35
34
42
Concrete cracking strain, & - 0.00015 0.00015 0.00014
Concrete tensile strength, f; MPa  4.01 3.50 3.55
3.50
5.70
Concrete curve-fitting factor, n - 2 2 2
Concrete curve-fitting factor, k - 1 1 1
Steel elastic modulus, E GPa 202 200 200
Steel yield stress, f, MPa 358 338 250
Steel yield strain, e, - 0.0024 0.0024 0.0024
Steel strain corresponding to its - 0.075 0.075 0.25
ultimate strength, &g,
Steel profile yield strength, f;, MPa 267 3411 260
450
450
Steel profile ultimate strength, fq, MPa 402 39040 410
481
481
Shear connector diameter, d. mm 16 16 30
19
Shear connector spacing, s mm 140 2304 110
200
200

Notes: (i) Duplicate beams designated as FBST-1 and FBST-2 had the smaller
steel section while duplicate beams designated as FBST-4 and FBST-5 had the
larger one.

(ii) These values correspond to beams designated as SCB1, SCB2 and SCB3,
respectively.

(iii) Values in italics are assumed in the current analyses due to lack of reported
values in the tests.

conducted by some researchers to analyze composite beams with partial
interaction using either beam element formulation or the general finite
element method similar to the above-described formulations [35-42]. In
the latter studies, the constituent materials and the shear connectors
were either treated as linear elastic or nonlinear elasto-plastic materials.

Although a great amount of research has been performed to analyze
the flexural behavior of composite beams with partial interaction, the
related analytical work can be classified into basically four categories:
(i) formulations based on Newmark’s equation which is based on the
Euler-Bernoulli beam theory, linear elasticity and a linear shear-slip
model, (ii) formulations based on the same assumptions as (i), but
allowing for nonlinearity of concrete and steel, (iii) formulations based
on Timoshinko’s beam theory and linear elasticity, and (iv) formulations
based on the general finite element method, using plate/shell elements
alone or in combination with beam elements and an interfacial
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constitute law for the concrete slab-steel girder interface or discrete
linear/nonlinear connector elements. The fourth type of modeling al-
lows for capturing the full response of composite beams and structures,
such as multi-girder bridges, but the beam type formulations are limited
to isolated composite beams/columns or their assemblages joined at
their ends. One of the difficulties with beam formulations is the exclu-
sion of the effects of material nonlinearity in general and that of steel
reinforcement in particular. Analyses that ignore nonlinearity will not
be able to provide the full response of the member, including its ultimate
strength. Ignoring the reinforcement of the concrete slab, will limit the
use of beam type models to members under positive (sagging) bending
moment only because the steel reinforcement generally dominates the
bending resistance of composite beams under negative (hogging) mo-
ments. Although layered beam elements have been developed to address
these issues, these elements require discretization of the steel girder and
concrete slab into several layers or fibers and require the recalculation of
the axial and flexural rigidity of the steel profile and concrete slab after
each load increment and iteration, which can be time-consuming.

With respect to nonlinear analysis, it is necessary to assess the
changes in the stiffness of a member under increasing load and to
determine its ultimate strength accurately. The reduction in stiffness
captured by nonlinear analysis will result in increased deflection, which
can affect the member serviceability. Also, nonlinear analysis allows one
to assess the redistribution of stresses between the constituent parts of a
member, i.e. between the concrete slab and the steel girder in the case of
steel-concrete composite beams. Stress redistribution will have impli-
cations with respect to the fatigue strength of the member. Albeit not
covered by the proposed method, in the case of statically indeterminate
structures, such as multi-girder continuous composite bridges or rigidly
connected members in a frame, nonlinear analysis is necessary to
correctly evaluate the redistribution of moments among the members.
This knowledge is necessary for more accurately obtaining the ultimate
strength and safety of the structure.

Non-linear constitutive models have to be formulated for a correct
prediction of the actual behavior of actual structures allowing a correct
and faithful prediction of experimental behavior [43-46].

Although commercial finite element (FE) software can be used to
perform nonlinear analysis of structural components and assemblages, it
is generally a time-consuming process, and the results need careful ex-
amination and interpretation. The authors believe that the proposed
method is simpler and more expedient in the case of composite beams.

In the proposed formulation, the conventional beam theory that al-
lows for partial interaction between the slab and the girder is adopted.
Concrete is treated as a nonlinear material while steel, in the girder and
as reinforcement in concrete, is considered to be an elasto—plastic strain
hardening material. The slab-girder interface is represented by a bilinear
elasto—plastic shear-slip law. To simplify the solution and make the
method more appealing in practical applications, the actual nonlinear
moment—curvature relationship for concrete slab is idealized by a
trilinear curve to represent the uncracked, crack-unyielded and cracked-
yielded states of the reinforced concrete section. To capture the beam
full response, an incremental-iterative approach is adopted. The latter
approach allows for capturing the full response of a composite beam
rapidly and accurately. It will be shown that notwithstanding the
adopted simplifications, the predictions of the model agree remarkably
well with available experimental data for beams tested in bending by
others.

2. Analytical formulation

Fig. 1 shows a typical steel-concrete composite beam, characterized
by a span L and subjected to a uniformly distributed load q. The steel
girder is assumed to be connected to the concrete slab by means of shear
connectors along their interface, as depicted in Fig. 1(b). Due to sym-
metry, only half of the beam length is considered, Fig. 1(c), in the
development of the current formulation. However, the proposed
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Fig. 8. Computed and experimental load-slip curve for duplicate beam FBST-1 and FBST-2 in case (a).

formulation is not theoretically restricted to symmetrical or uniformly
loaded beams, but these restrictions are imposed to make the presen-
tation clear and simple.

A typical cross-section of a steel—-concrete composite beam, sub-
jected to an external moment, is depicted in Fig. 2. Observe that F,, and
M, are the force and moment resultants of the stresses in the concrete
and steel reinforcement, acting through the centroid of the concrete
section, while F;, and M, are the force and moment resultants of the
stresses in the steel profile, acting through its centroid.

The above moments represent the contribution of the slab and the
steel profile, acting as non-composite elements, to the resisting moment
of the composite section. The moment produced by the couple F, and F;
is the additional resistance due to composite action. Moments M, and M;
can be obtained from the moment-curvature relationship of the isolated
concrete and steel section, respectively. The force P represents the
resultant of the longitudinal shear stresses resisted by the shear con-
nectors. Since there is no external axial load acting on the section, for
longitudinal equilibrium at any section, the resultant force F. in the
concrete must be equal and opposite to the resultant force F; in the steel.

Furthermore, each of these forces are equal to P, which means that F,
and P constitute a couple acting on the slab and F; and P forming another
couple acting on the steel profile. This means that both the slab and the
steel profile are subjected to pure moment and no axial load is acting on
them.

Let the centroidal axial displacement of the concrete section and the
steel profile be u, and us, respectively. Then, the slip A at the steel-
—concrete interface can be expressed as

A=y — Uy =ty — U, — P2 (€]
where u; and ug;, respectively, represent the axial displacement of the
concrete and steel at their interface, ¢ is the section rotation and z is the
distance between the centroids of the concrete section and the steel
profile. It is important to point out that in the present model, in
compliance with the conventional beam theory, the concrete section and
the steel profile are assumed to have equal vertical displacement and
rotation at any section.

Considering the moment equilibrium of the composite cross section,
the external moment M, is equilibrated at any section by the sum of the
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resisting moments of the concrete section and the steel profile acting as
non-composite sections, plus the additional moments generated by the

eccentricity of the axial forces F; and Fs as expressed by Eq. (2):
M,=M +M,+Fd, —Fd. =M.+ M, + Pz @

where the compressive force and the tensile force can be expressed as:

F.=Co+Cox—To — T (3a)

Fs- = Ts-s - Cs.x (3b)
From the equilibrium of the internal axial forces

F,=—F.=P &)

The moment arms d; and d. in Eq. (2) represent the distance between
the interface and the centroid of the concrete and steel, respectively. In
the above equations, C.. and C. are the resultant compressive forces
resisted by the concrete and the steel reinforcement, respectively, while
Tc., and T, are the resultant tensile forces resisted by the concrete and
the steel reinforcement, respectively. Forces T and Cgs, are the resultant

tensile and compresses forces, respectively, resisted by the steel profile.

From equilibrium of the horizontal forces acting on the steel profile,
Fig. 2, the interfacial shear flow is given by
dF, P

s

(5)

where 7 is the interfacial shear flow and s is the connectors spacing.
Notice, in the current formulation the origin of the coordinate x is
located at midspan. The interfacial shear is a function not only of the slip
A at the steel-concrete interface but also of the shear connector me-
chanical and geometric properties. To model the constitutive behavior
of the shear connectors, the following nonlinear shear force-slip rela-
tionship, proposed by Ollgard et al. [47], is adopted

pP— Pu(l _ e4).7091)°~4 (6a)
Pu = %A.w V szc (6b)
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Fig. 11. Computed and experimental mid-span moment-displacement curve for beam SCB1 in case (b).
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Fig. 12. Computed and experimental midspan moment-displacement curve for beam SCB2 in case (b).

where P, is the maximum or ultimate shear resistance of the connector,
A is its area, f, the concrete compressive strength and E is its elastic
modulus.

For simplicity and practical purposes, the actual nonlinear behavior,
represented by Eq. (6), can be idealized by a bilinear elasto—plastic
relationship as shown in Fig. 3 and expressed by Eq. (7).

P= pllforﬂ < Ao (7a)

P:P0+k,,2(l—lo)f0rlo <A<A,‘ (7b)

In the above equations, P, and /, are the shear force and companion
slip of the connector at the end of the elastic state while P, and 4, are the
corresponding quantities at failure. The nonlinearity of the composite
section can be captured by considering the nonlinearity of its constituent
components via their moment—curvature relationships.

The moment—curvature (M-y) diagrams for a reinforced concrete
slab can be obtained for any section using the requirements of equilib-
rium and compatibility as explained in Appendix A. Using the procedure
described in the foregoing appendix, for both the reinforced concrete

and steel section, the latter relationship would be generally nonlinear as
shown by the solid curve in Fig. 4. For practical purposes, the nonlinear
M, — yx response can be reasonably accurately approximated as a
trilinear curve as shown in Fig. 4. In the figure, the moments M,, My and
M,, respectively, represent the reinforced concrete section cracking,
yielding and ultimate moment, respectively, while y, xy and y,, denote
the corresponding curvatures.

The slope of the three linear segments of the idealized
moment—curvature curve are denoted by k.1, ke and k.3, which repre-
sent the flexural rigidity of the three commonly observed states of a
reinforced concrete section, viz. uncracked, cracked-unyielded and
cracked-yielded, henceforth designated as State 1, 2 and 3, respectively.
With reference to Fig. 4, for the above states, one can write

M, = kayfory <y, (8a)
M. =M, + kot = xo ) forye, <y <i. (8b)
M. = Mcv + kc3 (Z 715}-) fOI'){L,y <X <X (8(:)
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Fig. 14. Computed and experimental slip curves for beam SCB1 in case (b) at 95 % of the beam failure load, P,.

For the steel section, assuming steel to behave as an elasto-plastic
strain hardening material, its nonlinear moment-curvature relationship
can be represented by a bilinear approximation as shown in Fig. 5. These
approximations are in conformity with past studies and sufficiently ac-
curate for practical applications, as will be demonstrated later in the
present investigation. With reference to Fig. 5,

M, = kg yfory <y, (92)

M, = ka(r — o) fory, <x <tu (9b)
where kg; and kgz are the slopes of the two linear segments in the
idealized moment-curvature relationship of the steel section (Fig. 5a).
Similarly, ms; and ms, are the axial rigidity for State 1 and 2, respec-
tively. By satisfying the compatibility (Eq. (1)) and equilibrium (Eq. (2)
and (3)) requirements, and by using the interface shear—slip relationship
(Eq. (4)) and the constitutive relations (Eq. (5)), the solution of the
governing equations can be obtained, depending on the evolution of
interfacial slip and the state of the steel-concrete composite section as

explained below.

(i) For Slip Level I: . < ),

Since slip is independent of the state of the cross-section, at any slip
level, the steel-concrete composite section could be in any of the
abovementioned states. The governing equation can be solved for each
state, subject to the A < A, constraint as shown below.

Considering Eq. (1) and the shear-slip relationship in Fig. 3, the
rotation of the steel-concrete composite section, ¢, can be expressed as:

s dP\ 1
= s —Ue 77— 77 5 10
¢ (“ ! k,,ldx>d (10)
(ii) For Slip Level II: Ay < A < My
For slip level II, an equation, like Eq. (10), can be written as
s (dP Py —kplo 1
= |uy—u.——(———TL—)| = 11
o= o @) an

In view of Eqgs. (10) and (11), the curvature, ¥, is
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de

I (12)

g (6 e
It is important to underline that the expression of curvature for either
slip level (I or II), assumes the same form but the slip level will depend
on the subscript k in Eq. (12), withk=1forA < A,andk =2for i, <A <
M
Substituting in Eqs. (10) or (11) Egs. (2), (4), (8) and (9), it is possible
to obtain the following second order differential equation

s d*P\ 1
kp dc) d

2
o/l

by

&P

2
i pr +

(M, +M") 13)

where M, is the external moment acting at section x while M* and w, =
aph, are numerical parameters that are function of the external load.

It is important to underline that a second order differential equation
having the same form as Eq. (13) must be written for each state,
depending on the states of the concrete slab and the steel profile as
described in more detail below.

The general solution of Eq. (13) can be written as

10

P(x) = Ae”" + Be ™" + M. + M’) ;M ) a4)
P
Considering Eq. (14) and the moment-curvature relationships for the
concrete slab in Fig. 4 and for the steel profile in Fig. 5, after some
algebraic manipulations, the parameter v, and the moment M*, can be
derived, for any of level of loading as shown below. Furthermore, the
integration constants A and B can be evaluated based on the boundary
conditions of the beam. For a symmetrically loaded simply supported

beam:

P(0)=0 (15a)
dP (L
- (5) =0 (15b)

(1) Concrete slab uncraked and the steel profile in the elastic state
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Fig. 17. Computed and experimental load-midspan displacement curve for beam in case (c).
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Fig. 18. Computed and experimental slip curves along the beam length at 87 % of the beam failure load for the beam in Case (c).

(16)

koid ket + kg
— b e c s
), ap( I’) s(kcl +k51) ( m;d

+d> and Mx =0

(ii) Concrete slab cracked and the steel profile in the elastic state

kid koo + kg
s (g-i—d) and M*

stka +ka) \ myd
|:(mcl - m('Z) ]
Scr
mey

(iii) Concrete slab yielded and the steel profile in the elastic state

+ d) and
{ (mc] - mcz)ew + (mcz - mc3> 6‘(-)}
me3 me3

18

w, =

stk +ky)

-M,, —
kped

=Kol er a7)

koid <kc3 + ks,
CU,, =

s(ke + ko) mid

S(kﬁ + ksl )
kpid

M= ey — Mey —

(iv) Concrete slab yielded and the steel profile yielded

11

o — kpd
P sk + k)

k. .
< < —tkﬁ + d) and
m,-jd
M = kC3ZL’y “rkﬁ){w 7Mcy 7M;y + ...

stk + k) { (m(‘l - mc2> (mcz - ch) (mxl — m.rZ) }
Eer + Ecy — Esy
kpkd me me3 : L) :
19
where mi*j (i=1,2,3andj=1,2)is
* mcimsj (20)

m. =
v me; + my;
Note, m; (i = 1,2,3) is the axial rigidity of the concrete section at
state i and my; (j = 1,2) is the axial rigidity of the steel profile at state j.
The parameter b, as noted from Eq. (16) to (28) is defined as (k"mﬂ +d>

i
withi=1,23andj=1,2.
Furthermore, after some manipulations of Eq. (2), the governing
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Fig. 19. Finite element mesh for the idealized quarter of the steel-concrete composite beam.
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Fig. 20. Load-midspan deflection curve of the composite beam in case (c) given by finite element analysis and the proposed method.

equation of curvature can be obtained corresponding to State 1,2 and 3
of concrete slab and State 1 of steel profile respectively, as given by Eqs.
(21a) —(21c¢), respectively

M, — Pd
e 21
x(x) Tk (21a)
M, — Pd— M., +kay
_ er 21b
X(X) ka ksl ( )
M, — Pd — My + k.,
x(x) = xRk (21c)

k£3 + ksl

The solutions of curvature corresponding to State 2 and 3 of concrete
slab and State 2 of steel profile, respectively, are given by Egs. (22a) and
(22b), respectively

M, Pd— M, +koy,, — My + kot
- k<‘2 + ksZ

(22a)

x(x)

o Me - Pd - Mcr + kL'Z){” - M\'y + ksZ)(cy
B ks + ko

(22b)

x(%)

12

The rotation ¢(x) and the vertical displacement v(x) at any section
along the beam is computed by integration of the beam curvature as

$x) = / 2()dx @3)

v = [ [t

3. Beam deflection calculation

(24)

As stated earlier, the beam rotation and deflection can be determined
using Eqgs. (23) and (24). However, the correct expression for the cur-
vature must be selected. At points along the beam where there is abrupt
change in the beam state, one must choose the appropriate curvature
expressions for the segments to the right and the left of the transition
point while concurrently satisfying the equality of displacement and
rotation of the two segments at their common point. Therefore, inserting
for curvature from Egs. (21a) to (22b) into Eq. (24) leads to the
following three equations for the deflected shape of the beam.

(i) Beam deflection equations for the concrete section being in States 1,2
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Fig. 21. Comparison of the FE and the proposed model predicted load-slip response of the composite beam with the associated experimental data.

or 3, respectively and the steel section being in State 1 of displacement and rotation of the beam at the common point of
adjacent segments. These constraints, together with the above boundary
v(x) = 71 / / (M, + M*)dxz _ iz (Ae”* + Be )| + Cx+D conditions, provide sufficient equations to solve for the unknown con-
(ker + k1) [0 stants of integration.
(25a)
3.1. Numerical solution scheme
V) = / / (M, + M*)dé — - (Ae™ + Be ) — L (b, — kay 12| + Cx 4D (25b)
(koo + ky1) ¢ w? 2V e e
v(x) = b // (M, + M*)dx* — L (Ae”r™ + Be “r") — ! (Mey — keay )X | +Cx+D (25c¢)
(kl.3 T k.xl) e (U,% 2 cy 3Acy
(ii) Beam deflection equations for the concrete section being in State 2 or The beam is divided into several finite segments and since the
3, respectively, and the steel section being in State 2 problem is nonlinear, the load is applied incrementally. Initially, all the
segments will be uncracked (State 1) and will have zero slip (slip level I),
v(x) = 71 / / (M, + M*)dx* — LZ (A" 1 Be™) 4 ... thus the solution would be based on linear elasticity. Therefore,
(kea + k) w, depending on its slip level and the stress state, the appropriate flexural
1 rigidity, curvature and deflection equation need to be applied. At the
) (M or — koo + Mgy — k-“ﬂ(xy)xzj| +Cx+D common point of two adjacent segments x; and x; ; 1, the following
(262) continuity conditions must be satisfied:
P;j(x;) = P;j(xi11) (continuity of shear force) (28a)
1 1
v(x) = // (M, + M*)dx* —— (Ae”* + Be™™*) + ... AP (x)  dP (.
(kez + k) @ 100) _ 4Py (is1) (continuity of interfacial shear flow) (28b)
! dx dx
[ 5 (Mz‘,\‘ - kt‘3)./cy + M.&y - k.&ZX\-y)x2:| +Cx+D and
(26b) vij(%;) = vij(xi41)(continuity of vertical displacement) (29a)
The constants C;; andD;; (i = LI j = 1,2,3) are determined by
applying the following boundary conditions: dvij(xi) _ dvij(xi1) (continuity of rotation) (29b)
L dx dx
V<§> =0 (27a) Due to the nonlinear nature of the problem, the solution must be
incrementally and iteratively performed, and the iteration at the end of
V(0) =0 (27b) each increment can be terminated once a pre-selected convergence
criterion is satisfied. At the common point of adjoining segments, the
Additional constraints are imposed on the solution to ensure equality convergence criterion is calculated after each iteration and if the

13
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difference between two consecutive iterations is less than or equal to a
convergence tolerance p, the iteration process is terminated. In the
present analysis, at the transition points of the beam from one stress
state to another, it is checked to make sure the moment corresponds to
either M., (at transition from State 1 to 2) or My (at transition from State
2 to 3) for concrete slab and My (at transition from State 1 to 2) for the
steel profile. Finally, at the common point of each of the adjoining
segments, the slip exhibited at the interface between the concrete slab
and steel profile is monitored to determine whether 1 < 49 or A > 4o, and
the appropriate stiffness of the shear connectors is used.

The flowchart in Fig. 6 further details the nonlinear analysis
procedure.

4. Validation of the theoretical model

To assess the robustness and accuracy of the proposed model, some
steel-concrete composite beams, previously tested to failure by others,
are analyzed. All the beams were simply supported and tested in four-
point bending. The relevant properties of the beams are presented in
Table 1. As the values of certain parameters in the tests were not re-
ported, reasonable values are assumed for them in the current calcula-
tions, and the assumed values are indicated in italics in Table 1. These
values are chosen based on known values in the literature for similar
parameters.

The beams were tested in the laboratory by Xing et al. [48], Zhao
et al. [49] and Chapman et al. [50].

In Table 1, the beams in the above studies are categorized as Case (a),
(b) and (c), respectively. As may be observed in the table, in some of
these investigations, more than one beam was tested.

Fig. 7 shows for the duplicate beams FBST-1 and FBST-2, tested in
Case (a), the computed and experimentally measured load-midspan
deflection curves.

Fig. 8 shows for the last two beams the computed and experimentally
measured load-slip variation under increasing load until failure.

It is important to underline that the above results are obtained by
assuming a bilinear shear force-slip relationship for the shear
connectors.

Fig. 9 shows for the beam FBST-3 in Case (a), the computed and
experimentally measured load-midspan deflection up to failure.

Fig. 10 shows for the duplicate beams FBST-4 and FBST-5 in Case (a),
the computed and experimentally measured load-midspan deflection up
to failure.

Figs. 11-13 show the computed and corresponding experimentally
measured midspan moment-displacement curves for the beams tested in
Case (b). Notice, with reference to Table 1, in Case (b), beams with the
same dimensions but different concrete or steel strength were tested,
which are designated as SCB1, SCB2 and SCB3.

Figs. 14-16 show the computed and corresponding experimentally
measured slip along the concrete slab-steel girder interface at 95 % of
the failure load, Py, for beams SCB1, SCB2 and SCB3, respectively.

Fig. 17 shows the computed and experimental load-midspan
deflection curves of the beam tested by Chapman and Yam [50], whose
details are given in Table 1 under Case (c), while Fig. 18 illustrates the
same beam load-slip curve at 87 % of its failure load.

The above comparisons demonstrate that the proposed method of
analysis can relatively accurately predict the complete response of the
tested beams up to failure, including the slip at the concrete slab-steel
girder interface, which affects the degree of interaction between the
two elements of the composite beam. Although differences exist in the
preceding figures between the experimental and corresponding
computed deflections and slip values, some of these differences can be
ascribed to the random variations of material properties in the tested
beams. The sensitivity of the measuring devices and the inevitable
variation in the execution of the test. This is evident from the
load-deflection curves of nominally identical beams BFTF-1 and BFTF-2
in Fig. 7 or the duplicate beams BFTF-5 and BFTF-6 in Fig. 10. Similarly,
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for the symmetrical beam tested in Case (c), the experimentally
measured slip values for the two halves of the beam are not identical. It
should be pointed out that accurate measurement of interface slip in
physical tests is a difficult task, especially at the later stages of loading.
Despite these differences, the writers believe that the results of the
current analyses are sufficiently accurate for practical design and
analysis.

5. Comparison between the results of the proposed analysis
method and the general finite element analysis

In this section the accuracy of the proposed method is compared with
that of the FE analysis by a commercial software package [51]. The
beam that is analyzed for this comparison is the one referred to as Case
(c) in Table 1. Due to double symmetry of the beam, in the FE analysis,
only a quarter of it is discretized. A total of 526,653 three-dimensional
10-node quadratic tetrahedron (C3D10) elements with maximum side
length of 30 mm are used as illustrated in Fig. 19. Contact elements are
used to model the behavior of the shear connectors.

The load-midspan deflection of the analyzed beam, obtained by
finite element, is compared in Fig. 20 with that given by the proposed
semi-analytic procedure.

The last figure shows that the two curves are reasonably close but, as
expected, the proposed analysis results appear to be more accurate,
albeit from the practical perspective, the differences are not significant.
As load-deflection prediction is not always the best indicator of the
robustness and accuracy of a model, in Fig. 21, the load-slip curves
predicted by the two models are compared with the corresponding
experimental data for the same beam. Both models reasonably accu-
rately predict the slip variation, but again the proposed model seems to
give somewhat better results.

Consequently, given the minimal time required to perform the
analysis by the proposed method and the relative accuracy of the
method, it can be a useful and expedient method for analyzing the
behavior of statically determinate steel-concrete partially or fully
composite beams over the full loading range until failure. It can be used
to gauge the effect of the extent of composite action conveniently and
rapidly on the serviceability and strength of steel-concrete composite
beams.

6. Conclusions

In this paper a novel and relatively simple analytical model is pro-
posed to predict the full response of partially interacting steel-concrete
composite beams. This model can be applied to beams and one-way slabs
subjected to any concentrated or uniform load or their combinations. Its
robustness and accuracy are verified by comparing its results with the
corresponding experimental data for several beams in the literature.
Accordingly, the following principal conclusions are reached regarding
the proposed model:

1) The model can consider steel and concrete nonlinearity, the advent
of cracking and tension-stiffening in concrete as well steel yielding
and strain hardening on steel-concrete composite beams ultimate
strength and flexural response.

2) It can explicitly consider the presence and effect of steel reinforce-
ment in the concrete slab on the composite beam flexural response
and ultimate strength.

3) It can provide the nonlinear interfacial shear stress and associated
slip distribution along the steel girder and concrete slab interface at
any load level up to failure.

4) It can accurately and rapidly, with minimal input data, predict the
ultimate load capacity and complete flexural response of partially
interacting steel-concrete composite beams, and its results compare
well with those given by the more general and time-consuming
nonlinear finite element analysis.
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Appendix A

In this appendix the nonlinear constitutive laws of concrete and steel are used in conjunction with strain compatibility and equilibrium re-
quirements to derive the nonlinear moment curvature and force-strain relationship of the reinforced concrete slab and the steel girder. For the slab, the
adopted constitutive laws for concrete in compression and tension and for steel rebars are shown in Fig. A1. The concrete in compression is modeled by
the Thornenfeld et al. [52] proposed stress-strain relationship, represented by Eq. (A1), which is suitable for concrete strengths up to 100 MPa.

(0) (¢) (¢)
T S ,
fv l.. :
fetl. Y17 :
" E: z
Ecu € Ey Esu €

(b) (c)

Fig. Al. Stress-strain relationship: a) concrete in compression, b) concrete in tension; c) steel bars.

)
Oc _ - (A1)
fe ne 14+ (ZT,)

where 6.and ¢, are the concrete compressive stress and strain, respectively, f is the peak stress obtained from a cylinder test, gothe strain corresponding

to f., n is a curve-fitting factor equal to (Ef—“E), E. is the initial tangent modulus, E', is equal to{,—; and k is a factor to control the slopes of the ascending

and descending branches of the stress-strain curve, with k = 1.0 for &£ < 1.0 and k > 1.0 for { > 1.0. For the choice of the appropriate n and k values for
a specific concrete, reference should be made to [52].

The concrete in tension is modeled as linear elastic before cracking and as a strain-softening material after cracking as illustrated in Fig. A1(b) and
expressed by Egs. (A2(a)) and (b), respectively.

EL‘
o, = Ee, fore, < e, withE, = — ¢, = f—l (A2a)
2 E,
ou =1, (—;"‘) fore., > €, (A2b)
to

where E, is the elastic modulus of concrete in tension, f; is the absolute value of its tensile strength and &, is its corresponding strain. The power c in Eq.
(A2b) controls the shape of the softening branch of curve. Its value will depend on the RC section geometric and mechanical properties. Typically, it
ranges between 0.2 and 0.6 [53], but further discussion is beyond the scope of this study.

For the steel reinforcement or girder, a typical bilinear stress-strain relationship is adopted as in Fig. A2(c), which is expressed as

£

o, = E.efore, < g, with, e, = z (A3a)
o = %ex fore, < & < &y (A3b)

where Ej fy, €, fy and &g, are the elastic modulus, yield stress, yield strain, ultimate strength and ultimate strain of the reinforcing steel.
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The following flowchart shows how the requirements of strain compatibility and equilibrium can be used in conjunction with the above consti-

tutive laws to obtain the moment-curvature and axial force-extreme fiber strain relationship for a typical reinforced concrete or steel section. It should
be emphasized that these properties are determined for the concrete slab and the steel girder separately and they do not involve any composite action
between the two parts.

The process of determining the moment-curvature
response begins with the division of the steel or
concrete section into # concrete or steel layers, with

layer i having thickness #.

Select a value for £ at the extreme

tension fiber of the section

Assume the depth of the neutral axis for
concrete slab, ye, and steel profile y;

Apply strain compatibility to compute the strain & and using the
constitutive relations the companion stress o7 in any layer /

Determine the force F, = 4,0, in each layer designating

the resultant force in concrete as F. and in steel as Fs .

NO

= = = = —————

Check equilibrium.

Is [ZFU —ZF“j ~ 0, where n and m are the number of

concrete and steel forces, respectively, acting on the section.

‘'ompute the moment M. resisted by slab or the moment M;resisted by the steel section

1e neutral axis of the section.

orresponding to the assumed extreme fiber strain where M _or M = Z M,

-3k,
py

i=l

n is the total number of layers and d; is the distance of the centroid of layer i from

€,
Compute the curvature Y = 79

& =assigned extreme fiber strain
y =distance of extreme fiber from the neutral axis

= == ——————

Repeat the process by increasing the extreme fiber strain value to obtain another point
on the M-y, curve of the steel section or the concrete slab. Keep increasing the strain
until the ultimate strain capacity of steel or concrete is reached. Note, the M-y, curve
for the concrete slab and the steel section are independently constructed.

Fig. A2. Flowchart for computing the typical moment—-curvature relationships for the reinforced concrete one-way slab or steel section.
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