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Abstract
The local stability analysis of plasma waves driven by runaway electrons (REs) has been
performed considering hot plasma Maxwellian background, with electron and ion temperatures
of the order of 1 keV. It is shown that hot plasma waves, namely electron plasma waves (EPWs)
and ion Bernstein waves (IBWs) can be driven unstable by RE at their coalescence frequency
via Cherenkov resonance by RE with energy distribution peaked at about 8 MeV. A
skew-normal distribution is used as a model of the RE energy distribution. The EPW and IBW
couples of waves occur between any successive ion-cyclotron harmonics frequencies nf ci, above
the lower hybrid resonance. At their confluence, the perpendicular group velocity vanishes and
significant RF emissions are expected. The frequency gap between two successive confluences
is ∼f ci. Groups of RF line emissions, separated by almost constant frequency gap ∼f ci/2 are
detected during various quiescent runaway plasma discharges in the FTU tokamak. The analysis
of a specific discharge suggests that the frequencies of the line emissions observed and the
frequencies occurring at the EPW-IBW confluences are in reasonable agreement. A possible
explanation of the line emissions with ∼f ci/2 gap in terms of nonlinear mode coupling is
proposed.
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1. Introduction

The production of runaway electrons (REs) in fusion reactors
based on the tokamak concept is a potential risk factor, since
the REmight damage the plasma facing components. In ITER,
during plasma disruptions, 12 MA RE beams can be formed
[1], with kinetic energy of the electrons of several MeV [2].
To minimize the RE effects occurring upon disruptions, mitig-
ation techniques are extensively pursued in current tokamaks,
accompanied by the development of suitable RE diagnostics,
as discussed in the review paper [3] concerning the physics
of RE in tokamaks. In recent years, the detection of radiofre-
quency (RF) waves emitted in the presence of RE in tokamaks
opened the search for a new kind of diagnostics. The identific-
ation of RF waves driven by RE is indeed a promising method
to infer the characteristics of the RE distribution and a tool to
detect RE in the early phase of a plasma discharge. In addi-
tion, a new method of RE mitigation by injection of RF waves
is envisaged, to stimulate the emission of plasma waves at the
expenses of the RE energy. Whistler waves (WWs) driven by
RE were observed for the first time in the DIII-D tokamak [4,
5]. The fast dynamics of RF emissions in FTU plasmas with
RE has been investigated in [6]. RE driven instabilities iden-
tified as lower hybrid waves (LHWs) were observed for the
first time in FTU under ITER-relevant conditions [7]. Details
of the relevant detection system are reported in [8]. RF emis-
sions during plasma discharges with RE have been observed
in COMPASS [9–11] and KSTAR [12]. More recent studies
on this field are proposed in [13–15]. The stability analysis of
plasma waves driven by RE, within the cold plasma approx-
imation, was performed in [16] and complemented by the ray-
tracing technique to evaluate the amplification of the waves,
statistically appreciated from a set of initial wave parameters.
The wave interactions with RE, driving the instabilities, occur
at the resonances

ω− k∥vµ− n
ωce

γ
= 0. (1)

Here ω and k∥ are, respectively the angular frequency and
the wavenumber parallel to the equilibrium magnetic field
B, v= |v| is the absolute value of the velocity v of the RE,
µ= cosθ, θ is the pitch angle, i.e. the angle between B and
v, n is an integer number, ωce =−e |B|/(mec) is the electron
cyclotron angular frequency, e> 0 is the elementary charge,
me is the mass of the electrons, c is the velocity of the light in

vacuum, and γ =
[
1− v2/c2

]−1/2
is the relativistic parameter.

We adopt cgs units. The main channels driving the instabilit-
ies are the Cherenkov resonance (n= 0) and the anomalous
Doppler resonance (n= 1) [17, 18]. The free energy source
of the instabilities is due to the anisotropy or to the presence
of a local maximum of the RE distribution function in the
momentum space. The latter can be produced as a result of
the RE acceleration due to the static toroidal electric field par-
allel in the presence of the diffusion and drag associated to
the collisions and the emission of the synchrotron radiation,
as discussed in [3] and in the references quoted therein. Based
on a quasilinear model, the presence of an attractor in the

momentum space was predicted in [19] by a self-consistent
analysis of the excitation of kinetic instabilities and the scatter-
ing of resonant electrons, explaining the excitation of WW in
the quiescent RE experiments at DIII-D [4, 5]. The occurrence
of non-monotonic energy distributions during the current ramp
up in the FTU tokamak was predicted in [20], suggesting a
time evolution towards quasi-monochromatic distributions. In
[7], assuming a peak in the energy distribution of RE, modeled
by a Gaussian shape, allowed to evaluate the growth rates of
LH waves driven unstable via the Cherenkov resonance. In the
present work, we perform the local linear stability analysis of
plasma waves excited by RE, in Maxwellian hot plasma back-
ground. This allows investigating the stability of plasmawaves
that cannot be described within the cold plasma approxima-
tion, e.g. electron plasma waves (EPWs) and ion Bernstein
waves (IBWs). The numerical code REDHPW (Runaway
Electron Driven Hot Plasma Waves) has been developed to
perform the stability analysis. It is described in section 2. We
introduce a new kind of RE distribution function, based on a
skew normal energy distribution, which seems appropriate in
the presence of a peak in the momentum space. A benchmark
of REDHPW in the limit of low plasma temperature with a
scenario discussed in [16] within the cold plasma approxima-
tion is also proposed. In section 3, we perform the linear sta-
bility analysis for plasma scenarios typical of FTU in the pres-
ence of RE, utilizing the REDHPW code and the skew nor-
mal distribution above mentioned. We show, for the first time,
that EPW and IBW hot plasma waves can be driven unstable
by RE. In section 4, we report experimental results concern-
ing the detection of RF emissions during FTU discharges with
RE, which might confirm the excitation of hot plasma waves
by RE. Line emissions separated by an almost constant fre-
quency gap, which correspond to the ion cyclotron frequency
or its half, are observed in various discharges, both during the
current ramp and in the flat top. We analyze in some detail
one of them, comparing the spectrogram of the RF emissions
detected with the theoretical predictions. Section 5 is devoted
to the summary and the discussion of the results.

2. Stability analysis by REDHPW code

The REDHPW code implements approximate solutions of
the electromagnetic linear wave equation for homogeneous
Maxwellian magnetized non-relativistic plasma background,
with multiple ion species of charge qi and mass mi, in the
presence of a given distribution function of RE. The wave
electromagnetic field is assumed quasi-monochromatic and
approximated by the real part of the complex electric and
magnetic fields, respectively Eei(k·r−ωt) and Bei(k·r−ωt). It
is assumed, without any lack of generality, that the real
part of the angular frequency ω is positive. The linear wave
equation is

Λ ·E= 0 (2)
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Here the Cartesian components of the tensor Λ are given by

Λαβ = kαkβc
2 − k2c2δαβ +ω2εαβ (3)

ε= εM +χRE, where εM = I+χe+
∑

i χi, is the dielectric
tensor, which includes the susceptibilities of the Maxwellian
plasma electrons, respectively χe and χi, as well the suscept-
ibility χRE of the RE . We adopt the Stix reference frame, with
Cartesian axisX aligned along the component of thewavenum-
ber k perpendicular to the static magnetic field Bo and the axis
Z parallel to Bo. The Cartesian components of the suscept-
ibilities χe and χi for collisionless Maxwellian plasma, are
expressed by analytic formulas in standard textbooks, e.g [21],
given the wave angular frequency and wavenumber, the abso-
lute magnetic field |Bo|, the temperature s Te,i and the dens-
ity ne,i of the electrons (subscript e) and the ions (subscript
i), with electric charge qe,i and mass me,i. The RE suscept-
ibility χRE components are calculated numerically by integ-
rals in the momentum space based on the general expression
of the susceptibility tensor for relativistic particles [21]. If
both the orderings |ωi| ≪ ωr and |εAαβ | ≪ |εHαβ |∀α, β are ful-
filled, a Taylor expansion provides approximate solutions of
the wave equation [22] (here the subscripts i and r denote,
respectively, the imaginary and the real components and the
superscripts A andH indicate, respectively, the anti-Hermitian
and the Hermitian part). For any given parallel refractive index
N∥ = Nz = kzc/ωr and for any value of ωr, normal plasma
modes branches are identified by REDHPW, calculating the
perpendicular refractive index N⊥ = Nx = kxc/ωr as numer-
ical solutions of the wave dispersion equation

detΛ
H
= 0 (4)

where ΛH
αβ = NαNβ −N2δαβ + ε

H
αβ . (5)

We neglect the contribution of the RE to the Hermitian
dielectric tensor, assuming that the RE density nb is orders
of magnitude smaller than the plasma density ne. In the FTU
quiescent discharges with RE, typical values are of the order
of 0.1 % ne. The Hermitian part of the dielectric tensor is
calculated utilizing the analytic expression of the dielectric
tensor εM for Maxwellian plasmas and the definition ε

H
=

(εM + ε
+
M)/2. Here ε

+
M indicates the adjoint tensor of εM,

i.e. the transpose of the complex conjugate of the matrix defin-
ing εM. For each normal plasma mode, the electric field polar-
ization is obtained solving the wave equation

Λ
H
·E= 0. (6)

The magnetic field B can be then obtained from E by the
Faraday law. The imaginary part of the angular frequency,
based on the anti-Hermitian part ε

A
of the dielectric tensor,

is given by

ωi = i
E∗
αEβω

2εAαβ

E∗
αEβ

∂
∂ωω

2εHαβ
. (7)

The normal plasma waves are unstable growing modes
if ωi > 0 or stable damped modes if ωi < 0. The anti-
Hermitian part of the Maxwellian dielectric tensor, namely
ε
A
M = εM − ε

+
M/2, includes the contribution due to the reson-

ances of the Maxwellian electrons (subscript e) and ions (sub-
script i), namely

ωr− k∥v∥e,i− nΩe,i = 0. (8)

Here Ωe,i = (qe,iBo)/(me,ic) is the angular cyclotron fre-
quency of the electrons and ions. In addition, εAαβ includes the
effects of the resonances of the relativistic RE, as given by
equation (1).

These resonances correspond to poles in the integrals in
the momentum space that determine the RE anti-Hermitian
susceptibility χ

A
RE and are calculated numerically in the

REDHPW code, following the Landau prescription. For com-
putational purpose, it is convenient to express the compon-
ents of χ

A
RE as integrals in the (u, µ) space (the RE distribu-

tion functions are assumed as independent on the gyro-angle).
Here we define u= p/(mec) as the normalized momentum
of the RE. Owing to the Dirac delta distribution resulting
from the Landau prescription to treat the resonance poles,
the integrals over µ are calculated analytically, and only 1D
numerical integrals over u are performed (an identical result
is obtained by first performing the integrals over u analytic-
ally and then numerically the 1D integrals over µ). To include
the effects of the collisions we adopt a quite simple approx-
imation, i.e. the substitution ω ⇒ ω+ iνe in the conductivity
tensor of the electrons [16], where νe is the electron–ion colli-
sional frequency given by

νe =
4
√
2πΛce4neZeff

3m1/2
e T3/2e

. (9)

Here Λc is a Coulomb logarithm, Zeff =
∑

i Z
2
i ni/ne is the

effective charge, Zi = qi/e is the ion charge number and Te is
in erg units. We adopt a simple evaluation of Λc, given by [23]
with T̃e is measured in eV

Λc = 24− ln
(
n1/2e T̃−1

e

)
. (10)

The Maxwellian dielectric tensor, including the effects of
the collisions, is thus

ε
M
(ω,k) = I+

∑
i

χi (ω,k)+
ω+ iνe

ω
χe (ω+ iνe,k) . (11)

Based on a Taylor expansion, as done to obtain ωi in
equation (7), the (positive) collisional damping rates are cal-
culated in REDHPW utilizing the following expression

Γc =

[
−i

E∗
αEβω

2χA
ec,αβ

E∗
αEβ

∂
∂ωω

2εHαβ

]
ω=ωr

. (12)
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Here the anti-Hermitian part of the electron susceptibility
tensor due to the collisions is given by

χ
A
ec = i

νe
ωr

[
χ
H
e (ωr,k)+ωr

∂χ
H
e (ωr,k)
∂ωr

]
(13)

where χ
H
e is the Hermitian part of the susceptibility tensor of

the Maxwellian electrons.
As a final property of the normal plasma waves, their group

velocities perpendicular (vg⊥) and parallel (vg∥) to the static
magnetic field are calculated by the following expression [22]

vg⊥ =−
E∗
αEβ

∂ΛH
αβ

∂k⊥

E∗
αEβ

∂ΛH
αβ

∂ωr

, vg∥ =−
E∗
αEβ

∂ΛH
αβ

∂k∥

E∗
αEβ

∂ΛH
αβ

∂ωr

. (14)

The workflow of REDHPW is now summarized. The code
requires in input the following data (1) the parameters of the
Maxwellian distribution, namely ne, ni,qi,mi, Te, Ti, Bo (2)
the RE distribution function chosen among the three expres-
sions indicated below and the relevant parameters (3) a regu-
lar mesh of values of N∥ and ωr to analyze the correspond-
ing normal modes (4) the interval of values of N⊥ where
normal plasma modes are to be identified (5) a set of res-
onance numbers for the RE interactions with plasma waves.
A double loop on N∥ and ωr is performed. As a first cal-
culation, REDHPW identifies the values of N⊥ correspond-
ing to normal plasma modes by numerical solution of the
wave dispersion equation (4), based on the implementation of
the analytic expression of ε

H
. The electric field polarization

for each normal plasma mode is then calculated by solving
equation (6). For each normal plasmamode, the imaginary part
of the angular frequency is then calculated by equation (7) and
the collisional damping by equation (12). Finally, for each nor-
mal plasma mode, the group velocity is calculated, based on
equation (14).

Though arbitrary RE distribution functions can be imple-
mented in REDHPW, three kind of RE distribution function
are now embedded in the code. The typical distribution for
the RE avalanche regime with fixed spread of the pitch angle
(σ = const):

f(u,µ) = nb
e−u/uo

uou2
σe−σ(1−µ)

1− e−2σ
. (15)

Here nb is the RE number density. A distribution func-
tion of the form (15) but with momentum-dependent spread
of the pitch angle, obtained assuming σ = σou2/γ where γ =√
1+ u2 is the relativistic parameter.
A distribution proportional to a skew-normal distribution

[24] vs. the energy, given by

f(E,µ) =
nb

C(Ep/σE,α)
1
σE

φ

(
E−Ep
σE

)
Φ

×
(
α
E−Ep
σE

)
σθ

2sinhσθ
exp(σθµ) . (16)

Figure 1. Contour plot of the function f(E,cos(θ))/nb, with f given
by equation (14). Here we consider the parameters
α= 1.0, Ep = 3 MeV,σE = 4 MeV, σo = 1.

Here E= (γ− 1)mec2 is the kinetic energy of the elec-
trons, φ is the normal distribution, defined by φ(x) =
(2π )−1/2 exp(−x2/2), Φ is the relevant cumulative distribu-
tion, i.e. Φ(x) = [1+ erf(x/

√
2)]/2, where erf is the error

function and σθ = σou2/γ.
The normalization constant C is defined as

C(Ep/σE,α) =

+∞ˆ

−Ep/σE

dy φ (y)Φ (αy) . (17)

While the avalanche regime distribution functions are well
known in the archived literature [3], the skew normal distribu-
tion is introduced here for the first time. It contains a single
local maximum in the momentum space, corresponding to a
kinetic energy of the order of Ep and can be viewed as the
result of stochastic processes [25], as those involved in the
Fokker–Planck equation. This distribution can describe reas-
onably well the non-monotonic distributions with an accumu-
lation area in the (E, θ) space, e.g. obtained by the solution
of the RE kinetic equation (100) in [3] shown in figure 22
of that reference. A similar pattern is indeed obtained utiliz-
ing the skew normal distribution vs. the energy, as shown in
figure 1. The form of the distribution function can be attributed
also to the mechanism suggested for example in [26], and the
EM wave emission in turn affects the distribution function, as
suggested in [27].

A benchmark of the REDHPW code has been per-
formed considering the case analyzed in section 5 of
[16]. To this end, we adopt the distribution function (15)

with uo =
√
252 − 1 and σ = 200. This distribution is,

in practice, identical to the distribution function con-
sidered in [16], proportional to the Gaussian exp(−θ2/θ2o)
with θo = 0.1. Anomalous Doppler resonance of RE was
assumed in [16] to occur for γ = 25 and ωpe/ |Ωe|= 0.5.
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Figure 2. Normalized growth rates G= 103 ωine/(|Ωce|nb) as a
function of the normalized frequency values F= ωr/ |Ωce| for the
whistler waves (WW red, continuous line) and the magnetized
plasma waves, i.e. lower hybrid waves (LHW, black, dashed line)
considering the scenario corresponding to figure 3 of [16] (see
dotted lines there for comparison). Colors online.

Here ωpe =
[
4πnee2/me

]1/2
is the angular plasma frequency.

For the benchmark, we considered pure Deuterium plasma,
magnetic field with absolute value Bo = 1.4 T and plasma
density ne = 4.76273 1012 cm−3, such that ωpe/ |Ωe|= 0.5.
Sufficiently low temperatures (Te = Ti = 1.0 eV) were con-
sidered, in order to satisfy the conditions of the cold plasma
approximations for the values of the parallel and perpendic-
ular refractive indices in the range of frequency explored.
The growth rates for whistler (WW) and magnetized plasma
waves (i.e. LHW), as calculated by REDHPW are shown
in figure 2. The agreement with the corresponding curves
shown in figure 3 (with dotted lines) of [16] is good. As a
further benchmark, the approximate numerical solutions of
the dispersion equation obtained by REDHPW, were com-
pared for different plasma scenarios with the results of the
code DISEMAG [28]. The latter calculates, for given parallel
wavenumber and angular frequency, the relevant solution N⊥
of the full dispersion equation, as given by equation (2), in the
complex plane. The agreement of REDHPW and DISEMAG
results is good, if performed within the limits of validity of
the Taylor expansion used to find the approximate dispersion
equation in REDHPW.

3. Stability analysis of re driven waves in FTU hot
plasmas

RF emissions have been detected in FTU during plasma dis-
charges with RE, both during the current ramp up phase
and the flat top. The emissions were collected by ex-vessel
Log-periodic antenna, designed for optimal detection in the
frequency range 470–860 MHz. The antenna was located in

front of a vertical port, closed for vacuumwith a glass window.
The port had a section of 400mmx 160mm,which determines
a cut-off frequency close to ∼375 MHz. The signal transmis-
sion line was performed through a double-shielded 50 Ohm
coaxial cable, with 10 dB/100 m attenuation at 800 MHz,
about 25 m long. The acquisition system was provided by a
NI PXIe-5186 digitizer, for sampling signals at a maximum
rate of 12.5 GSa s−1 at 8 bits. The maximum frequency limit
was set to∼1.56 GHz. Though relatively low, compared to the
PXI maximum capability, it allowed a good balance between
resolved bandwidth and acquisition duration achievable with
the on-board memory. This set ensured a maximum acquisi-
tion time window of 200 ms, sufficient, for example, to meas-
ure signals in a continuous way for most of the FTU current
rump-up phase. Details of the diagnostic system are illustrated
in [8]. A first account of RF emissions detected in FTU for
various plasma regimes with RE is given in [6]. The meas-
urements provided a sensitive monitor of instabilities during
early RE build up phase. Broadband radio bursts as well as
discrete line emissions were reported. The analysis of the time
evolution of the frequency spectra of the radio bursts showed
the occurrence of spectral broadening on the time scale of the
amplitude e-folding time. This suggested that the rapid onset
of RE instabilities after relatively long quiescent periods could
be due to non-linear wave coupling. Non-linear behavior is
also indicated by ringing oscillations in the time domain. The
data analysis of the experiments in FTU and the comparison
with the theoretical predictions allowed also to identify for the
first time the presence in a tokamak discharge of lower hybrid
(LH) waves driven by RE via the Cherenkov resonance [7].
A model of RE distribution vs. the parallel and perpendicu-
lar momentum, fRE = nbg(p∥)exp(−p2⊥/p2⊥o)/(πp

2
⊥o), was

adopted to evaluate the growth rate of LH waves, assum-
ing a small perpendicular spread p⊥o = 0.01, unit slope
g ′(p∥ =

√
γ2 − 1) at the resonance and nb = 10−3ne. Here

the RE momentum is normalized to mec. The cold plasma
approximation was assumed. As a result, the growth rates
peak at the angular frequency ω ∼= 1.4 ωpi (corresponding to
an emission frequency of about 690 MHz) in good agree-
ment with the observations. The order of magnitude of the
LH growth rates was found in the range 10−3 − 10−2ωpi
for γ = 10, i.e. for RE energy of about 5 MeV. Here ωpi is
the angular ion plasma frequency. In the present study, the
REDHPW code has been used to analyze FTU scenarios, with
plasma and RE parameters compatible with the observations
performed during the current ramp up phase and the flat top.
To identify instability features associated to the presence of
hot plasma background the focus is on quiescent discharges
with relative high electron temperature in the RE region, of
the order of 1.0keV, and relative low RE maximum energy
<22 MeV, i.e. below the threshold for synchrotron radiation
in the visible range. The frequency range explored is 450–
800 MHz, covering most of the FTU observations and includ-
ing the range of maximum gain of the RF emissions detection
antenna. Owing to the large value of the ratio |ωce/γω| for the
range of frequency considered and the relative large magnetic
field of the FTU discharges, the parallel refractive index relev-
ant for resonances in equation (1) with n ̸= 0 is typically 10.

5
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Table 1. Plasma and re parameters.

ne Te Ti Bo Zeff

1.0 1019 m−3 2.5 keV 0.7 keV 5.3 T 3
nb EP α σE σo
1.0 1016 m−3 6.0 MeV 2.0 4.0 MeV 4.0

Figure 3. Energy distribution (left) and angular distributions (right) for E= 6 MeV (green, continuous line), E= 10 MeV, (red, dashed
line) and E= 12 MeV (black, dash-dotted line with the largest peak). Colors online.

Therefore, electron Landau damping prevents the onset of
kinetic instabilities.

We focus our analysis on Cherenkov resonance n= 0 and
adopt the RE distribution function given by equation (16) to
model the non-monotonic RE energy distributions envisaged
in [20] for FTU. Single ion species Deuterium plasma is con-
sidered. As a first case, we consider the plasma and RE para-
meters reported in table 1.

The relevant energy distribution, shown in figure 3 (left),
is peaked at ∼8 MeV and span 1–20 MeV energy range. The
pitch angle distribution, shown in figure 3 (right), is character-
ized by peak angular spread in the range δθ ∼= 0.1− 0.15 rad,
i.e. typical values for RE, considering RE energies between
6 and 12 MeV. To avoid any misleading, we specify that the
angular distribution in figure 3 includes the factor sin(θ), i.e. it
is a true angular distribution vs. the pitch angle, whereas the
angular dependence shown in figure 1 does not include this
factor, as indicated in the relevant caption. We first consider
kinetic instabilities driven via Cherenkov resonance, with par-
allel refractive index near the value 1.0038, corresponding
to the relativistic parameter γ ∼= 11.5 and RE energy E∼=
5.4 MeV. Near such values, the largest positive gradients of
the energy distribution occur, providing a source of free energy
available to drive the kinetic instabilities.

In figure 4, we show the solutions of the dispersion
equation (5), as calculated by REDWPW, for the plasma para-
meters of table 1, N∥ = 1.0038 and considering the frequency
range 450–800 MHz.

In addition to WW and LHW the solutions of the disper-
sion equation include two branches that cannot be identified
within the cold plasma approximations, i.e. a set of EPW
and IBW, which occur between two successive harmonics of

Figure 4. Solutions of the dispersion equation for N∥ = 1.0038 and
plasma parameters as in table 1. The vertical red lines indicate the
frequencies that are multiples nfci of the ion cyclotron frequency,
from n= 12 (left) to n= 19 (right).

the ion cyclotron frequency fci =Ωi/(2π )∼= 40.4 MHz. We
indicate only the first couple of them, occurring after the 11th
cyclotron harmonics (i.e. corresponding to n= 12, n= 1 being
the fundamental cyclotron resonance: we adopt hereinafter
this nomenclature). These waves have larger perpendicular
refractive index compared to WW and LHW. The EPW, with
lower perpendicular refractive index than IBW, have a pos-
itive slope of N⊥ vs. the frequency, whereas the IBW have
negative slope, as the LHW, namely they are backward waves.

6
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Figure 5. The perpendicular refractive index is shown vs. the
frequency in the region of EPW-IBW confluence between the 15th
and the 16th ion cyclotron harmonics frequency (top plot). The
bottom plot shows the parallel (Vz/c) and perpendicular (Vx/c)
group velocity of EPW and IBW vs. the wave frequency. Here
N∥ = 1.0038. The relevant plasma parameters are listed in table 1.
The EPW branch is indicated in red, the IBW branch is in blue.
Colors online.

Near the confluence of these two branches, the perpendicu-
lar group velocity is crossing the zero value. This is import-
ant for the development of kinetic instabilities, since the wave
packets driven unstable propagates, in this case, along mag-
netic field lines. Therefore, if the instabilities occur near the
magnetic axis, the plasma and RE parameters are constant and
significant amplification might occur. As a result of the linear
stability analysis performed by REDHPW we have found that
instabilities occur near all the EPW-IBW confluence points,
even for frequencies larger than those in figure 4. The fre-
quency gap between successive EPW-IBW confluences tends
to increase and becomes constant approaching fci for larger
frequencies. The successive frequency gaps in figure 4, after
the 11th cyclotron harmonics, are about 33 MHz, 35 MHz,
36.5 MHz, 37.5 MHz, 38 MHz, 39 MHz, and 39 MHz. As an
example, we consider here the instabilities driven by the RE in
the frequency region near the EPW-IBW confluence between
the 15th and the 16th cyclotron harmonics, at the frequency
f ∼= 660 MHz. In figure 5 we show in detail N⊥ as well as the
perpendicular and parallel group velocity vs. the frequency
for the value of the parallel refractive index N∥ = 1.0038.
Near the confluence the perpendicular group velocity crosses
the zero, and the parallel velocity is ∼ 2.6 10−4c, i.e. about
7.8 106 cms−1.

In figure 6, the growth rates of the EPW and IBW branches
calculated by REDHPW near their confluence are plotted vs.
the frequency and the parallel refractive index. As a result,
the growth rates near the confluence are about 1.9105 s−1. In
this scenario, owing to the low parallel refractive index, which
is close to 1.0, the electron Landau damping is completely
negligible. The ion cyclotron damping, which might occur

in principle due to the 16th ion cyclotron resonance, is also
negligible, owing to the high harmonics involved. Moreover,
the collisional damping is much lower than the growth rates.
The electron-ion collisional frequency in this scenario is
indeed of the order of 104 s−1. The growth rates are thus
proportional, in practice, to the concentration of the RE. As
discussed above, if the wave is driven unstable by RE near
the magnetic axis, the wave amplification might occur up to
the saturation level. The latter is determined by the quasilin-
ear interaction of the wave packet with the RE. The energy
distribution tends to flatten in the region of wave-particle
Cherenkov interaction and the positive slope is reduced up to
reach the marginal stability condition. This occurs when the
wave growth rate is balanced by the collisional and ion cyclo-
tron harmonics damping.

It is possible that the electric field of the waves reach a
value sufficiently high to excite LHW via nonlinear inverse
Landau damping [29]. In this vein, we suggest here a pic-
ture that might explain the line emissions with frequency gap
of about one half of the ion cyclotron frequency observed in
FTU discharges. Three modes can be coupled by the nonlin-
ear process, namely an IBW large amplitude wave at angular
frequency ωIBW, with parallel and perpendicular wave num-
bers k∥,IBW and k⊥,IBW, a LHW at angular frequency ωLHW

with wave numbers k∥,LHW and k⊥,LHW and a quasi-mode
with angular frequency ω and wave numbers k∥ and k⊥.
The matching conditions required by the nonlinear interaction
are

ωLHW = ω−ωIBW, k∥,LHW = k∥ − k∥,IBW, k⊥,LHW

= k⊥ − k⊥,IBW. (18)

For ω = (3/2)ωIBW and N∥ = k∥c/ω = N∥,IBW, we obtain
ωLHW = ωIBW/2 and N∥,LHW = N∥,IBW. This means that both
the LHW at half IBW frequency and the quasi-mode are in
Cherenkov resonance with the RE and supports the hypothesis
that RF line emissions can be observed in this scenario with a
frequency gap near the value fci/2.

A second scenario has been analyzed with REDWPW, cor-
responding to the plasma parameters listed in table 2, relevant
for the observationsmade during the ramp up phase of the FTU
shot 43 609. These parameters correspond to the major radius
coordinate R≃ 111 cm. We assume indeed that the RE beam
is located off-axis with density peak at the magnetic surface
with label R. We still adopt the RE distribution function given
by equation (16) with the parameters of table 2, with the excep-
tion of the RE density, which is assumed nb = 2.4 1016 cm−3,
i.e. 0.2% RE concentration, so that the RE current density is
∼1.25 MA m−2. About 5 kA current can be driven by RE, if
one assumes a circular cross section of the beam with 102 cm2

surface area and linear shape of the current density profile vs.
the radius of the section. In figure 7, analogous to the figure 4,
we show the solutions of the dispersion equation (4), as calcu-
lated by REDWPW, for N∥ = 1.0038 and the frequency range
450–800 MHz.

In this second scenario, REDHPW runs confirm the occur-
rence of wave instabilities at the EPW-IBW confluences.
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Figure 6. Growth rates γ (s−1) of EPW (left) and IBW waves (right) for plasma and RE parameters of table 1. The surfaces of the two plots
coalesce at the edges indicated by the double arrow in correspondence of the EPW-IBW coalescence. Note that the color scale is different in
the two plots. Colors online.

Table 2. Plasma Parameters Relevant For SN 43 609.

ne Te Ti Bo Zeff

1.2 1019 m−3 0.6 keV 0.4 keV 4.54 T 7

Figure 7. Solutions of the dispersion equation for N∥ = 1.0038 and
plasma parameters as in table 2. The vertical lines indicate the
frequencies that are multiples nfci of the ion cyclotron frequency,
from n= 14 (left) to n= 23 (right).

As an example, we show the results concerning the conflu-
ence between the 15th and the 16th ion cyclotron harmon-
ics at ∼580 MHz. In figure 8 we show in detail N⊥ vs.
the frequency near the confluence as well as the parallel
and perpendicular velocities of the EPW and IBW branches.
At the confluence the perpendicular group velocity crosses
the value zero, and the parallel velocity is ∼ 10−3c, i.e.
about ∼ 3.0 107 cms−1.

In figure 9, the growth rates of the EPW and IBW branches
calculated by REDHPW near their confluence are plotted vs.
the frequency and the parallel refractive index. As a result,

Figure 8. The perpendicular refractive index (scenario relevant for
FTU SN 43 609) is shown vs. the frequency in the region of
EPW-IBW confluence between the 15th and the 16th ion cyclotron
harmonics frequency (top plot). The bottom plot shows the parallel
(Vz/c, dashed line) and perpendicular (Vx/c, continuous line) group
velocity of EPW and IBW vs. the wave frequency. The EPW branch
is indicated in red, the IBW branch is in blue. Colors online.

the growth rates near the confluence peak at ∼1.1 106 s−1.
The collisional damping rates, as in the previous example,
are much lower than the growth rates, though in this case the
collisional frequency is larger, of the order of 105 s−1, but
still one order less than the growth rates. Preliminary ana-
lysis has been performed by a ray-tracing code to analyze the
propagation and amplification of an IBW wave packet from
an initial location at R= 111 cm on the equatorial plane, with
580 MHz frequency, parallel refractive index N∥ = 1.0038
and perpendicular refractive index tangent to the magnetic
surface. As a result, owing to the initial zero perpendicular
group velocity, zero radial component of the perpendicular
wave number and the fact that the IBW is characterized by
parallel group velocity order of magnitude larger than the

8
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Figure 9. Growth rates γ (s−1) of EPW (left) and IBW waves (right) for plasma and RE parameters respectively listed in tables 1 and 2 (but
with nb = 2.4 1016 cm−3). The surfaces of the two plots coalesce at the edges indicated by the double arrow in correspondence of the
EPW-IBW coalescence. Note that the color scale is different in the two plots. Colors online.

Figure 10. The growth rates and the collisional damping rates of the EPW and IBW are plotted vs. the frequency, for the plasma parameters
of table 2 and the RE parameters of table 1, but with nb = 2.4 1016 m−3. The red points correspond to GEPW = log10γEPW, where γEPW are
the growth rates of EPW in s−1. The blue points correspond to GIBW = log10γIBW, where γIBW are the growth rates of IBW in s−1. The
magenta points correspond to CEPW = log10γEPW(C), where γEPW(C) are the collisional damping rates of EPW in s−1. The cyan points
correspond to CIBW = log10γIBW(C), where γIBW(C) are the collisional damping rates of EPW in s−1. The vertical lines indicate the
frequencies that are multiples nfci of the ion cyclotron frequency, from n= 16 (left) to n= 21 (right). Colors online.

perpendicular group velocity, the wave packet propagate along
the magnetic surface for sufficiently long time that signific-
ant amplification is expected. Depending on the initial amp-
litude, which should be evaluated by thermal noise or tur-
bulent noise, wave power saturation level with sufficiently
large wave amplitude might be reached to produce nonlinear
effects.

Inverse Landau damping, as discussed above, can excite
LHW at half frequency of the IBW. These LHWhave the same
parallel refractive index of the IBW and interact with RE via
Cherenkov resonance.

In figure 10 we plot the growth rates and the collisional
damping rates of the EPW and IBW for N∥ = 1.0038 in the
frequency range 520–750 MHz.

In table 3 we list the frequencies corresponding to the
EPW-IBW confluences shown in figure 7 and the relevant ion
cyclotron harmonics interval where they occur. In the first
column we indicate the value of the plasma density used.
The frequency gaps are about fci ∼= 35 MHz, approaching this
value for larger frequencies. We list also the frequencies
corresponding to the EPW-IBW confluences with the same
parameters of figure 7 but lower density 1.15 1013 cm−3.

9
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Table 3. Frequencies (MHZ) at the EPW-IBW confluences for SN 43 609.

1.20 1013 cm−3 550 (544.9) 579.5 (580) 609 640.5 672.5 705 738 771.5

1.15 1013 cm−3 548.5 (557.1) 577.6 608 639.5 (645.6) 671.5 (665.4) 704.5 (702.1) 737 (740.2) 770.7

We indicate in parenthesis some frequencies that are identi-
fied in the spectrogram shown in section 3, at the time t=
0.172 s and at the time t= 0.1815 s, considering the peak of
the emission line. The corresponding densities are, respect-
ively, 1.21 1013 cm−3 and 1.15 1013 cm−3, as given by the
least squares linear regression based on the measurements per-
formed by CO-CO2 scanning laser interferometer, discussed
in section 3.

4. Observations of re driven hot plasma waves in
FTU

Radio-frequency line emissions with frequency gap ∼ fci/2
have been observed during various FTU discharges, as listed
in table 4. There we indicate the time of the observations of the
line emissions with frequency gap ∼ fci/2, the magnetic field
on axis, the magnetic field corresponding to the gap value, the
corresponding major radius (the geometric center in FTU is at
Ro ∼ 93.5 cm) and the value of fci/2. As discussed in the pre-
vious section, the frequency gap is not exactly equal to fci/2
and increases with the frequency. Only a careful analysis of
the experimental data by selecting the proper plasma paramet-
ers corresponding to the location of the RE beam that drives
the instability can determine the set of the RF emission lines
expected. Therefore, the table below is indicative of the pos-
sible locations of the RE drive of the instabilities, with the
exception of SN 43 609, which has been analyzed in some
detail.

The plasma current time trace of SN 43 609 is shown in
figure 11(a); waves are observed in this case at the begin-
ning of the flat-top phase of the discharge, during the time
window indicated by the dotted vertical lines. The evolution
of central density is shown in figure 11(b). Ion temperature
and electron temperature are shown in figure 11(c). Plasma
density profiles are measured by a two-color scanning laser
interferometer. Electron temperatures profiles are measured
by laser Thomson scattering. Ion temperature profiles are cal-
culated by transport analysis performed by the JETTO code
[30] using the specific version for FTU [31]. Neoclassical ion
transport and constant Zeff = 7 are assumed for the JETTO
analysis from t= 0.106 s (first available equilibrium recon-
struction performed by the code ODIN [32]) to t= 0.300 s.
The value of Zeff used allows obtaining a reasonable agree-
ment of the loop voltage evolution vs. time as calculated by
JETTO with the measurements. The time evolution of the
central ion temperature Tio obtained with JETTO is in good
agreement with the time evolution of Tio calculated from

Table 4. Observations of line emissions with ∼ fci/2 frequency gap
in FTU.

SN time (ms) Bo (T) Bres (T) Rres (cm) fci/2 (MHz)

42 757 772 5.44 4.35 117 16.5
42 921 347 5.27 5.27 93.5 20
43 654 377 5.28 4.73 105 18
43 609 172 5.39 4.54 111 17.3

neutron rate. Preliminary evaluations of the Zeff profile, as cal-
culated considering the bremsstrahlung emissions, confirm
that the assumed average value Zeff = 7 is reasonable. Hard x-
ray (HXR) emission from in-flight RE collisions with plasma
ions is measured by a collimated fast electron bremsstrahlung
(FEB) camera with 5 ms time resolution and 20–200 keV
energy range; the FEB signal is shown in figure 11(d). Total
HXR emission, including the one from RE impacts on plasma
facing components, is monitored with 50 µs time resolution
by a NE213 scintillator. The scintillator is sensitive to both
HXR and neutrons; the neutron contribution to the scintillator
count rate is measured by means of an array of BF3 chambers
[33]. Count rates from theNE213 scintillator and from the BF3
array are shown in figure 11(e). The two count rates coincide
in runaway-free plasmas, when signals from both diagnostics
are only due to 2.45MeV neutrons fromD–D fusion reactions;
the difference between the two signals is a fast and sensitive
monitor for the presence of RE. The time trace of a magnetic
pickup signal is shown in figure 11(f ); some mild MHD activ-
ity is observed before the period with wave emission (170–
180 ms), correlated with minor changes of the NE213 count
rate.

A spectrogram of the RF emissions during the current ramp
of the FTU SN 43 609 is shown in figure 12. The spectrogram
shows a set of line emissions with frequency gap of about fci
or fci/2, assuming that the emission originate at the magnetic
field∼4.54 T. Seven of the line emissions predicted by the lin-
ear stability analysis can be identified within∼1.5% accuracy,
as listed in table 3. A frequency drift with the time towards
lower values is shown in the spectrogram. The stability ana-
lysis suggests that the frequency drift could be reproduced
assuming that the density decreases with the time by ∼4%
from 1.20 1013 cm−3 to 1.15 1013 cm−3 in the time interval
between ∼172 ms and ∼182 ms, which is compatible with
the measured values. However, a drift of the RE towards the
low field side might also explain the frequency drift, since
the RE would meet lower densities and lower magnetic field
values, which would decrease frequencies at the EPW-IBW
coalescence. We believe this is more likely.
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Figure 11. FTU pulse 43 609 at 5.4 T. (a) Plasma current in MA. (b) Central electron density from a CO–CO2 scanning laser interferometer;
(c) central electron temperature (keV) from laser Thomson scattering; central ion temperature (keV) from transport analysis (solid orange
line) and from neutron rate (green dashed line). (d) HXR count rate from an equatorial FEB channel. (e) Log10 of total HXR and neutron
count rate from NE213 detector, and neutron contribution from cross-calibrated BF3 detectors. (f ) Raw magnetic pickup signal. Colors
online.

Figure 12. Spectrogram of RF emissions detected in the FTU SN 43 609 (a). The white circles indicate the frequencies of the modes found
unstable by REDHPW at the EPW-IBW confluence, as listed in table 4. The white, dashed lines correspond to sets of line emissions
predicted in the time interval from 172 ms to 181.5 ms. Time evolution of the density (b) as measured by CO-CO2 scanning laser
interferometer at 1 ms time resolution, including the relevant error bars. The least squares linear regression line is also shown based on the
interferometer data (red, dashed line). The magnetic surface considered corresponds to the major radius coordinate R= 111 cm on the
equatorial plane. Colors online.

11



Nucl. Fusion 64 (2024) 086003 C. Castaldo et al

5. Conclusions

The stability analysis of plasma waves driven by RE has been
performed considering a hot plasma background, based on the
numerical code REDHPW. It calculates the dielectric tensor
of non-relativistic Maxwellian magnetized plasma with mul-
tiple ion species as well the anti-Hermitian part of the sus-
ceptibility tensor of relativistic RE. In addition to standard RE
distribution functions widely used, we have introduced a new
kind of distribution. This is a skew-normal energy distribution
[24], which seems appropriate to describe RE distributions
characterized by a local maximum in the momentum space.
It contains indeed a single local maximum in the momentum
space and can be viewed as the result of stochastic processes
[25], as those involved in the Fokker-Planck equation. Contour
plots of this distribution show indeed a pattern similar to those
obtained by numerical solutions of a RE kinetic equation,
giving the time evolution of the distribution function of RE
[3]. REDHPW provides an approximate solution of the wave
equation in homogeneous magnetized plasma, based on a
Taylor expansion [22]. For given Maxwellian plasma para-
meters and RE distribution, REDHPW identifies the normal
plasma modes for a mesh of values of ωr and N∥. For each nor-
mal plasma mode, it calculates N⊥, the electric field polariz-
ation, the wave growth or damping rate ωi and the group velo-
city. In the cold plasma limit, a benchmark of the code has been
performed, calculating the growth rates of WW and LHW as a
function of the frequency, for specific plasma and RE paramet-
ers. A good agreement has been found with the results of the
stability analysis given in [16] for a specific scenario. Stability
analysis of plasma waves driven by RE in the FTU tokamak
has been then performed for plasma and RE parameters reas-
onably compatible with the experiments aimed at the detection
of radio-emission generated in the presence of RE. Quiescent
discharges with Maxwellian background at ion and electron
temperatures of the order of 1 keV and RE with relative small
energy <22 MeV, below the threshold for visible synchrotron
emissions are considered. The RE skew-normal energy distri-
bution has been used, as local maximum in the energy distribu-
tion can develop in FTU since the early stages of the current
ramp-up, evolving toward a quasi-monotonic behavior [20].
The solution of the dispersion equation by REDHPW in the
frequency range explored, corresponding to the typical detec-
tion frequency window of the diagnostics installed in FTU,
shows two additional branches with respect to those identified
within the cold plasma approximation, namely the EPW and
the IBW.

These waves appear between two successive ion cyclotron
harmonics resonances and coalesce in correspondence of a set
of frequencies with a gap almost equal to the ion cyclotron
frequency fci. At the EPW-IBWcoalescence, the perpendicular
group velocity vanishes and the parallel group velocity is of the
order of 107 cm s−1. As a result of the analysis performed with
REDHPW, growth rates of the order of 106 s−1 have been pre-
dicted to occur via Cherenkov resonance with RE for plasma
waves at the EPW-IBW coalescence frequencies. Preliminary
ray-tracing calculations have been performed, based on a spe-
cific code developed for IBW [28], for a IBW wave packet at

a frequency of 580 MHz and parallel refractive index N∥ =
1.0038. It can be driven unstable at the coalescence with EPW
on the equatorial plane of FTU at major radius R= 111 cm
with perpendicular wave number tangent to the relevant mag-
netic surface. As a result, owing to the zero initial perpendic-
ular group velocity and the fact that the IBW perpendicular
group velocity is order of magnitude less than the parallel
group velocity, the wave packet propagates along the mag-
netic surface for sufficiently long time that significant ampli-
fication occurs. The wave packet cross ion-cyclotron resonant
harmonics layer with so large harmonic numbers that the rel-
evant damping rates are much lower than the growth rates pro-
duced by the interactionwith RE via the Cherenkov resonance.
The electron Landau damping is negligible owing to the value
of the parallel refractive index near 1. The collisional damping
is also negligible, owing to the relative large electron temperat-
ure and the relative low plasma density. The IBW wave pack-
ets might be thus amplified up to a saturation level determined
by the quasilinear interaction with RE. We suggest that large
amplitude IBW generated at the coalescence frequencies with
EPW, which are separated by a gap ∼fci, might excite LHW
at half frequency via nonlinear inverse Landau damping. A set
of line emissions with frequency gap ∼ fci/2 are thus expec-
ted to occur in the FTU scenarios analyzed. These were indeed
observed in SN 43 609 and in other FTU discharges, during
the current ramp up phase and during the current flat top. The
FTU SN 43 609 has been analyzed in some detail, performing
a transport analysis with the code JETTO [30, 31] to evaluate
the ion temperature profiles. The ion temperature is an import-
ant parameter to determine the characteristics of the EPW and
IBW. The central ion temperature evolution vs. time as cal-
culated by JETTO is in good agreement with the central ion
temperature time evolution calculated from the neutron emis-
sion rates. Seven line emissions predicted to occur at EPW-
IBW coalescence have been identified within ∼1.5% accur-
acy in a spectrogram of the detected radio emission. The fre-
quencies observed drift with time towards lower values. Such
drift can be reasonably well reproduced by the frequency gen-
erated at the EPW-IBW coalescence via Cherenkov interac-
tion with RE if ∼4% decrease of the local plasma density
occurs. A specific analysis of the density data at high resol-
ution (1.0 ms) indicates that such density decrease with time
is reliable, though the relative error of the measurements is of
the order of 10%. However, we believe that the observed drift
of the frequencies is more likely due to a drift of RE towards
the low field side. Further work will be performed to study sev-
eral line emissions due to IBW or EPW wave packets excited
at the EPW-IBW coalescence by the interaction with RE. This
will require an extensive analysis based on the specific ray-
tracing code developed for hot plasma waves [28]. The wave
power will be evaluated considering as initial condition the
wave amplitude corresponding to thermal or turbulent noise. If
large amplitude waves will be confirmed to occur, quasilinear
calculation will be performed to evaluate the saturation level.
Moreover, the excitation of LHW at half frequency of such
large amplitude waves will be calculated, based on the nonlin-
ear inverse Landau damping coefficients. Data analysis of the
experiments performed in other tokamaks might be useful to
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confirm the present interpretation of the line emissions detec-
ted in FTU as due to IBW hot plasma waves driven unstable
at the coalescence with EPW and producing LHW at half fre-
quency via inverse Landau damping.
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