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ABSTRACT

We introduce a theoretical framework to interpret the Hubble tension, based on the combination of a metric f{R) gravity with a
dynamical dark energy contribution. The modified gravity provides the non-minimally coupled scalar field responsible for the
proper scaling of the Hubble constant, in order to accommodate for the local SNIa pantheon+- data and Planck measurements.
The dynamical dark energy source, which exhibits a phantom divide line separating the low redshift quintessence regime (—1 <
w < —1/3) from the phantom contribution (w < —1) in the early Universe, guarantees the absence of tachyonic instabilities at
low redshift. The resulting Hy(z) profile rapidly approaches the Planck value, with a plateau behaviour for z 2> 5. In this scenario,
the Hubble tension emerges as a low redshift effect, which can be in principle tested by comparing SNIa predictions with far
sources, like QUASARS and gamma ray bursts.

Key words: supernovae: general —galaxies: distances and redshifts—cosmological parameters—dark energy —cosmology:
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1 INTRODUCTION

Modern cosmology (Weinberg 2008) suffers from a significant
number of unexplained features, among which the problem of the
late Universe acceleration (dark energy) stands for its relevance
on the incoming observational tasks (see, for instance Mortonson,
Weinberg & White 2013; Amendola et al. 2018; Huterer & Shafer
2018; Kase & Tsujikawa 2019; Frusciante & Perenon 2020).

Many different scenarios have been conjectured on the nature
of the present acceleration and they could be distinguished into
two main classes. On one hand, we have models requiring the
presence of exotic sources, leading to matter with negative pressure
mimicking vacuum energy density contribution; on the other hand,
we can consider modified gravity effects able to reproduce the same
phenomenology via non-Einsteinian dynamics (Clifton et al. 2012).

Recently, this puzzling picture has been enriched by the so-called
490 ‘Hubble tension’ (Di Valentino et al. 2021b), consisting of
the non-concealable discrepancy between the value of the Hubble
constant Hy (henceforth measured in km s~! Mpc ~!) by the Planck
satellite (67.4 = 0.5) (Aghanim et al. 2020) and by the nearby
standard candles like Supernovae Ia, hereafter SNe Ia (73.3 + 1.1)
(Brout et al. 2022). This issue suggests that the Hubble constant
measurement could be affected by the redshift values at which data
are taken.
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Furthermore, the analysis provided in Dainotti et al. (2021; see
also Kazantzidis & Perivolaropoulos 2020; Krishnan et al. 2020;
Dainotti et al. 2022a) outlines the existence of a dependence of the
type Hy(z) o (1 + z)™ where o ~ 1072 from a redshift binned
analysis of the SNIa distribution in the Pantheon sample (Scolnic
et al. 2018). This result has been obtained within 2o of statistical
significance and it suggests that the Hubble tension can be intended
as an effective monotonic decreasing of the Hy value from z = 0 up
to z ~ 1100.

This behaviour for the Pantheon sample could be explained by a
redshift evolution of the SNe Ia as astrophysical sources and, hence,
as standard candles. However, this perspective is not entirely shared
by the community investigating these sources (see for instance the
Pantheon+ analysis presented in Brout et al. 2022), and it seems
legit to interpret the Hy(z) profile of the Pantheon SNIla sample
as the Hubble tension in itself, by introducing a new background
physics. In this respect, in Dainotti et al. (2021) it was argued that
the profile Hy(z) is the result of the Einstein constant rescaling via
the non-minimally coupled scalar field of metric f{R) gravity in the
Jordan frame (for other approaches following similar paradigms, see
Odintsov, Sdez-Chillén Gémez & Sharov 2021; Nojiri, Odintsov &
Oikonomou 2022; Banerjee, Petronikolou & Saridakis 2023).

However, a Hu-Sawicki model was tested in Dainotti et al.
(2022a), and the associated luminosity distance turned out to not
account for the desired effect. This is essentially due to the typical
behaviour of the modified gravity theories providing a Universe
acceleration: they reproduce a Lambda cold dark matter (ACDM)
model (Weinberg 2008) only at large redshift, while small deviations
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are today available. This feature is quite in contradiction with
the aim of dealing with the Hubble tension, thought as a Hy(z)
profile, for which the deviation from the standard ACDM model
must take place just at large values of the redshift. This has been
successfully implemented in Schiavone, Montani & Bombacigno
(2023), where a metric f{R) gravity model able to reproduce the
late Universe acceleration and the Hy(z) profile in Dainotti et al.
(2021) was constructed. A smooth decreasing behaviour of Hy(z)
is indeed obtained, matching with the detected values of the SNIa
and the Cosmic Microwave Background (CMB) data. As originally
conjectured, it is just the non-minimally coupled scalar field of the
scalar—tensor representation to be responsible for the Hubble constant
scaling, making it apparently depending on the redshift of the sources
used for its determination.

Here, we want to address the problem of the Hubble tension by
searching for a physical effect able to rescale the Universe expansion
rate but without requiring a priori the specific dependence on the
redshift z introduced in Schiavone, Montani & Bombacigno (2023).
Within the context of metric f{R) gravity, we examine the evolutionary
behaviour of the redshift for a dynamical system involving three
variables that are not yet determined: the Hubble function, the non-
minimally coupled scalar field, and its potential term. To prevent the
model from having tachyonic properties, we incorporate a dynamic
dark energy component alongside the conventional matter energy
density contribution. This dark energy component displays a varying
state parameter that correlates with the redshift (see also Zhao et al.
2017; Vagnozzi et al. 2018; Banerjee et al. 2021; Krishnan et al. 2021;
o) Colgdin, Sheikh-Jabbari & Yin 2021; Heisenberg, Villarrubia-
Rojo & Zo0ss02022; Adil etal. 2023; Akarsu etal. 2023; Di Valentino,
Nilsson & Park 2023; Heisenberg, Villarrubia-Rojo & Zosso 2023;
Malekjani et al. 2023). The model we construct is able to provide the
desired rescaling of the Hubble constant. The function Hy(z) rapidly
decreases from the SNIa value to the CMB one, which is already
reached at z >~ 5 (even at z = 2 if error bars are considered).

The necessary modified gravity theory deviates from General
Relativity only at low redshifts, and Einstein—Hilbert action in
the presence of a cosmological constant (up to a rescaling of the
gravitational constant) is promptly recovered. The dynamical dark
energy is driven by two parameters, ruling the transition from
quintessence regime to a phantom energy phase (w < —1), with the
phantom divide line (Xia et al. 2006; Hojjati, Pogosian & Zhao 2010;
Di Valentino, Mukherjee & Sen 2021a; Zhou et al. 2022; Escamilla &
Vazquez 2023; Escamilla et al. 2023) occurring around z ~ 0.83. The
parameters are determined within certain ranges, depending on the
error bars of the Hy measurements at low and high redshifts.

The most important phenomenological feature of our model is that
it discriminates between the SNe Ia as testers, through whose sample
Hy(z) rapidly decays (also according to the analysis in Dainotti
et al. 2021, 2022a) and higher redshift sources, like QUASARS
(Colgdin et al. 2022; Dainotti et al. 2022f; Bargiacchi et al. 2023)
and gamma ray bursts (Cao, Dainotti & Ratra 2022a, b; Dainotti,
Sarracino & Capozziello 2022c; Dainotti et al. 2022d, e), for which
the value of Hy has to coincide with the CMB measured one. This fact
offers an interesting validation perspective of the proposed theoretical
framework.

The paper is organized as follows. In Section 2, we introduce the
metric f(R) theory of gravity and we apply it to the late Universe.
This implementation results in a generalized Friedmann equation that
encompasses the presence of both baryonic and non-baryonic matter,
along with dynamic dark energy fluid. The aim of Section 3 is to
find a dynamical framework which could be understood as a ACDM
model, wherein the Hubble constant H exhibits a redshift-dependent
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variation. This feature arises as a consequence of the evolution of
the non-minimally coupled scalar field ¢(z). Moreover, we express
the equation of state for the dynamical dark energy. In Section 4, we
show how the presence of a dynamical dark energy source is a viable
tool to ensure the absence of tachyonic instabilities which could
otherwise impact the modified gravity model under consideration at
low redshifts. Finally, it is discussed the f{R) profile which manifests
small deviations from General Relativity only at low redshift. In
Section 5, conclusions are drawn. Space—time signature is chosen
mostly plus (—, +, +, +), and we adopt units for ¢ = 1 with x
denoting the Einstein constant.

2 COSMOLOGICAL FORMULATION FOR
MODIFIED GRAVITY

Here, we consider a metric f{R)-model as described in the Jordan
frame (Sotiriou & Faraoni 2010; Nojiri & Odintsov 2011), in which
the non-Einsteinian features are summarized by the presence of a
non-minimally coupled scalar field ¢. The action of the theory takes
the form

S = zi/d“w—g (PR =V +2x L), (1
X

where g and R are the determinant and Ricci scalar associated with the
metric tensor g, respectively, and L, denotes the matter Lagrangian
density. Here, the potential V(¢) is fixed by the specific functional
form f(R), according to the following relation

-1
V(p)=9oR(P) — f(R($), R(@)= <g> , @)
being df/dR an invertible function. It is worth noting that g,, and
¢ are independent degrees of freedom with respect to which the
action (1) has to be varied, considering also the matter variables. In
particular, the scalar field is a massive propagating mode that could
be detected in the polarization modes of a gravitational wave, see
Moretti, Bombacigno & Montani (2019).

We now implement the modified gravity picture depicted above
to the late Universe dynamics in which we neglect both the spatial
curvature and the radiation contribution (Weinberg 2008). Thus it is
well described by a line element of the Robertson—Walker form

ds? = —di* + a(1)* (dx® + dy* + dz?) A3)

where we adopted Cartesian coordinates and the dynamics of the
cosmic scale factor a is expressed via the synchronous time . The
generalized Friedmann equation is then obtained by considering the
tt-component of the metric field equation derived from (1), resulting
in:

H? = i( _3Hp+ K) @

=35\ 5 )

where H(t) = a/a is the Hubble parameter (here and in the following
the dot denotes time differentiation) and p represents the total energy
density associated with the perfect fluid stress—energy tensor for
L. We set p to accommodate for the non-relativistic component
om(t) = pmo(ao/a)™> describing baryonic and non-baryonic matter
(where pno denotes the present day value of the mass—energy density
and ay the corresponding value of the scale factor), as well as for a
dynamical dark energy fluid characterized by the equation of state
Py = w(t)pa, with w(r) to be specified (see the discussion below).
Eventually, by varying (1) w.r.t. ¢, we get the relation

dv

— =6H + 12H>. 5
% + 5)
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Figure 1. Plot of scalar field versus the redshift z.
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Figure 2. Plot of the dimensionless potential V(¢) = V(¢)/ 6I-_102. We recall
that ¢ = 1 corresponds to z = 0.

The dynamical system is described by (4) and (5), which together
with the continuity equation for the matter

p+3H(p+P)=0, 6)

completely determines the evolution of the degrees of freedom
a(t), (1), and p(¢) (once w(r) is assigned).

3 CONSTRUCTION OF THE MODEL

Within the considered model above, we now search for a solution
able to reproduce the current Universe expansion and the apparent
variation of the Hubble constant related to the Hubble tension. In
other words, we are searching for a dynamical paradigm that can be
interpreted as a ACDM model in which Hubble constant H,, acquires
an effective dependence on the redshift. We will get this feature as
the effect of the scalar field evolution ¢ = ¢(z).
It is convenient to rearrange all the quantities in terms of the

redshift-like variable x = In (1 + z). Here, z is defined from

ap/a =1+ z, @)
where g represents the present-day scale factor. Using the conven-
tion ao = 1, differentiation in ¢ can be expressed as

d H d 8
i (x) o (®)

Having in mind a scenario that is very close to a ACDM model,
we impose that the potential cancels out (up to a rescaling of the
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Figure 3. Plot of the effective Hubble constant Ho et versus z.
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Figure 4. Plot of the normalized dynamical dark energy density versus z,
compared with the evolution of the (modulus of) effective w(z) parameter. The
vertical grey line denotes the z value where the transition from quintessence
to phantom configuration takes place, depicted by the red line at |w| = 1.
The dashed line represents the behaviour in the limit log (1 4 z) >~ z, and it
can be appreciated as the two curves diverge significantly starting from z ~
0.2, where the wow, description does not hold anymore (see discussion in
Section 3).

gravitational coupling) the modified gravity contribution led by the
scalar field, i.e.

V(¢) =6H¢, ©
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and we choose, for the dynamical dark energy component, the
equation of state

Pa(x) = —(1 - w)pm) (10)

Here, the parameters wo and w; account for deviations from the
standard cosmological constant scenario, which is recovered for
wo = w; = 0. At low redshifts, where x =~ z, this equation of state
reproduces the so-called wow,CDM model (Scolnic et al. 2018). In
particular, as shown in Fig. 4 our expression exactly coincides with a
wow, model for z < 0.2. Such a dynamical dark energy contribution,
once wy and w are properly determined (see discussion in Section 4),
is necessary to guarantee a consistent f{R) gravity devoid of tachyonic
degrees of freedom. Taking into consideration (6), it follows that (4)
can be rewritten as

H*(x) = i (Qmoe™ + Qaoe ™0t 1) (11)

- ¢ (x) m0 A0 )

where H is taken as the Hubble constant measured by the SNe Ia (i.e.
Hy = Hy(z = 0)). Moreover, Q0 and £, denote the present-day
values of the matter and vacuum energy density critical parameters,
respectively. Specifically, we use the following definitions: Q2,0 =
Pmo/pco and Qpo = pao/peo = 1 — Quo (flat Universe), where
peo 18 the critical energy density of the Universe today taken as
Pc0 = 31-_102/)(. Similarly to the ACDM model, from (11) we can
now define the following time-dependent effective Hubble constant
as

Hy
Ho eie(x) = —=, (12)
: Vo)
where we naturally fix ¢(0) = 1 to obtain Hy +(0) = Hj.
Finally, expressing (5) and (9) via x, we now get

dV(x) d
= (12H2—6H%j>£, (13)

V(x) = —6H%. (14)

The three equations (11), (13), and (14) can be solved for the three
unknowns H(x), ¢(x), and V(x). Furthermore, combining the last two
functions, we can also infer the profile V(¢) and, hence, the nature
of the considered f{R) gravity.

4 TOWARDS THE SOLUTION FOR THE
HUBBLE TENSION

We start our analysis by observing that the ratio of (13) and (14)
results in

dinV _ din H

_ , 15
dx dx (15)
which admits the solution
H(x)
Vix)= , 16
=775 (16)

where we fixed the integration constant as V(0) = H(0)/A, with A
a negative constant with dimension of length. Now, comparing the
equation above with (14) and taking into account (11), we get

do___ 1 ¢(x) -
dx 6)\.[-_]032)6 Qmoe3x +(1— Qmo)ex(woerlx) .
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The behaviour of ¢(x)!, which determines the effective profile
of Hy.s(x), can be numerically evaluated using (17) starting from
¢(0) = 1 and implementing the following constraints by fixing the
free parameters A, wy, and w;. First of all, we specify that we set
Qmo = 0.403, Hy = 73.3 according to the analysis in Brout et al.
(2022) referred to the flat wow,CDM model. This choice is justified
by the fact that the evolution of the dark energy contribution is
associated with an equation of state of a wow, model for z < 0.2,
as reported in Fig. 4. Furthermore, Hcyp = 67.4, where Heyp =
Hy(xcmp) corresponds to the value of the Hubble constant obtained
by the Planck satellite. From the condition Hyef(xcmp) = Hewms, it
is possible to evaluate the parameter A for every pair of (wg, w;) by
inverting the relation (12). The values of (wg, w,) are selected by
ensuring the positiveness of the mass of the scalar mode associated
to the value of ¢ close to x = 0, which, for a curved background (we
also consider the adiabatic limit where time derivatives are neglected,
see Olmo 2005a, b; Moretti, Bombacigno & Montani 2019), takes
the form

1 v av

myg=x(¢—5——]. (18)
3 de¢ d¢

Implementing the considerations above, we find the following values

for the parameters:

wo = 0.830, w; = —0.683, (19)

with A = —0.00435.

To clarify the achieved outcomes, let us now move to the standard
redshift variable z. The behaviour of ¢(z) can be appreciated in Fig. 1.
It can be noticed how General Relativity is rapidly recovered for z 2
2, where the scalar field boils down to a constant value.

The potential term V(¢) is instead plotted in Fig. 2, and it is
obtained from (16) by numerically inverting the scalar field in x =
x(¢). A few comments are now in order. The behaviour of V(¢)
displayed by Fig. 2 shows a significant resemblance with the results
presented in Schiavone, Montani & Bombacigno (2023), where a
concave up profile for V(¢) is likewise obtained. In both cases, in
particular, the saturation effect exhibited by ¢ with the redshift leads
to a rapid growth of the potential for values of ¢ slightly larger
than unity. Near ¢ ~ 1, however, the requirement in Schiavone,
Montani & Bombacigno (2023) of reproducing the ACDM model
and consisting in a nearly flat potential results in a depart from Fig. 2,
which is instead related to a wow,CDM scenario. A flat region for ¢
=~ 1 is also present in Fig. 3 of Dainotti et al. (), which is in addition
endowed with a concave down-trend, leading to a decreasing of the
potential for ¢ > 1.

Equation (12) finally provides the obtained behaviour of Hs(z)
which corresponds to the central profile depicted in Fig. 3.

In Fig. 3, we plot also the maximal and minimal curves of Hy s,
which enclose the red-shaded region and are obtained by considering
the errors of Planck and SNIa measurements: Hy = 73.3 £ 1.1 and

't is worth stressing that, from an observational point of view, the presence
of the scalar field ¢ emerges via an integrated effect in the photon path. In
fact, it enters the luminosity distance d) that, calculated in a generic instant
X, takes, in the proposed scenario, the following form:

_ e V@ (x)dx
d\(x) = ﬁ 2
o Jo (Qm065x/2 + QAoef(l/szox)erle)

Using this luminosity distance to analyse data sets, should reliably remove
the apparent variation of Hy with the redshift.
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Heymp = 67.4 £ 0.5, In fact, using the same approach described
above, we find the following values for (w, w1):

Wo max = 0.905, Wi max = —0.860, (20)

WO, min = 0.651, W], min = —0.627, (21)

with A = —0.00393 and A, = —0.0049. We want to stress that
the same analysis can be performed by using different values of the
cosmological parameters Q2,0 and Hy yielding very similar quantita-
tive results. A detailed comparison of cosmological constraints from
combinations of probes and different cosmological models can be
found in Scolnic et al. (2018), Brout et al. (2022).

As a result, the non-minimally coupled scalar field is actually
responsible for the scaling of the effective Hubble constant, which
mostly occurs for z < 2, where the quintessence properties of the
dynamical dark energy fluid (see Fig. 4) ensure that no tachyon modes
emerge in the theory. At higher redshift, the underlying gravitational
scenario approaches General Relativity (up to a rescaling of the
gravitational constant given by the asymptotic value of the scalar
field; see Fig. 1), and a transition from quintessence to phantom dark
energy model (w < —1) takes place at z =~ 0.83, where p(z) reaches
its maximum.

To conclude our analysis, we present an approximated solution for
the f(R) function under the low-redshift condition (z < 1). To recover
the explicit behaviour of the function f{R) defined in (2), according to
the analysis above, we perform the inversion x = x(¢) enabling us to
obtain R = dV/d¢ and ¢ = ¢(R). Finally, by fitting such a numerical
solution up to z = 0.5 and considering a profile of the form

f(R)=ci+ R+ R, (22)

where constant, linear, and quadratic terms in R are included. The
recovery of the ACDM model occurs when ¢ = const. (defined
as ¢ = df/dR), thus obtaining the values ¢; = 2.72 1’-_102 and ¢, =
0.0045 I-_IO’ 2. As a check for the theory, the positive ¢, coefficient
in front of the R? term ensures the absence of a tachyonic field and
well-behaved cosmological solutions with a proper era of matter
domination (Sawicki & Hu 2007).

5 CONCLUSIONS

In this work, we assumed that the Hubble tension is a consolidated
feature, emerging from the comparison of SNIa Pantheon and
Pantheon+ data (Scolnic et al. 2018, 2022; Huang et al. 2020;
Murakami et al. 2023 with CMB data Aghanim et al. 2020; see
also Dainotti et al. 2023 for a reduction of the error bars in SNe Ia).
As argued in Dainotti et al. (2021, 2022a), the Hubble tension can
be associated to an effective Hy(z) profile, as it emerges from the
SNIa sample and is reliable up to the recombination redshift z ~
1100 (for a theoretical representation of this scenario via a modified
gravity theory; see also Schiavone, Montani & Bombacigno 2023).
The present study provides an effective Hy(z) behaviour that rapidly
decays across the SNIa samples, approaching Planck measurements
via a plateau for z ~ 5. This scenario has been reproduced by
combining a metric f{R) gravity, which controls the dynamics at low
redshift, together with a dynamical dark energy density exhibiting a
phantom divide line for z 2> 0.83. The whole of these effects concurs
in driving the desired dynamical picture, with the non-minimally
coupled scalar field responsible for the rescaling of the Hubble
constant, and the dynamical dark energy source guaranteeing the
absence of tachyonic instabilities, otherwise affecting the considered
modified gravity model at low redshifts. The proposed scenario has
the merit of providing a precise marker for its validation, since it
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discriminates low redshift sources, like SNIa, from larger ones, like
QUASARS (Colgdin et al. 2022; Dainotti et al. 2022f; Bargiacchi
et al. 2023) and gamma ray bursts (Cao, Dainotti & Ratra 2022a, b;
Dainotti, Sarracino & Capozziello 2022c; Dainotti et al. 2022d, e).
Within the error bars, indeed, there is a possible agreement between
our predictions and data sets from distant sources, see e.g. Dainotti
et al. (2020), bearing in mind that the increase of the statistics in
the samples of high z sources will allow more accurate comparison
with our model. At this stage, we simply observe that by taking into
account error bars of Hy measurements, the behaviour in Fig. 3 is
consistent with Planck data already for z 2~ 2, suggesting that the
Hy(z) profile could mainly run within the redshift interval available
to SNIa samples.

ACKNOWLEDGEMENTS

The work of FB is supported by the postdoctoral grant CIA-
POS/2021/169. MDA is supported by an EPSRC studentship. Au-
thors thank Gonzalo J. Olmo for the useful comments and Maria
Giovanna Dainotti for valuable suggestions on Fig. 3.

DATA AVAILABILITY

No new data were generated or analysed in support of this research.

REFERENCES

Adil S. A., Akarsu O., Di Valentino E., Nunes R. C., Ozulker E., Sen A. A.,
Specogna E., 2023, preprint (arXiv:2306.08046)

Aghanim N. et al., 2020, A&A, 641, A6

Akarsu O., Di Valentino E., Kumar S., Nunes R. C., Vazquez J. A., Yadav A.,
2023, preprint (arXiv:2307.10899)

Amendola L. et al., 2018, Living Rev. Relativ., 21, 2

Banerjee A., Cai H., Heisenberg L., Colgdin E. O., Sheikh-Jabbari M. M.,
Yang T., 2021, Phys. Rev. D, 103, L081305

Banerjee S., Petronikolou M., Saridakis E. N., 2023, Phys. Rev. D, 108,
024012

Bargiacchi G., Dainotti M. G., Nagataki S., Capozziello S., 2023, MNRAS,
521, 3909

Brout D. et al., 2022, ApJ, 938, 110

Cao S., Dainotti M., Ratra B., 2022a, MNRAS, 512, 439

Cao S., Dainotti M., Ratra B., 2022b, MNRAS, 516, 1386

Clifton T., Ferreira P. G., Padilla A., Skordis C., 2012, Phys. Rep., 513, 1

Colgdin E. O., Sheikh-Jabbari M. M., Solomon R., Bargiacchi G., Capozziello
S., Dainotti M. G., Stojkovic D., 2022, Phys. Rev. D, 106, L041301

Dainotti M. G., Lenart A. L., Sarracino G., Nagataki S., Capozziello S., Fraija
N., 2020, ApJ, 904, 97

Dainotti M. G., De Simone B., Schiavone T., Montani G., Rinaldi E.,
Lambiase G., 2021, ApJ, 912, 150

Dainotti M. G., De Simone B., Schiavone T., Montani G., Rinaldi E.,
Lambiase G., Bogdan M., Ugale S., 2022a, Galaxies, 10, 24

Dainotti M. G., Sarracino G., Capozziello S., 2022c, PASJ, 74, 1095

Dainotti M. G., Nielson V., Sarracino G., Rinaldi E., Nagataki S., Capozziello
S., Gnedin O. Y., Bargiacchi G., 2022d, MNRAS, 514, 1828

Dainotti M. G., Lenart A. L., Chraya A., Sarracino G., Nagataki S., Fraija N.,
Capozziello S., Bogdan M., 2022e, MNRAS, 518, 2201

Dainotti M. G., Bardiacchi G., Lenart A. L., Capozziello S., Colgain E. O.,
Solomon R., Stojkovic D., Sheikh-Jabbari M. M., 2022f, ApJ, 931, 106

Dainotti M. G., Bargiacchi G., Bogdan M., Capozziello S., Nagataki S., 2023,
preprint (arXiv:2303.06974)

Di Valentino E., Mukherjee A., Sen A. A., 2021a, Entropy, 23, 404

Di Valentino E. et al., 2021b, Class. Quantum Gravity, 38, 153001

Di Valentino E., Nilsson N. A., Park M.-1., 2023, MNRAS, 519, 5043

Escamilla L. A., Vazquez J. A., 2023, Eur. Phys. J. C, 83, 251

G202 1990100 Z0 U0 15aNB Aq ZGB8ZEL/9S L 1/1/L2SG/2I01E/|SeIuW/W0D dNo"dlWspEd.//:SA)Y WOl) PAPEOJUMOQ



Escamilla L. A., Akarsu O., Di Valentino E., Vazquez J. A., 2023, preprint
(arXiv:2305.16290)

Frusciante N., Perenon L., 2020, Phys. Rep., 857, 1

Heisenberg L., Villarrubia-Rojo H., Zosso J., 2022, Phys. Rev. D, 106, 043503

Heisenberg L., Villarrubia-Rojo H., Zosso J., 2023, Phys. Dark Universe, 39,
101163

Hojjati A., Pogosian L., Zhao G.-B., 2010, J. Cosmol. Astropart. Phys., 2010,
007

Huang C. D. et al., 2020, ApJ, 889, 5

Huterer D., Shafer D. L., 2018, Rep. Prog. Phys., 81, 016901

Kase R., Tsujikawa S., 2019, Int. J. Mod. Phys. D, 28, 1942005

Kazantzidis L., Perivolaropoulos L., 2020, Phys. Rev. D, 102, 023520

Krishnan C., Colgdin E. O., R. Sen, A. A., Sheikh-Jabbari M. M., Yang T.,
2020, Phys. Rev. D, 102, 103525

Krishnan C., Colgain E. O., Sheikh-Jabbari M. M., Yang T., 2021, Phys. Rev.
D, 103, 103509

Malekjani M., Conville R. M., Colgain E. O., Pourojaghi S., Sheikh-Jabbari
M. M., 2023, preprint (arXiv:2301.12725)

Moretti F., Bombacigno F., Montani G., 2019, Phys. Rev. D, 100, 084014

Mortonson M. J., Weinberg D. H., White M., 2013, preprint
(arXiv:1401.0046)

Murakami Y. S. et al., 2023, preprint (arXiv:2306.00070)

Nojiri S., Odintsov S. D., 2011, Phys. Rep., 505, 59

© The Author(s) 2023.

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative Commons Attribution License

f(R) gravity versus the Hubble tension 1161

Nojiri S., Odintsov S. D., Oikonomou V. K., 2022, Nucl. Phys. B., 980,
115850

O Colgdin E., Sheikh-Jabbari M. M., Yin L., 2021, Phys. Rev. D, 104, 023510

QOdintsov S. D., Saez-Chillén Gémez D., Sharov G. S., 2021, Nucl. Phys. B.,
966, 115377

Olmo G. J., 2005a, Phys. Rev. D, 72, 083505

Olmo G. J., 2005b, Phys. Rev. Lett., 95, 261102

Sawicki I., Hu W., 2007, Phys. Rev. D, 75, 127502

Schiavone T., Montani G., Bombacigno F., 2023, MNRAS, 522, L72

Scolnic D. et al., 2022, ApJ, 938, 113

Scolnic D. M. et al., 2018, ApJ, 859, 101

Sotiriou T. P., Faraoni V., 2010, Rev. Mod. Phys., 82, 451

Vagnozzi S., Dhawan S., Gerbino M., Freese K., Goobar A., Mena O., 2018,
Phys. Rev. D, 98, 083501

Weinberg S., 2008, Cosmology. Oxford Univ. Press, Oxford

Xia J.-Q., Zhao G.-B., Li H., Feng B., Zhang X., 2006, Phys. Rev. D, 74,
083521

Zhao G.-B. et al., 2017, Nat. Astron., 1, 627

Zhou Z., Liu G.,, Mu Y., Xu L., 2022, MNRAS, 511, 595

This paper has been typeset from a TEX/I&TEX file prepared by the author.

(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

MNRASL 527, L156-L161 (2024)

G202 1990100 Z0 U0 15aNB Aq ZGB8ZEL/9S L 1/1/L2SG/2I01E/|SeIuW/W0D dNo"dlWspEd.//:SA)Y WOl) PAPEOJUMOQ



