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4Max-Planck-Institut für Plasmaphysik, 17491 Greifswald, Germany

E-mail: alberto.bottino@ipp.mpg.de

Abstract. Phase Space Zonal Structures (PSZSs), obtained by averaging out dependencies on
angle-like variables in the energetic particle (EP) distribution function, play a fundamental role
in regulating EP transport induced by Alfvén instabilities in burning plasmas, acting as a slowly
varying nonlinear equilibrium state. Therefore, they are of great interest for the development
of reduced models for the description of EP heat and particle transport on long time scales,
comparable with the energy confinement time, for future burning plasma experiments. In this
work, we propose an efficient finite element based projection of the time evolution of the PSZS,
suited for global particle-in-cell (PIC) gyrokinetic (GK) codes. The resulting algorithm has
been implemented in the global GK PIC code ORB5. PSZSs can not only be used for validating
reduced models, but also as a diagnostic tool for characterizing the nonlinear interaction in
phase space between Alfvén instabilities and EPs in global GK simulations.

1. Introduction
Energetic particles (EPs) are crucial actors in the dynamics of magnetically confined burning
plasmas. Such ions exhibit an average kinetic energy significantly higher then the thermal
population. They are created by fusion reactions and they represent the key ingredient for
heating magnetically confined plasmas at ignition. Energetic particles also appear in present
day experiments as products of auxiliary heating sources such as neutral beam injection (NBI)
or ion cyclotron resonance heating (ICRH). In Tokamaks, the typical EP velocity, vEP, sits
between the thermal bulk ion velocity vth,i and the thermal electron velocity vth,e. Therefore, the
EP characteristic dynamical frequencies, associated with their guiding-center motion (transit,
bounce and precessional) are often comparable with the frequency of shear Alfvén waves (SAWs)
(see, e.g., [1, 2]). Because of this, EPs can resonate with SAWs, driving them unstable. Alfvénic
oscillations driven unstable by EPs are characterized by a broad spectrum of frequencies, since
short wavelength kinetic SAWs can also be excited by resonant mode conversion. Quantitative
predictions of the interplay between SAW instabilities and EPs require a kinetic treatment
since resonances with ions substantially modify MHD predictions. Moreover, the nature of the
nonlinearities in the kinetic equations leads to a direct wave-particle interaction and to kinetic
corrections to the wave-wave interactions. Nonlinear gyrokinetic (GK) theory provides the
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theoretical framework for calculating such interplay between SAWs and EPs and their impact
on turbulent and collisional transport (see e.g. Refs. [3, 4]).
It has been shown that phase space structures, obtained by averaging out dependencies on
angle-like variables in the energetic particle distribution function, which are not rapidly damped
by collisionless processes such as Landau damping, play a fundamental role in regulating EP
transport induced by Alfvén instabilities in burning plasmas (see Ref. [5] and references therein).
These phase space structures are generally referred to as Phase Space Zonal Structures (PSZSs),
by analogy with the meso-scale configuration space structures spontaneously generated by drift-
wave turbulence; i.e., zonal flows and zonal fields. PSZSs act as a slowly evolving nonlinear
plasma equilibrium. Recently, evolution equations for PSZSs have been derived from nonlinear
GK theory [6, 5]. Those equations self-consistently describe the time evolution of PSZS, and
consequently EP dynamics, up to transport time scales. Those equations are particularly
important, since they allow the development of reduced transport models (see Ref. [7]) describing
the evolution of macroscopic plasma profiles on long time scales [8], comparable with the energy
confinement time, in burning plasma experiments [9]. Those kind of predictions are well beyond
the actual capabilities of the existing global GK codes, despite the tremendous progress made in
the last years (see e.g. Refs. [10, 11] for recent ORB5 reactor relevant simulations). Nevertheless,
it is important to be able to compare the predictions of the time evolution of PSZSs with the
results of existing GK code. In this work we propose an efficient finite element based projection
of the time evolution of the PSZS, suited for global particle-in-cell (PIC) gyrokinetic codes.
The resulting algorithm has been implemented in the global GK PIC code ORB5 [12]. PSZSs
extracted from GK simulations can not only be used for validating reduced models, but also
as a diagnostic tool for characterizing the nonlinear interaction in phase space between Alfvén
instabilities. Note that similar diagnostics already exist in GK-hybrid codes, such as XHMGC
[13, 14]. In addition to this, the information provided by the finite element projection of the
distribution function could be used for significantly improving the quality of δf PIC simulations,
by adjusting and updating the plasma reference state (background distribution function), during
the nonlinear evolution of the system, consistently with PSZS dynamics.

2. Finite element representation of the PSZS
Following the definitions of [5, 6, 9], the PSZS is defined as the angle average (orbit average) of
the gyrocenter distribution function

F̂0,sp(Pϕ, µ, ε) = τ−1
b

∮
dθ

θ̇
Fz,sp , τb =

∮
dθ

θ̇
, Fz,sp =

1

2π

2π∫
0

Fsp(Pϕ, µ, ε, θ, ϕ) dϕ , (1)

with

θ̇ = −
v‖

eB∗‖Jψ,θ,ϕ

∂Pϕ
∂ψ

, J−1
ψ,θ,ϕ = ∇ϕ · (∇ψ ×∇θ) ,

where Fsp(Pϕ, µ, ε, θ, ϕ) is the gyrocenter distribution function of the particle species sp, µ is
the magnetic moment, ε = 1/2(mv2

‖ + 2µB) is the kinetic energy and

Pϕ = mspv‖
T (ψ)

qspB
+ ψ , (2)

is the toroidal canonical angular momentum, associated with the toroidal symmetry of an
axisymmetric equilibrium magnetic field, defined by

B = T (ψ)∇ϕ+∇ϕ×∇ψ , (3)
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Figure 1: Mass matrix elements Al,n, for a grid size (NPϕ = 18, Nε = 16, Nµ = 20) and quadratic
B-splines. The blue background corresponds to the zero elements of the matrix.

where ψ is the poloidal magnetic flux profile; msp and qsp are mass and charge of the particle
species sp, respectively. Note that both ε and Pϕ are constants of motion on the unperturbed
trajectories, while µ is an adiabatic invariant for the GK system of equations. Therefore, Eq. (1)
can be interpreted, at a given time t and in a given phase-space position (Pϕ, µ, ε), as the average
value of the distribution function on the unperturbed trajectories described by (Pϕ, µ, ε).

A finite element approximation of F̂0,sp(Pϕ, µ, ε) can be obtained by applying the Galerkin
method (see e.g. [15]). The finite element representation of the PSZS is

F̂0,sp(Pϕ, µ, ε, t) =
∑
l

fl(t)Λl(Pϕ, µ, ε) , (4)

which is a linear combination of finite element basis functions (polynomia) Λl and fl(t) are
time dependent real coefficients. For our discretisation, we choose B-splines as finite elements.
Therefore, Λl(Pϕ, µ, ε) is actually the tensor product of three one dimensional B-splines of order d

Λl(Pϕ, µ, ε) = Λdi (Pϕ)Λdj (ε)Λ
d
k(µ) . (5)

The sum over l is in fact a sum over 3 indices∑
l

=

KPϕ∑
i=1

Kε∑
j=1

Kµ∑
k=1

. (6)

The number of polynomia considered in the sum is given, for each coordinate, by the number
of (grid) points in which the domain is partitioned plus the order of polynomya considered,



THEORY OF FUSION PLASMAS JOINT VARENNA - LAUSANNE WORKSHOP 2022
Journal of Physics: Conference Series 2397 (2022) 012019

IOP Publishing
doi:10.1088/1742-6596/2397/1/012019

4

i.e. KPϕ = NPϕ + d, Kε = Nε + d and Kµ = Nµ + d.
A detailed description of B-splines can be found in Ref. [16].
The Galerkin method provides a general algorithm to calculate the spline coefficients fl(t) and
it consists of 2 steps:

• Multiply equation (4) by a test function g(Pϕ, µ, ε) = Λn(Pϕ, µ, ε)

• Integrate the resulting equation over the space spanned by the basis functions.

Because of Eq. (4), we have:

∑
l

fl(t)

∫
J(Pϕ, µ, ε) dPϕ dε dµ Λn(Pϕ, µ, ε)Λl(Pϕ, µ, ε) =∫

J(Pϕ, µ, ε) dPϕ dε dµ Λn(Pϕ, µ, ε)F̂0,sp(Pϕ, µ, ε) , (7)

where J(Pϕ, µ, ε) is the angle averaged Jacobian. The previous equation is actually a system of
linear equations and it may be written in the more compact form as∑

l

Al,nfl = bn . (8)

Al,n is the so called mass matrix, a 2D symmetric sparse band matrix with rank (NPϕ+d)(Nε+
d)(Nµ + d). An example is given in Figure 1. Note that the angle average of the distribution
function, needed to construct the PSZS, can be directly included in the calculation of bn

bn =

∫
dPϕ dε dµ Λn(Pϕ, ε, µ)

(
1

2π
∫
J(Pϕ, θ, µ, ε) dθ

∫
J(Pϕ, θ, µ, ε) dθ dϕ Fz,sp(Pϕ, θ, ϕ, ε, µ)

)
.

(9)
The calculation of bn is trivial if Fz,sp(Pϕ, θ, ϕ, ε, µ) is analytically known or defined on a grid.
In a PIC code, this projection is less trivial, as it will be discussed in the next section.

3. Implementation in ORB5
The code ORB5 [17, 18, 12] is based on a Monte Carlo Particle-in-Cell/Finite algorithm for
discretising and solving the Gyrokinetic Vlasov-Maxwell system of equations. Altough ORB5
currently includes a multi-species, non-linear Coulomb collision operator [19], collision are not
included in this work. The collisionless model solved in the code is rigorously derived from a
gyrokinetic Lagrangian and it is described in detail in Ref. [20]. The gyrokinetic Lagrangian
corresponding to the full electromagnetic ORB5 model is, in Hamiltonian formulation:

L =
∑
sp

∫
dW dV

( (
eA + p‖b

)
· Ṙ +

mspc

qsp
µα̇−H

)
fsp +

∫ |∇⊥A‖|2
8π

dV , (10)

H =
p2
||

2msp
+ µB + qspJ0

(
φ−

p||

mspc
A||

)
+

q2
sp

2mspc2
(J0A||)

2 − mspc
2

2B2
|∇⊥φ|2 ,

in which the coordinates are the gyrocenter position R, the adiabatic invariant µ, the gyro
angle α and the canonical parallel momentum p‖ = mspv‖+(qsp/c)J0A‖, where v‖ is the parallel
velocity; dV and dW are the volume elements in physical and velocity space respectively. In the
last expression B is the equilibrium magnetic field and φ is the perturbed electrostatic potential.
A‖ is the parallel component of the perturbed vector potential, J0 is the gyro-average operator
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and c is the speed of light. The particle gyrocenter trajectories are derived from the variational
principles on the action and can be written in the following explicit form:

Ṙ =
1

msp

(
p‖ −

qsp
c
J0A‖

) B∗

B∗‖

+
c

qspB∗‖
b×

[
µ∇B + qsp∇J0

(
φ−

p‖

mspc
A‖
)]

, (11)

ṗ‖ = −B∗

B∗‖
·
[
µ∇B + e∇J0

(
φ−

p‖

mspc
A‖
)]

, (12)

where B∗ = ∇×A∗, A∗ ≡ A + (p‖/qsp)b and b = B/B. The distribution function is split into
a constant in time background, F0,sp, and a fluctuating part δFsp. Only the time varying part
of the distribution function, δFsp, is discretized using Monte Carlo markers and it is evolved (in
the absence of sources and collisions) according to the GK Vlasov equation:

dδFsp
dt

= −∂F0,sp

∂R
· Ṙ− ∂F0,sp

∂p‖
ṗ‖ = 0 . (13)

Energy and momentum conservation can be proved via gyrokinetic field theory [20]. To self-
consistently evolve the perturbed electrostatic and magnetic potentials, the Vlasov equation
should be coupled with equations for the fields. Those are obtained by taking functional
derivatives of the action functional with respect the perturbed potential, leading to a polarization
equation for φ and Ampère’s law for A||. In this work we have used the electrostatic limit of
the model and adiabatic electrons. The corresponding equations are obtained by setting A‖ = 0
in the previous equations and by assuming a fluid like response of the electrons density to
the potential perturbation. The full derivation and discretisation of the electrostatic model
can be found in reference [21]. In general, the electromagnetic equations are solved in ORB5
in the mixed-variable formulation of the GK equations and solved using the mixed-variable
pullback algorithm [22]. In the code, a set of straight field line coordinates (s, θ∗, ϕ) is used,
with s =

√
ψ/ψedge, where ψ is the poloidal magnetic flux, and θ∗ is the magnetic poloidal angle

θ∗ =
1

q(s)

∫ θ B · ∇ϕ
B · ∇θ′

dθ′ (14)

where θ is the geometric poloidal angle, ϕ the toroidal angle and q(s) is the safety factor.
In ORB5 the perturbed distribution function is discretised using N markers

δF '
Nph

N

N∑
p=1

1

2πB∗‖
δwp(t)δ

(
R−Rp(t)

)
δ
(
v‖ − v‖p(t)

)
δ
(
µ− µp(t0)

)
, (15)

where Nph is the number of physical particles, i.e. Nph = nV where n is the volume averaged
particle density and V is the volume of the torus. Each marker is characterized by a weight
δwp(t) and by its (randomly chosen) location in phase-space, (Rp(t), v‖p(t), µp(t0)), where the
magnetic moment is an adiabatic invariant for the gyrokinetic Lagrangian.
The marker weight is often interpreted as the (possibly normalized) value of the distribution
function at the particle position. Actually, the meaning of the particle weights becomes apparent
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by integrating Eq. (15) over the full phase-space volume Ω :∫
Ω

d3R d3v δF = δFΩΩ (16)

'
∫

Ω
d3R d3v

Nph

N

N∑
p=1

1

2πB∗‖
δwp(t)δ

(
R(t)−Rp

)
δ
(
v‖(t)− v‖p

)
δ
(
µ(t0)− µp

)
,

where δFΩ represents the average value of the number density perturbation over the phase-space
volume Ω. Note that:

d3R d3v = J(R,Z)B∗‖ dR dZ dϕ dv‖ dµ dα , (17)

which motivates the inclusion of the 2πB∗‖ factor in Eq. (15).

In particular, we could choose a set of N volumes Ωp, each one centered around a single marker

position (Rp, v‖p, µp) and for which
∑N

p=1 Ωp = Ω, without overlapping.
We then use the properties of the δ functions and the fact that only a single marker would
contribute to the integral, to solve the integral on the left-hand-side of Eq. (16):

δF pΩp =

∫
Ωp

d3R d2v
Nph

N

1

B∗‖
δwp(t)δ

(
R−Rp(t)

)
δ
(
v‖ − v‖,p(t)

)
δ
(
µ− µp(t0)

)
=

Nph

N
δwp(t) , (18)

where δF p represents the average value of the number density perturbation over the phase-space
volume Ωp and d2v = dv‖ dµ. Therefore, Ωp can now be identified as the portion of phase-space
volume described by the marker p and the weight δwp as the average variation in number of
particles on the volume Ωp, up to normalization factors. The Liouville theorem guarantees that
the value of Ωp is conserved along the Lagrangian trajectories. Moreover, given that at t = 0
the phase-space marker position, (Rp, v‖p, µp), is located inside the volume Ωp, it will stay inside
that volume during the entire time evolution. However, the shape of the volume Ωp will change
in time (filamentation) possibly leading to a decrease of accuracy in the discretization, i.e. the
numerical error associated to the PIC discretization of Eq. (15) will increase in time.
Here, the important information is that the actual value of the weight does not depend on the
coordinate system in which the marker position is evolved, but only on the choice of the volume
Ωp associated to each marker.
If another set of coordinates was used, for example (Pϕ, θ, ϕ, ε, µ), Eq.(18) would become

δF pΩp =

∫
Ωp

Ĵ dθ dϕ dPϕ dε dµ
Nph

N

1

Ĵ
δwp(t)δ

(
Pϕ − Pϕ,p(t)

)
δ
(
θ − θp(t)

)
δ
(
ϕ− ϕp(t)

)
δ
(
ε− εp(t)

)
δ
(
µ− µp(t0)

)
=
Nph

N
δwp(t) , (19)

i.e., only the details of the Jacobian Ĵ in the integral and in Eq. (15) would change, but the
meaning of the weights does not change. In summary, the information carried by each marker
weight is related to how many physical particles are contained into each volume Ωp and it is
independent of the system of coordinates chosen. Therefore, in a PIC code like ORB5, any
integral (moment) of the distribution function is approximated by a sum on the (normalized)
weights and Eq. (16) becomes:∫

Ω
d3R d2v δFsp '

N∑
p=1

δF pΩp =
Nph

N

N∑
p=1

δwp . (20)
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The weights are renormalized at t = 0 in ORB5 by redefining them as

δwp = δwp −
1

N

N∑
p=1

δwp , (21)

in order to guarantee the requirement∫
Ω

d3R d2v δFsp = 0 . (22)

For a full-f PIC code, the integral of Fsp would be

Nph =

∫
Ω

d3R d2v Fsp '
N∑
p=1

F pΩp =
Nph

N

N∑
p=1

wp , (23)

and the (time independent) full weights wp would have to satisfy the property

1

N

N∑
p=1

wp = 1 . (24)

In ORB5 any integral of the full distribution function Fsp is the sum of two contributions

∫
Ω

d3R d2v Fsp '
N∑
p=1

F pΩp =
N∑
p=1

(
Nph

N
δwp + F0,sp(Rp, v‖p, µp)Ωp

)
, (25)

where all the coordinates with a subscript p are evaluated at the marker position.
The same result can be obtained in a rigorous way by writing the integral of the left-hand-side of
Eq. (16) using Monte carlo theory, i.e. as an expected value, E[X], of a random variable X, with
respect to a probability density g(x). Here x represents a continuous 5D variable of components
(R, v‖, µ). The general derivation can be found in Section 2 of Ref. [23]. Therefore, there is a
direct connection between the phase-space volumes Ωp and the probability density g(x). This
can be seen by rewriting the integral of Eq. (16) as∫

Ω
F (x) dx =

∫
Ω

F (x)

g(x)
g(x) dx = E[X] with X(x) =

F (x)

g(x)
. (26)

Following Ref. [23], the expected value E[X] is approximated by an unbiased Monte Carlo
estimator, based on an independent random sample (x1, ..xi, ..xN ) of N Monte Carlo sampling
points (markers) with xi ∈ Ω

E[X] ' 1

N

N∑
p=1

w̃p with w̃p =
F (xp)

g(xp)
. (27)

In Monte Carlo theory, w̃p is often called likelihood ratio or importance sampling ratio. The
similarities between Eq. (23) and Eq. (27) clearly show that the PIC algorithm is strongly
related to the Monte Carlo integral method. In particular, it can be shown that the value of
phase-space volume Ωp is inversely proportional to the probability density g(x) at the marker
position. Note that, while the expected value is independent on the details of the probability
density, the choice of g(x) (and consequently of Ωp) strongly influences the statistical noise in
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PIC simulations [23].
Using those results, the projection of the PSZS on the B-splines, i.e. the calculation of the
left-hand-side of the matrix problem given by Eq. (9), becomes

bn =

N∑
p=1

(
Nph

N
δwp + f0(Pϕ,p, θp, εp, µp)Ωp

)
Λn(Pϕ,p, εp, µp) . (28)

The B-spline solver of ORB5 has been adapted to a 3D non periodic matrix problem and
extended to an arbitrary order of B-splines. The mass matrix is stored in an upper-band format.
In the present version of the code, a direct serial solver based on Cholesky decomposition is
used, which is fast but memory consuming. Therefore, in production runs the bn coefficients are
computed during the execution and stored in a HDF5 file. The mass matrix is reconstructed
and factorized in a separate code and the linear problem of Eq. (8) is solved offline. In general,
B-splines of order d = 1 (linear) appear to be accurate enough for most of the cases studied.
However, higher order B-splines have the useful property of providing also the derivatives of
the discretized function, without any additional numerical cost. Therefore, B-splines of order
2 are typically used for the PSZS in ORB5 production runs. Note that the resulting code has
been extensively tested with analytical distribution functions, simplified geometries and reduced
dimensionality. However, instead of discussing those verification tests, we prefer here to focus
on the application of the newly developed diagnostics to an experimentally relevant and well
documented scenario.

4. Numerical results
All the simulations presented in this Section are base on the so called NLED-AUG case [24].
This scenario corresponds to the magnetic equilibrium and profiles measured at t = 0.84 s in the
discharge number 31213 performed in the ASDEX Upgrade (AUG) Tokamak. This experimental
case is particularly relevant for EP physics. In particular the NBI generated fast-ions exhibit
an MHD β (ratio of the plasma pressure to magnetic pressure) comparable to that of the bulk
plasma, while the EP average kinetic energy is approximately 100 times higher than the bulk
species temperature, comparable to the expected ratios of plasma parameters that are going
to be met in future fusion machines such as ITER and DEMO. In this scenario, an intense
EP-driven activity is observed, the stabilizing effects of the bulk plasma being minimized. The
NLED-AUG case has been widely studied and simulated by several codes, including ORB5
[25, 26, 27, 28]. Moreover, it has also been used as benchmark case for GK and MHD/Hybrid
codes [29]. Energetic particles are simulated using an analytical equilibrium distribution function
corresponding to a pitch-angle dependent slowing down function (see Eq. (3) of [27]). For
such a distribution function, EPs can excite an energetic-particle driven geodesic acoustic mode
(EGAM) via inverse Landau damping with the resonant EPs, which causes a redistribution
of the EPs in phase space from higher to lower energies. EGAMs are indeed present in the
experimental measurement of the NLED-AUG case. In Ref. [27] the effects of such distributions
on the stability of EGAMs on the NLED-AUG case have been studied in detail. In particular,
the stability threshold values have been obtained as a function of the injection pitch angle
ξ0 = v‖/|v|, the width of the non-isotropic (Gaussian) component of the distribution function σξ
and the EP concentration nEP/ne, ne being the (volume integrated) electron density. In the
following, ξ0 = −0.5, σξ = 0.2 and nEP/ne = 0.0949 are used, corresponding to a clearly unstable
EGAM. The only difference as compared to the simulations discussed in Ref. [27] is that here
nonlinear terms are kept in the particle equations of motion.

As a first test, we have constructed an angle averaged projection of the distribution function
as a function of the original dynamical variables of ORB5 (ψ, v‖, µ). With this choice of
coordinates, the angle average is equivalent to a flux surface average. Practically, the same
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Figure 2: 2D projection of the angle averaged distribution function of EPs and bulk ions
(Deuterium), using the PSZS numerical infrastructure, at t = 0, for the NLED-AUG case,
for (Nψ = 30, Nµ = 30, Nv‖ = 30) and d = 1. The axis labels are psi = ψ, vpar = v‖ and
mu = µ.

(a) (b)

Figure 3: (a) Comparison between the analytical and the reconstructed density using the PSZS
data, for the NLED-AUG case, for (Nψ = 30, Nµ = 30, Nv‖ = 30) and d = 1. The x axis label is
psi = ψ/ψedge. (b) Poloidal cross section of the electrostatic potential during the linear phase,
at t = 2 · 103 [Ω−1

c ], solid black lines correspond to constant
√
ψ magnetic surfaces. Labels are

given in unit of the ion sound Larmor radius ρs on axis (ψ = 0).

numerical infrastructure of the PSZS diagnostics is used, with the only difference of using a
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Figure 4: 2D projection of PSZS at t = 0, for the NLED-AUG case, for (NPϕ = 30, Nµ =
30, Nε = 30) and d = 1. The axis labels are Pphi = Pϕ, ke = ε and mu = µ.

B-spline basis projection on the original variables,

F̂0,sp(ψ, µ, v‖) =
∑
l

fl(t)Λl(ψ, µ, v‖) , (29)

and consistently adapt the matrix construction and the calculation of the bl vector. The result
at t = 0 is shown in Fig. 2. Note that each plot of Fig. 2 corresponds to a 2D projection of the 3D
data obtained by integrating on the third direction. At t = 0 only the background distribution
function contributes to the projection. Therefore, this allows for a direct comparison between
the PSZS diagnostics (which is a markers based quantity) and the analytical functions directly
coded into ORB5. A particularly useful test consists in calculating the integral of the PSZS
at t = 0 on the two velocity space coordinates, which should lead to exactly the same density
profile provided as input into ORB5. The result is shown in Fig. 3(a). The good match between
the input profile and the reconstructed density for both EPs and Maxwellian bulk ions also
assures that the phase-space geometry is properly taken into account in the B-spline projection,
even for an experimentally reconstructed magnetic equilibrium. The magnetic surfaces (as (

√
ψ

contours) for the NLED-AUG case are shown as solid lines in Fig. 3(b).

Figure 4 shows the results of the PSZS diagnostics, F̂0,sp(Pϕ, µ, ε), at t = 0 for the same case.
Note that in both simulations the number of grid points used for the B-spline projection was fixed
to (NPφ = Nψ = 30, Nµ = 30, Nε = Nv‖ = 30). During the time evolution, an unstable EGAM
appears close to the plasma center. This is clearly visible in Fig. 3(b), where the electrostatic
potential is plotted during the linear phase, at t = 2 · 103 [Ω−1

c ], Ωc being the ion cyclotron

frequency at B0. In order to emphasize the corrugations in phase-space of F̂0,sp(Pϕ, µ, ε), in
Fig. 5 only the δF component of the PSZS is plotted at t = 2.6·104 [Ω−1

c ] (nonlinear phase). The
modification in phase-space of the EP distribution function due to the interaction of the EGAM
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Figure 5: 2D projection of PSZS at t = 2.6 · 104[Ω−1
c ], for the NLED-AUG case, for (NPϕ =

30, Nµ = 30, Nε = 30) and d = 1. The axis labels are Pphi = Pϕ, ke = ε and mu = µ; velocities
are given in units of the sound velocity at mid radius.

and EPs is clearly visible in all the 2D projections of the 3D PSZS diagnostics. As expected,
no significant modification to the bulk ion (Deuterium) distribution function is detected by the
PSZS diagnostics.

5. Conclusions and discussion
A direct calculation of the PSZS, i.e. the slowly varying component of the distribution function
averaged over the angle-like variables, has been implemented in ORB5, via a finite-element
representation on 3D B-spline polynomia. The run-time algorithm is in general very fast
since only one additional loop is required on the markers, which are usually partitioned among
thousands of cores. For the largest case run so far, corresponding to (NPφ = 80, Nµ = 80, Nε =
80) and cubic B-splines (d = 3), the overhead on the single time step, in which the PSZS
was calculated, was less then 10% as compared to the original code. The PSZS is usually not
calculated at every time step. The typical diagnostics frequency varies between 10 and 100
time steps, depending on the numerical and physics requirements. Therefore, its impact on the
code performance on production runs is negligible. On the other hand, the post processing, i.e.
the matrix construction, factorization and the back solve operations can be rather slow. For
example, the post processing of the (NPφ = 80, Nµ = 80, Nε = 80) case mentioned above took
almost 4 hours on an Intel Xeon IceLake node with 256 GB RAM. In this specific case, around
600 PSZS data points were acquired, for each of the three kinetic species (Bulk ions, EPs and
electrons) simulated. Note that in the present version of the post processing code, neither the
matrix construction nor the backsolve are parallelized. Moreover, while ORB5 can run on GPU,
the present version of the PSZS online and offline code can be used on CPUs only.
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