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Abstract

CrossMark

The indirect nonlinear interactions between toroidal Alfvén eigenmode (TAE) and ion
temperature gradient mode (ITG) are investigated utilizing nonlinear gyrokinetic theory and
ballooning mode decomposition. More specifically, the local nonlinear ITG mode equation is

derived adopting the fluid-ion approximation, with the contributions of zonal field structure and
phase space zonal structure (ZS) beat-driven by finite amplitude TAE accounted for on the same
footing. The obtained nonlinear ITG mode equation is solved both analytically and numerically,

and it is found that the ZS beat-driven by TAE only has a weak destabilizing effect on ITG,

contrary to usual speculations and existing numerical results.

Keywords: toroidal Alfvén eigenmode, ion temperature gradient mode, zonal structures,

gyrokinetic theory, burning plasma

(Some figures may appear in colour only in the online journal)

1. Introduction

Drift wave (DW) turbulence [1] and shear Alfvén wave (SAW)
[2-7] are two major categories of collective oscillations con-
tributing to anomalous cross-field transport in magnetized
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plasmas. DWs are typically micro-scale electrostatic oscilla-
tions driven by free energy associated with thermal plasma
density and/or temperature nonuniformities and are widely
accepted as candidates for inducing bulk plasma transport.
On the other hand, SAW instabilities or, more precisely,
Alfvén eigenmodes (AEs) due to equilibrium magnetic geo-
metry excited by EPs, are expected to play a crucial role in
EP transport. DW and SAW instabilities are characterized by
different spatiotemporal scales, being driven to instability by
different free energy sources, and dominating the transport
in different energy regimes, and thus were typically studied
separately in previous publications. However, it is expected
that there are complex cross-scale couplings among DWs and

© 2025 The Author(s). Published by IOP Publishing Ltd on behalf of the IAEA
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SAWSs in burning plasmas, due to the mediation by EPs [7,
8]. Specifically, on the one hand, EPs drive meso-scale SAW
instabilities that can provide nonlinear feedback to both the
macroscopic plasma profiles and microscopic fluctuations. On
the other hand, EPs can linearly and nonlinearly (via SAWs)
excite zonal structures (ZSs) [9-11], thus acting as generators
of nonlinear equilibrium [12, 13]. There is now arising interest
in the mutual effects between them, due to the recent observed
thermal plasma confinement improvement in the presence of
EPs [14, 15], e.g. experiments and simulations have indic-
ated that the presence of EPs can significantly suppress ion
temperature gradient (ITG) turbulence, thereby reducing ion
thermal stiffness and enhancing thermal ion confinement [15].
Previous linear gyrokinetic simulations suggested that the
presence of EPs might trigger internal transport barriers [16]
formation, which could decrease core turbulence levels and
improve bulk plasma confinement.

There are several channels for the linear stabilization
of micro-turbulence by EPs via, dilution of destabiliz-
ing bulk ions [17], EP-pressure induced Shafranov shift
stabilization [18], resonant stabilization [19, 20], electromag-
netic stabilization [16, 21], and so on. The linear stabilization
effects are now relatively well understood, and interested read-
ers may refer to a recent review for a more complete picture
[22].

Moreover, numerical studies have revealed a nonlinear
mechanism for fast-ion-enhanced EM-stabilization of ITG
[23], which could be much more stabilizing than linear ones
[20], so these nonlinear coupling mechanisms have drawn sig-
nificant research interest [24]. A potential physical interpreta-
tion is that the presence of EPs provides marginally linearly
stable EM-modes, i.e. toroidal Alfvén eigenmodes (TAEs)
[25] that transfer energy nonlinearly to ZS [26, 27], and the
increase in ZS levels stabilizes the ion-scale turbulence [24,
28]. However, the underlying physical processes of this prob-
lem remain to be explored.

More recently, the direct nonlinear interactions between
TAE and electron drift wave (eDW) have been proposed and
analyzed. It is found that direct nonlinear scattering by ambi-
ent eDWs may significantly reduce or even completely sup-
press TAE stability, due to radiative damping of the nonlin-
early generated high-n KAW quasi-modes [29]. On the other
hand, for typical reactor parameters and fluctuation intens-
ity, the ‘inverse’ process, i.e, the direct nonlinear scatterings
of eDW by ambient TAEs, have negligible net effects on the
eDW stability [30], which differs from the results of previ-
ous simulations. To understand the bulk plasma confinement
in the presence of EPs, as a natural step forward, in this work,
we investigate the in-direct nonlinear interaction between TAE
and DWs mediated by ZS [31].

ZS, including zonal flows (ZFs), zonal currents (ZCs), and
more generally, phase space zonal structures (PSZS) [12, 32],
are known to play a significant role in regulating micro-scale
DW, or drift Alfvén waves (DAWSs), type instabilities [31, 33,
34]. The regulation is realized through the nonlinear gener-
ation of ZS by DWs/DAWs, which then scatters DWs/DAWs

into the linearly stable domain with shorter radial wavelengths.
The ZS excitation can be achieved via the spontaneous excita-
tion of the radial envelope modulation of DWs/DAWs [31, 33],
as well as the beat-driven process of DW/DAW self-coupling.
To simplify the analysis while focusing on the main physics
picture of nonlinearly generated ZS on DW stability, through-
out this paper, the beat-driven process by TAE [35, 36] is
taken into account, without including the spontaneous excit-
ation process. Analytical and numerical results have already
indicated that the zero frequency radial electric field is cap-
able of significantly stabilizing ITG through the modification
of the ‘potential well’ depth [37]. Here, using ITG as the
paradigmatic model and following the analysis of [37], we will
investigate the indirect nonlinear interaction between TAE and
DW, mediated by ZS. Technically, this is achieved by deriv-
ing the expression of the TAE beat-driven ZS, and taking it
as a ‘nonlinear’ equilibrium into the ITG eigenmode equation.
Thereafter, the local dispersion relation and mode structure of
the ITG under the influence of ZS is derived in the ballooning
space. Here, ‘local’ indicates that the ITG eigenmode equation
is dealt with by following the path of the magnetic field lines.
Correspondingly, the physics associated with the radial envel-
ope modulation is systematically left out of consideration in
our work.

The structure of the remaining parts of this paper is outlined
as follows. In section 2, the theoretical model and governing
equations are presented. In section 3, we analyzed the nonlin-
ear generation of ZS in detail. In section 4, we incorporated
the description of beat-driven ZS into the existing linear dis-
persion relation to investigate the ‘nonlinear’ effects on ITG
linear stability. In section 5, analytical and numerical results
are discussed both in the short- and long-wavelength regimes.
Finally, section 6 concludes with a summary and discussion of
this work.

2. Theoretical model

For simplicity and clarity of discussion, we consider a low-
[ tokamak that has a large aspect ratio and concentric cir-
cular magnetic surfaces, with the equilibrium magnetic field
being given by B =By e./ (1 +ccosf) +ceq/q]. Here, e =
r/R < 1 represents the inverse aspect ratio, where R denotes
the major radius of the tokamak and r represents the minor
ones, 3 = 8w P/B} ~ 0 (£?) < 1 is the ratio between plasma
and magnetic pressure,  is identified as the toroidal angle and
6 as the poloidal angle respectively, and ¢ = rB. /(RBg) serves
as the safety factor. To simplify the analysis while focusing
on the main physics, the equilibrium distribution functions
of thermal plasmas are taken to be local Maxwellian, while
trapped particle effects are systematically neglected. d¢ and
5AH are taken as the field variables, where ¢ represents the
scalar potential, while 6A| denotes the parallel component
of the vector potential, i.e. JA ~ 6A”b and b=B/B is the
unit vector along the equilibrium magnetic field. Another field
variable, 69 = wdA| /(ck ), is also adopted in the case of n # 0
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TAEs, and within the ideal MHD limit, the equality v = d¢
is obtained.

In gyrokinetic theory, the perturbed distribution function,
dofy, with the subscript s = e, i standing for the particle species,
can be denoted as

o == (3) 00Fu+exp(=p,-V)OH, (1)

and its non-adiabatic component 8H obeys the nonlinear
gyrokinetic equation [38]

(0 + v O + iwpy) 6H, = — i (;) (w — ') FaroJiOLy
- Z Ai”"k’ (SLk/ 6Hk// . (2)
k:kl 4 k”

Here, Fy is the Maxwellian distribution representing equi-
librium thermal particle distribution, p, =b X v/w, is the
Larmor radius with w.; = eBy/ (myc) being the cyclotron fre-
quency, [/ is the arc length along the equilibrium magnetic
field line, wps = 2wW4C represents the magnetic drift fre-
quency, with g5 = wg(x% /2 —&-xﬁ), was = kocTs/(esBoR),
xy =vi/vis and x| =v| /v, being the particle perpen-
dicular/parallel velocities normalized by thermal velocity
vis = /2T /m;, respectively, and C = cos@ —sinbk,/ky is
related to the magnetic curvature, with k, and kg = —myg/ro
being the radial/poloidal wavenumbers. Furthermore, w’, =
Wis(1+ns(v? /v —3/2)) denotes the diamagnetic drift
frequency related to plasma nonuniformity, with w,, =
kocTy/ (esBoLy), ms = Lys/Lys, where L,=—N/(ON/Or),
Ly = —T/(0T/0r) are the characteristic lengths of density
and temperature nonuniformities, respectively, J, = Jo (k. py)

is the Bessel function and k; = ,/k§+k§ is perpendicu-

lar wavenumber. Furthermore, Ai:, =(c¢/Bo)b- (K xK),

with Zk:k/ i A]]z:, denoting the selection rule for the fre-
quency and wavenumber matching conditions of the non-
linear mode coupling, 6Ly = ddr — kyv) 09k Jwy is the scalar
potential in the guiding-center moving frame, and other nota-
tions are standard. In the following analysis, the non-adiabatic
particle response §H, can be separated into linear and non-
linear components, i.e. 6H = §H" + §H\", with the super-
scripts ‘L’ and ‘NL’ denoting the linear and nonlinear compon-
ents, respectively, and can be derived perturbatively assuming
SHN: < 6H".

In the 8 < 1 limit with negligible magnetic compression,
the charge quasi-neutrality condition

Ne? 1
7?,- (1 + T) S =" _(ei0Hy), (3)

s

can be used to close the nonlinear gyrokinetic equation and
parallel Ampere’s law

c
- EVZL(SAH =0J) = <—6V”5fe>. “)

Here, terms on the left hand side of equation (3) are contri-
butions from adiabatic responses of ion and electron, respect-
ively, 7 =T, /T; is the electron to ion temperature ratio, and
(- - -) represents velocity space integration.

We now consider the effects of indirect modulation of ITG
stability by finite amplitude TAE, mediated by beat-driven ZS.
More specifically, this is a two-step process, with the first pro-
cess being a finite amplitude TAE Qo = €2 (wo,ko) couples
with its complex conjugate Q5 = Q5 (—wo, —Ko) to generate
78 Q7 = Qz(wz,kz) withwz = 0, kjz = 0, kgz = 0, and finite
k,z, which is analyzed in section 3. In the second process,
the beat-driven ZS affects the linear stability of ITG ;=
Q;(wy,k;), and is analyzed in section 4. Here, the subscripts 0,
Z and I denote quantities associated with the TAE, ZS and ITG,
respectively. For DWs, especially ITG, with the most unstable
modes characterized by high poloidal mode numbers, the dis-
tance between two neighboring mode rational surfaces is gen-
erally, much smaller than the scale of equilibrium profile vari-
ation. Thus, the well-known ballooning-mode decomposition
[39] can be adopted to decompose the two-dimensional eigen-
value problem into two coupled one-dimensional eigenvalue
problems, i.e.,

Yor :A,e_i”C_iW’Z@I (x—j)elm+b 4 cc. (5)
J

Here, A, is the radial envelope of ITG, n and (m = my + j) stand
for the toroidal and poloidal mode numbers, respectively,
where my serves as its reference value fulfilling the equation
nq(ro) = my, and ry denotes the plasma radial position at
which the ITG is assumed to be localized. Furthermore, x =
ng—mo~nq (r—ro), |j| < mp is an integer, and ®; (x —j)
represents the fine radial structure caused by finite k), with
Ik \<I>,|2dx =1 being normalization condition. In the present
analysis, however, we will focus on the local stability of ITG,
as the ZS driven by TAE is expected to have a larger radial
scale than ITG [11]. The global problem with the radial envel-
ope modulation will be analyzed in a future publication.

3. Nonlinear ZS generation

In this section, based on the gyrokinetic theoretic framework,
i.e. equations (2)—(4), an investigation of the nonlinear gener-
ation of ZS by TAEs self-beating is carried out. Briefly speak-
ing, the particle responses to ZS due to TAE self-coupling (i.e.
PSZS) are derived from the nonlinear gyrokinetic equation,
which are then substituted into the quasi-neutrality condition
and parallel Ampere’s law to derive the zonal scalar and vector
potential response, which will then be used to study the TAE
effects on ITG via ZS mediation in section 4.

We start from the linear particle response to the finite
amplitude TAE €y, which will be used in the nonlinear
term of the gyrokinetic equation later. For massless-electron
with [k vee/wo| > 1, [k pe| < 1 and Jo (kLp,) ~ 1 satisfied,
the linear electron response to {2y can be straightforwardly
derived as
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wl‘
H: o~ S (120
0Hg, T ( oo ) MeOY0. (6)

e

Meanwhile, for ions with |kHv,,- / w0| < 1, we have

wt .
SH: ~ & <1 — °> Fuidodcbo. )
S ¥ wo

Substituting above expressions into the quasi-neutrality condi-
tion and vorticity equation [7], the dispersion relation of TAE
can be obtained. In our analysis, however, focusing on TAE
effects on ITG stability, we do not need a detailed expression
of the TAE dispersion relation.

The linear and nonlinear particle responses to ZS can
be derived by transforming equation (2) into drift orbit
center coordinate, i.e. taking dHz, = dH,z sexp (iXz), with
Az = \gzcosf satisfying w09 Az +wp,s =0, and iz =
—20 4 /wy being the normalized drift orbit width. Here,
wr =V /gR is the transit frequency, wp,; = —2Wgpsind,
and @ gry = kycT(x% /2 + xﬁ )/ (esBoR). Substituting 6Hz ; into
equation (2), we have

(0, + wydp) SHyy = —i (% ) N Fyed (5¢ . %M)Z

S

-

’ 17
k=k +Kk

e NN Ty Ly SHy . (8)

Noting the v/ (gR) > wz ordering for both electrons and
ions and taking the dominant flux surface averaged quantit-
ies (---) = 0 "(---)d#/ (27), the linear particle response to
Q7 can be straightforwardly derived from the linear term of
equation (8) as

- e Vv
OH =~ Fe (5¢ - %M)Z, )

- e Vv
GHY, = FFM,JZWZ\Z (5¢> _ %(M)z’ (10)

where 0, = e=*z. Meanwhile, noting that the linear particle
responses to TAE are given in equations (6) and (7), the non-
linear particle response to {2 can be derived as

— w! k 0V
SHYE = — S koS Py, 220 D101 g 15 1
Z,e BO QOTE M w(2) 0 | ¢0| I ( )
SHY = 5 |02l koo £ w50 <100, 1560 (12)
0
where O, =ik,z is the operator for radial derivative. It

is reasonable to conclude from equations (11) and (12)
that, 8,|6¢0\2 ~ ik,z|(5¢>0\2, corresponding to the fine scale
ZS generation by weakly/moderately ballooning TAE [11].
Substituting the particle responses to {2, i.e. equations (9)—
(12) into equation (3), a nonlinear equation for the zonal scalar

potential generation by TAE in nonuniform plasmas can be
derived as

Wi ni F i
5y = ~kgo 20 [l< M 1,10, 73
Xi no

B 0 Wo iz

V2 3 2
<(52)) o

Here, xiz=1— <FM,-/NJ%|HZ|2> ~ 1.6k%,p%q% /(21/2) is the
well known neoclassical inertia enhancement dominated by
the trapped particle contribution [27], and p; = vy /we;.

If we neglect the FLR effects by taking Jz (k,zp;) ~ 1, not-
ing that, <FM,-/N|19Z|2 (/v — 3/2)> =
can be explicitly written as

13)

—Xiz, equation (13)

667 = — ko520, |56’ (14)
0 Wy

Here, w.pi = wyi+wir with w,.; = niw,;. Equation (14)
describes ZF beat-driven by TAE, demonstrating that the
growth rate of the beat-driven zonal scalar potential is twice
that of the TAE instantaneous growth rate, and its magnitude is
proportional to the amplitude of the TAE, which is a common
trait of the beat-driven process [35, 40, 41]. Furthermore, the
beat-driven process has no threshold, which is distinctly dif-
ferent from the spontaneous excitation process generated by
the modulational instability of TAE, where a sufficiently large
TAE amplitude is required to overcome the threshold caused
by frequency mismatch [11]. And that is precisely the reason
for the common observation of the beat-driven process in sim-
ulation works [40-43].

Meanwhile, the equation for ZC generation can be derived
from the parallel component of Ampere’s law [31]. One
obtains from the zonal component of equation (4),

kijo

2
5A||z——*keo 5 1660, (15)

with the assumption of k3 ¢*/w;, < 1, and w;, = 47 noe* /m,
being the electron plasma frequency Equations (14) and (15),
together with the nonlinear particle response to ZS given by
equations (11) and (12) (i.e. PSZS), will be used to study TAE
effects on ITG via ZS mediation in section 4.

4. Effects of beat-driven ZS on DW linear stability

Next, we consider the effects of beat-driven ZS on ITG linear
stability. For simplicity, we consider the ITG to be electro-
static, and the analysis closely conforms to that of [37]. The
ITG equation is derived from the quasi-neutrality condition,
i.e. equation (3), with the particle responses derived from the
nonlinear gyrokinetic equation.

For ITG with kv, > w ~ w.; > wp;, the linear electron
response to ITG is adiabatic, i.e.,

§Hy, =~ O0;
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and for ion with w > kv, the linear ion responses to ITG can
be derived as

e wt . vk vik3
5H}‘ ~— (1 - *'> (1 + Wil + I 2” + ) Fuidodor.
T; w w w w

Here, we have adopted the fluid-ion approximation to simplify
the analysis, and thereby, more clearly illustrate the effects
of ZS on ITG stabilizing. Substituting the linear response of
particles to ITG into the quasi-neutrality condition, the linear
ITG equation can be derived as

g6 =0 (16)
with
4 Bv:i  2u.C
o Wie Wipi || Ve Wdi
a=1= e (1-57) (”lzmz A

being the linear ITG dielectric operator, and b = k3 p? /2.
The contributions of beat-driven ZS, enter through the form-
ally ‘nonlinear’ terms, including scattering by zonal field
structure (i.e. 8¢z and A7) via Jz0LzdHy and nonlinear modi-
fication of equilibrium by PSZS via J;6¢;0 H}" in the nonlinear

gyrokinetic equation
(8, + VH 81 + iOJD) §H5\IL =A [J15¢1 ((SH% + 5H§L)

18
—Jz8Lz5HY ], (1%

with A = —ck,zke;/Bo. Noting the k| vie > w > k) v,; ordering
again, we have

SH) Y =~ (19)
and
SHY = £ By [<az| 1+ ) Lept
’ T; w w
o A (20)
- %116, adgpon.
w
Here, g% = |ckgo/ (Bowo)|* 02 |5¢ho|*. Note that 3¢ is related

to the normalized Doppler shift induced by the radial electric
field of TAE and is also related to the beat-driven ZF induced
shearing rate. In deriving equations (19) and (20), we neg-
lected the FLR effects by taking J7 (k,zp;) ~ 1, and the expres-
sions of the beat-driven ZS given by equations (11), (12), (14)
and (15) are used. Substituting the particle responses of ITG
into equation (3) yields the equation that describes the nonlin-
ear modulation of the beat-driven ZS on ITG:

[ (- 2) ] -

npe
T,

Combining equations (17) and (21), one then has the ITG dis-

persion relation in the WKB limit

[e,+7 1)

w + Wi b kﬁ"tzz
T(W—Wipi) W — Wapi L7002
(22)
2w ,C Wi
L 5%] 0y =

Here, operators w, b; and kH without subscripts k = 0, Z rep-
resent ITG. The foremost five terms of equation (22) com-
pose the linear ITG dispersion relation, which deviates slightly
from that in [37], primarily due to the inclusion of both density
and temperature nonuniformities in the present analysis, while
[37] took the flat density gradient limit to focus on the effects
of ITG, following the early analysis of [44]. Moreover, the
first four terms correspond to the adiabatic electron response,
ion E x B drift, the FLR effect (polarization), and the parallel
compressibility, respectively. The fifth term accounts for the
magnetic drift, which is unique to toroidal configurations and
leads to the coupling of adjacent poloidal harmonics. The last
term introduces a nonlinear modification attributed to the beat-
driven ZS, and is the main novel contribution of the present
work. Additionally, in this context, the final term represents a
nonlinear correction that takes into account the combined con-
tributions of ZF, ZC, and PSZS. The contribution of each of the
three components to the nonlinear ITG dispersion relation will
be presented in the appendix.

Noting k2 =kj —0?/0r%, and introducing the Fourier
transform @ (7 f(I) nq —m)exp (—in(ng —m))d(ng —m)
with ng—m belng the normalized distance to the mode
rational surface and ®(ng —m) being the poloidal harmonic
of the ITG, the ITG eigenmode equation in ballooning space
can be derived as

d*®
d (277) +ah 1/zT 1/2
1 (1+Teri )( +)e)
TQ 2
+ +b(1487%) + = (cosn + §nsinny) (23)
1+ Tﬂel/z ( ) Q
7(5 0,
e ) G| ® () =
where §=r(0q/0r)/q denotes the magnetic shear,
Q=w/(r/wpwa), b=T7by/\/ep, and ey =Lyi/R.

Equation (23) is the paradigmatic one-dimensional eigen-
value equation with a potential well contributed by two com-
ponents: a slowly varying parabolic well stemming from the
FLR effect (1 + §?n?), and a rapidly oscillating periodic well
due to magnetic curvature (cos7 + $nsinn), while the beat-
driven ZS by TAE enters the ITG eigenmode equation by
modifying the potential well depth while not affecting the par-
ity or periodicity. These distinct potential wells result in two
principal ITG eigenmode branches: the slab branch sensitive
to the slow parabolic variation (1+ §>7%), and the toroidal
branch due to the rapid periodic fluctuations (cosn + §1sinn).
In section 5, following the analysis of [45, 46], we assess the
impact of ZS on ITG characteristics, including frequency,
growth rate, and mode structure, in the short- and long-
wavelength regimes, respectively. The analytical results are
then compared with the numerical solution of equation (23)
using the eigenmatrix method. In equation (23), we also note
that 663 = [ckgo/(Bowo)|* 82 [560[* ~ — |kz/Kyo|” |6B./Bo[*,
assuming the TAE is close to the ideal MHD condition. Taking
typical tokamak parameters, i.e. kz ~ 1/pg, kjo ~ 1/(2gR),
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and |B,/Bo|* < 2.5 x 10~7 for TAE fluctuations level expec-
ted in reactors [47], we then find 6¢3 ~ O(107!), and
65¢Z/Ti < 5% 10_4.

5. Analytical and numerical results

In this section, following the analyses in [45, 46], we solve
equation (23) analytically in short- and long-wavelength lim-
its, b ~ O (1) and b < 1, respectively. The analytical results
are then compared with the general numerical solutions of
equation (23) using matrix eigenvalue method in the corres-
ponding limits. Based on these results, the impact of TAE-
driven ZS on ITG stability is quantitatively analyzed.

5.1 Short-wavelength limit

In the short-wavelength limit with b ~ O (1), the parallel mode
structure is strongly localized around 7 =0 in the ballooning
space, which allows us to perform a Taylor expansion of the
potential function around 1 = 0, and reduces equation (23) into
a Weber equation:

d*® (n)
dn?

-
(1 +TQ€II)i/2) (1 +77,~)5;i/2

70 by 2 1
1+ 7Qe!/? Q Qe (1+m)

pi
2%-1\ ,
Q )”

Then, the solutions of ITG can readily be obtained from the
well-known eigenfunctions of Weber equation, and among
them, the most unstable mode or, more precisely, the ground-
state eigenfunction is given by d¢ = exp (—an?), with

+ @%b

+ 52 (24)

+ <b§2 + ®(n)=0.

g**b T

2 l (1 +7‘Q€11)i/2> (1 +77,')5;i/2 )

5&3} .

o

"r‘Lﬁ‘b"‘g—;
1+7Q¢)/? Q Qepi(14m)

Notice that the real part of « is proportional to b, which
means that in the ballooning mode space, the half-width of the
most unstable mode is inversely proportional to 1/ Vb, and,
therefore, the half-width in real space is directly proportional
to v/b. Consequently, under the parameter condition where
b ~ O (1), the width of the ground-state eigenmode meets the
criteria for the strong coupling approximation. Furthermore,

©Numerical
BTheoretical

©Numerical
BTheoretical

0

(@) (b)
0.387

0 05 1 L5 2 25 0 05 1 152 25
6B /B|I" <107 16 B /B " x107

Figure 1. Dependence of the ITG growth rate (a) and real frequency
(b) on the amplitude of TAE, which are normalized by T \/Wpiai-
The blue represents numerical results of equation (23) with b =1
limit, while the red represents the theoretical given by equation (26).
Here, i =2,¢,; =0.06,g=1,7=1and §=1.

the corresponding dispersion relation is

202 T
Rt 1/2 1/2
(1—&—7-(251”/ >(1+771~)5pi/
2
0 2 1 . (26)
+— bt ——— b0
1+TQE;I-/2 Q Qepi(1+m) %]

+(b§2+2s§;1> —0.

From equation (26), we can analytically derive the linear
growth rate and real frequency of the ground-state eigen-
mode under the strong coupling approximation, which are
then compared with the numerical solutions obtained from
equation (23) at b= 1, as shown in figure 1.

There is a remarkable consistency between the analytical
and numerical data. It is found that, the ITG real frequency as
well as growth rate change only slightly with TAE amplitude
with the typical tokamak parameter regime, i.e. |0B,/Bo|> <
2.5 x 10~7. More importantly, the ITG growth rate increases
with TAE amplitude, which suggests that the ZS beat driven
by TAE has only a weakly destabilizing effect on ITG stabil-
ity, contrary to the general speculation. In particular, the influ-
ence of ZS on ITG in our work is significantly less pronounced
than the results reported in [37], where effects of radial elec-
tric field from electro-static ZFZF on ITG stability are invest-
igated. This discrepancy primarily stems from the coefficient
of the nonlinear term in our equation (23) being substantially
smaller than the corresponding coefficient in equation (7) of
[37]. In fact, even at the maximum TAE amplitude adopted,
the amplitude of ZS beat-driven by TAE is also quite small,
ie. edpy/T; <5 104, so it is reasonable that the impact of
TAE beat-driven ZS on the ITG linear stability is correspond-
ingly weak. If the coefficient of the nonlinear term is artifi-
cially enlarged by a factor of five, as depicted by the magenta
dotted line in figure 2, the destabilizing effect of TAE beat-
driven ZS on ITG becomes remarkably evident. In addition,
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Figure 2. Dependence of the ITG growth rate (a) and real
frequency (b) on the amplitude of TAE with different ZS values,
which are normalized by T\/uw Here, n; = 2, €5; = 0.06,
g=1,7=1,§=1landb=1.
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Figure 3. The mode structures of the ground-state eigenmode with
different ZS values. Here, n; =2, €5, =0.06,g=1,7=1,5§=1and
b=1.

in the present work, the linear growth rate of ITG increases
with TAE amplitude, which is in contrast to the numerical res-
ults in [37]. The primary reason is attributed to the difference
in the sign of the nonlinear terms, which is opposite to that
in [37]. As the sign of the nonlinear term in equation (23)
is artificially reversed, as illustrated by the long red dashed
line in figure 2, the ITG growth rate decreases with TAE amp-
litude, similar to the results of [37]. However, the underlying
physical mechanisms remain elusive and are worthy of further
investigation.

In the ballooning space, the impact of TAE-driven-ZS on
the corresponding mode structures of the ground-state eigen-
mode are shown in figure 3, where the blue dot-dash curve
represents the case with |0B,/Bo|* = 2.5 x 10~7, red dashed
and magenta dotted curves represent the cases with the non-
linear term artificially changed sign and increased by 5 times,
respectively; and the black curve represents the linear mode
structure. Clearly, the TAE beat-driven ZS reduces the half-
width of the most unstable ITG mode structure. However,
even at the maximum amplitude of TAE, the impact of the
TAE thermally driven ZS on the ITG mode structure remains
minimal. The primary reason is that the TAE beat-driven
ZS slightly reduces the depth of the potential well, thereby
decreasing the distance between the turning points of the
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el : J
£ 02} ‘ _ ‘ ]
= -0.4F s N
= .
S -0.6f ]
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Figure 4. Potential wells with different values of ZS. Here, n; = 2,
gpi=0.06,g=1,7=1,§=1andb=1.

potential well and localizing the ITG mode within a nar-
rower range of stronger drive at the bad curvature region, as
shown in figure 4, and this is confirmed by the magenta dotted
curve and red dashed curve, where the nonlinear term is arti-
ficially changed sign or enlarged by a factor. Additionally, the
mode structure peaks at 77 = 0, and the even symmetry remains
unbroken, a result of the even-symmetric modulation intro-
duced by the beat-driven ZS.

5.2. Long-wavelength limit

As previously mentioned, the strong coupling approximation
requires b > O (1), which is a rather stringent condition. In
more general scenarios, the long wavelength limit with b < 1
is satisfied, where the radial width of the ITG poloidal har-
monics gradually decreases and the coupling between adjacent
poloidal harmonics becomes weak. At this point, in addition to
the toroidal branch, there also exists a slab branch that primar-
ily responds to the slowly varying parabolic potential well.

In this work, we are more concerned with the toroidal
branch [46], but neglect the solution process of the slab branch.
Following the theoretical approach in [46], the mode struc-
ture expression for the toroidal branch is defined as ® () =
S(m)sinn /2 + C () cosn/2, where 1 =én and &= b'/?
represent slow variation of 7. Substituting this mode structure
expression into equation (23) and further separating the coef-
ficients of sin7/2 and cos7/2, the eigenmode equation can be
derived as

ds o3 P02 r |
dm, 1+TQ€;[-/2 (IJFTQe;i/z) (1+77i)511)i/2 4b1/3
212/3
bR oy 20051/3 ¢
— 005 | C+ g Qb "5mS =0, 27)
8pi(1 + ;) % 1 n
dc P03 P02 T |
dm 1+7-Qe;./2 (14_79511;{2) (1+77i)5,1u-/2 4b1/3
212/3
gL 2001/3¢
— =0 | S —q QW sy C=0. (28)
ei(L+m) "
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Figure 5. Dependence of the ITG growth rate (a) and real
frequency (b) on the amplitude of TAE, which are normalized by
T/Wspitai- The blue represent numerical results of equation (23)
with b = 0.01 limit, while the red represent the theoretical given by
equation (30). Here, n; =2, 5, =0.06,g=1,7=1and § = 1.

Combining these two equations yields a Weber equation of S:

ds P33T P02 1
i {1470,/ (1+ms},{2)(1+m)s;{2 4p'/3
2
212/3
THR 20051/3¢
— =0y | S+q QWS
epi (1+m:) 0
— 4" P nis =0, (29)

and the dispersion relation for the ground state of the toroidal
branch is given by

1 1

12
(1 +nl) 6pi

0P -2

5%
14+ n; 81i/2
(I+m)e, 30)

1 1 1/2
x| 1+ = (1 +7Q¢,) ) .
( 70,/ 2)] 4ba’T ’

Equation (30) is observed to be similar to the linear result in
[46], with the additional term proportional to 5(;3% originating
from the contribution of beat-driven ZS.

Following the same procedures as in the short-wavelength
limit, we quantitatively analyze the impact of TAE-driven-
ZS on the linear stability of ITG ground-state eigenmodes
under the parameter condition b = 0.01, with results shown in
figure 5. Analytical and numerical results indicate that in the
long-wavelength limit, the growth rate as well as the real fre-
quency of the toroidal branch vary in a similar manner to the
results of the short-wavelength limit. That is, the ITG growth
rate slightly increases with TAE amplitude, indicating that ZS
beat-driven by TAE has only a weakly destabilizing effect
on ITG stability due to the relatively small amplitude of the
ZS, as well as its phase. The analysis methods are similar to
those used in the short-wavelength limit, and thus, will not
be repeated here. The mode structure in the long-wavelength
limit is presented in figure 6, which indicates clearly that the
impact of the TAE beat-driven ZS on the most unstable mode
is negligible.
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Figure 6. The mode structure of the most unstable mode. Here,
€pi =0.06, g=1and b=0.01.

6. Summary and discussion

In this work, the indirect nonlinear interaction between TAE
and ITG mode is investigated using nonlinear gyrokinetic
theory and ballooning formalism, to understand the thermal
plasma confinement in the presence of EPs and the associ-
ated electromagnetic oscillations. More specifically, the local
stability of ITG in the presence of ZS beat-driven by finite
amplitude TAE is analyzed. The governing ITG eigenmode
equation in the ballooning space is derived and solved both
analytically and numerically, and it is found that, for typ-
ical reactor parameters and TAE fluctuation levels, the ZS
beat-driven by TAE has only weakly destabilizing effects on
ITG stability in both short- and long-wavelength limits, con-
trary to previous speculations. This is due to the relatively
weak ZS generation in the parameter region, i.e. |ed¢z/T;| ~
O(10~%), partly due to the scale separation between
TAE and ITG.

In the present analysis, the contributions of zonal field
structure, including ZF, ZC and PSZS are accounted for on
the same footing, and only the overall results are analyzed.
The respective contributions of zonal field structure and PSZS
to the ITG dispersion relation in the WKB limit are provided
in the appendix. However, their respective contributions to the
ITG stability are not analyzed, as the structure of the corres-
ponding eigenmode equations in the ballooning space is sig-
nificantly modified, due to the non-vanishing nonlinear elec-
tron response of the ITG, which makes the comparison to the
present results not relevant.

The major assumptions made in the present analysis
include: 1) the ZS are beat-driven by TAE, and 2) only the
local stability of ITG is investigated. It is noteworthy that,
in a previous study, it was found that the direct scattering of
eDW by finite amplitude ambient TAE has negligible effects
on eDW stability [30]. The present work, together with [30],
thus, ruled out most channels for the regulation of ITG by
ambient electromagnetic oscillations driven by EPs, such as
TAE. Potentially effective channels to stabilize DW turbu-
lence, including the spontaneously excited ZS by TAE via
modulational instability, as well as DW radial envelope modu-
lation by ZS, are ongoing work of the team, and will be repor-
ted in future publications.
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Appendix. Nonlinear contributions of ZFS and
PSZS to ITG

Here, we will give the respective contributions of zonal field
structure (ZFS, i.e. 8¢z and 0A z) and PSZS (i.e. SHSY) on the
ITG linear stability. In the nonlinear gyrokinetic equation for
nonlinear particle response to ITG

(0 + v 0, + iwp ) SHY© = A {J;éqﬁ, (6HE + SHY")

—Jz (662~ f(SA”Z) 6H,L} :
(AD
the first and third term in the square bracket on the right hand
side are contributions from ZFS (noting that HY is related to

8¢z and 6A)z), while the second term corresponds to contri-
bution from PSZS.

A.1. Nonlinear contribution of PSZS to ITG

If only PSZS contribution is kept by taking 6¢z =0, 04z =
0, it results in 6H5 = 0, the corresponding nonlinear particle
response to ITG can be derived as

k
6%%—44wﬁﬂiﬂw@@, (A2)

’ koo ki1
Mﬁz—iWAmwfwﬁm (A3)

Substituting equations (A2) and (A3) into the quasi-neutrality
condition, the nonlinear ITG equation in the presence of PSZS
beat-driven by TAE can be derived as

W "
|fﬁ — 7'7 (Xiz +nixiz— 1) 545%
(A4)
kor kjjo

—0
ko ks %

opr =

with the term proportional to 5(25% being the contribution of
PSZS beat-driven by TAE.

A.2. Nonlinear contribution of ZFS to ITG

If we consider only the ZFS contribution by taking §HY" = 0,
one then obtains the nonlinear particle response to ITG as

kor k

M%z——ﬂwﬂi%%wh (A5)
: koo k|1

5H}f}:TFMi<|az| 142 )“*’”5%5@ (A6)

Substituting equations (A5) and (A6) into the quasi-neutrality
condition, the nonlinear ITG equation can be derived as

l& - T% (_XiZ U ) 5¢0

(A7)
ker ko

+ 2200582 | 5y = 0.
forko %] o

Equation (22) can be recovered by combining the nonlinear
terms of equations (A4) and (A7), i.e. the contributions of
PSZS and ZFS. We however, will not compare the results of
equations (A4) and (A7) to that of equation (22), as the struc-
tures of the equations are very different. More specifically, the
1/ k| terms in equations (A4) and (A7) due to non-vanishing
nonlinear electron response to ITG, render the correspond-
ing ITG eigenmode equations into a third order differential
equation in ballooning space, whereas equation (22) will yield
a second order differential equation in ballooning space, as the
terms proportional to 1/ k; in equations (A4) and (A7) cancel
each other.
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