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A B S T R A C T

We construct a theoretical framework to interpret the Hubble tension by means of a slow-rolling dynamics
of a self-interacting scalar field. In particular, we split the Friedmann equation in order to construct a system
for the three unknowns, corresponding to the Hubble parameter 𝐻 , the scalar field 𝜙 and its self-interaction
potential 𝑉 , as functions of the redshift. In the resulting picture, the vacuum energy density is provided by a
constant term in the potential 𝑉 (𝜙), while the corresponding small kinetic term is responsible for reproducing
the apparent variation of the Hubble constant 𝐻0 with the redshift. The emerging solution depends on two
free parameters, one of which is fixed to account for the discrepancy between the values of 𝐻0 as measured
by the Super Nova Ia sample (𝐻0 = 73.6± 1.1 km s−1 Mpc−1 (Brout et al., 2022)) and the Planck satellite data
(𝐻0 = 67.4±0.5 km s−1 Mpc−1 (Aghanim et al., 2020)), respectively. The other parameter is instead determined
by a fitting procedure of the apparent Hubble constant variation across the data corresponding to a 40 bin
analysis of the Super Nova Pantheon sample, in each of which 𝐻0 has been independently determined. The
fundamental result of the present analysis is the emerging Hubble parameter as function of the redshift, which
correctly takes the Super Nova Ia prediction at 𝑧 = 0 and naturally approaches the profile predicted by a
flat 𝛬CDM model corresponding to the cosmological parameters detected by Planck. It is remarkable that this
achievement is reached without reducing the Super Nova Ia data to a single point for determining 𝐻(𝑧 = 0),
but accounting for the distribution over their redshift interval of observation, via the binned analysis.
. Introduction

The most relevant puzzle emerged in recent years in Precision
osmology is the (4.9 𝜎) inconsistency between the detection of the
alue of the Hubble constant 𝐻0 from near sources, like the Pantheon
nd the Pantheon+ samples of the Type Ia Supernovae (SNe Ia) [1–
], and from the Cosmic Microwave Background (CMB) data, taken by
he Planck Satellite [4]: this discrepancy is commonly dubbed Hubble
ension [5]. In this respect, for a data analysis which reduces the error
ars for the Pantheon+ sample, so enforcing the tension, see [6,7];
xample of new physics approach, in addition to the dark energy
niverse component, can be found instead in [8,9]. See also [10], for
n analysis of the tension associated to the Lambda Cold Dark Matter
𝛬CDM) models.

An important issue in the understanding of the Hubble tension came
ut in [11], where it was shown that, for the SN Ia Pantheon sample,
he value of 𝐻0 does not remain constant within 2𝜎 confidence level.
he obtained effective profile 𝐻0 → 0(𝑧) emerged from a binned

∗ Corresponding author at: ENEA, Nuclear Department, C.R. Frascati, Via E. Fermi 45, 00044 Frascati (Roma), Italy.
E-mail address: giovanni.montani@enea.it (G. Montani).

analysis, which separated the total sample into equipopulated redshift
(dubbed 𝑧) intervals. For an extension of this analysis, which makes
allowance for varying the cosmological parameters, see [12]. We here
stress that this analysis has been performed with the assumption of
Gaussian likelihoods, as commonly assumed, however a more recent
treatment of the data shows the non-Gaussianity of the likelihood of the
SNe Ia, for details about this topic see [13–15]. Furthermore, correlated
analyses providing information about the non-constant character of
𝐻0 over the SN Ia samples can be found in [16–19]. The specific
behavior determined in [11] was of the form 0(𝑧) = 𝐻0(1 + 𝑧)−𝛼 ,
where 𝛼 is a parameter of the order of magnitude 10−2. A model to
provide a theoretical explanation to such a decaying behavior has been
developed in [20]. This implements a metric 𝑓 (𝑅)-gravity in the Jordan
frame [21,22], using the emerging non-minimally coupled scalar field
to account for the 𝐻0 variation with the redshift. A similar study, which
however includes dynamical dark energy in the system evolution [23],
can be found in [24] (there, 0 rapidly decays and the Hubble tension
vailable online 3 April 2024
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disappears already at redshift ≃ 5 - up to 𝑧 ≃ 2 when accounting for the
errors). For other approaches to provide an explanation for the Hubble
tension in 𝑓 (𝑅)-gravity see [25,26] and studies of the role that the
local Universe inhomogeneities could play in the tension solution can
be found in [11].

Here, we propose a different theoretical scenario, based on an ex-
ternal minimally coupled scalar field which, performing a slow-rolling
dynamics, is responsible, on one hand for reproducing a 𝛬CDM model
and, on the other hand for rescaling the value of the Planck Hubble
constant by a slow varying function with the redshift. More specifically,
the scalar field potential has a dominant constant component, which
is the source of the present day vacuum energy density, while the
corresponding kinetic term induces the requested variation 0. This
elf-interacting scalar field is then responsible for a quintessence slow-
olling, having nothing to do, in principle, with the early Universe
nflation. The final output of the model is a rescaling of the Planck
0 value, which is reconciled with the SN Ia measurement at present

ays. Such 0 is different with respect to the profile predicted in [11],
ut it possesses the same essential features and phenomenological
mplications.

Using data associated to the binned analysis of the SN Ia Pantheon
ample, we perform a fitting procedure to determine one of the two
ree parameters of the model, while the other one is determined by
eproducing the required ratio between the 𝐻0 values measured by SN
a and by Planck. We also provide a comparison of the present model
ith the behavior (1+𝑧)−𝛼 . The comparison of the two models is rather

mmediate and it turns out a statistic equivalence. However, the slow-
olling model here proposed appears a simpler solution to the Hubble
ension than the 𝑓 (𝑅) paradigm developed in [11,20], and comparable
n its capability to fit data with respect to the profile (1 + 𝑧)−𝛼 .

Finally, having fixed both the free parameters of the model, we
plot the Hubble parameter 𝐻(𝑧), which correctly takes in 𝑧 = 0 the
value of the Hubble constant detected via SNe Ia and it also overlaps
for larger redshift (already for 𝑧 ≳ 5) the profile that is associated
to a flat 𝛬CDM model specified for the Planck Satellite measured
parameters. The remarkable feature of the comparison of our model
with the data is that the information coming from the SN Ia sample is
not compressed in providing only the value 𝐻0, but their distribution
over the redshift is taken into account via the 40 bin data set we use
in constraining one free parameter. In this respect, we stress that, by
construction, 𝐻(𝑧) properly fits all the 40 points of the bin redshift
distribution. We conclude by underlining how the proposed scenario
combines together two valuable and novel aspects, i.e. the natural
(phantom free) scalar matter proposal and a more detail comparison
of the information contained in SN Ia Pantheon sample and the Planck
data.

The paper is organized as follows. In Section 2, we address the
Friedmann equation for a flat geometry by including in the dynamics
a self interacting scalar field requiring its slow rolling behavior. In
Section 3, the obtained dynamical system in solved by means of spe-
cific assumptions. We determine an expression of the Hubble function
depending on two free parameters. One of them is directly set by
assuming that the present day Hubble parameter 𝐻(𝑧 = 0) corresponds
to 𝐻0 measured by the SN Ia sample. Finally, we express 𝐻 in terms
of a flat 𝛬CDM model but with an effective Hubble constant which is
now a function of the redshift. In Section 4, using the 40 bin data set
we perform a fit procedure for the remaining free parameter and we
compare the obtained behavior with a power law scenario. Then we
plot the Hubble parameter 𝐻(𝑧) to elucidate how our model is a reliable
candidate to solve the Hubble tension. Concluding remarks follow.

2. Slow-rolling dynamics

We consider a flat Robertson–Walker geometry (accordingly to
experimental constraints [27]), having the line element

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2(𝑡)𝛿 𝑑𝑥𝑖𝑑𝑥𝑗 , (1)
2

𝑖𝑗
where (𝑖, 𝑗) = 1, 2, 3, 𝑡 denotes the synchronous time (we are in 𝑐 = 1
nits) and 𝑎(𝑡) is the cosmic scale factor, regulating the Universe expan-
ion. We include into the dynamics a self-interacting scalar field 𝜙(𝑡),
haracterized by the potential 𝑉 (𝜙) and a standard matter contribution
𝑚 = 𝜌0𝑚(𝑎0∕𝑎)3, where 𝜌0𝑚 and 𝑎0 denote the present day value of

the matter energy density and of the scale factor, respectively. We
stress that, throughout this paper, the present day value of a quantity
is denoted by the suffix 0. The Friedmann equation (00-component of
the Einstein equations) thus takes the following form:

𝐻2(𝑡) ≡
(

𝑎̇
𝑎(𝑡)

)2
=

𝜒
3

(

𝜌0𝑚𝑎30
𝑎3

+ 1
2
𝜙̇2 + 𝑉 (𝜙)

)

, (2)

where the dot indicates time differentiation, 𝐻(𝑡) is the Hubble param-
eter and 𝜒 denotes the Einstein constant. On the space–time described
by the line element ion Eq. (1), the scalar field dynamics is provided
by the Klein–Gordon-like equation

𝜙̈ + 3𝐻𝜙̇ + 𝑑𝑉
𝑑𝜙

= 0 . (3)

The Universe dynamics is summarized by the two degrees of free-
dom 𝑎(𝑡) and 𝜙(𝑡) and we now implement in Eqs. (2) and (3) the requests
to deal with a ‘‘slow-rolling behavior’’ of the scalar field, i.e. for 𝜙 in a
given interval, we assume the following conditions:

𝑉 (𝜙) = 𝜌𝛬 + 𝐺(𝜙) , 𝜙̇2∕2 ≪ 𝑉 (𝜙) , 𝜙̈ ≪ 3𝐻𝜙̇ , (4)

where 𝜌𝛬 denotes a constant energy density. Here 𝐺(𝜙) is a generic
correction to a flat self-interaction potential to be determined via the
model details. It is useful to stress that, in what follows, independently
of their smallness, in Eq. (2) we retain both this potential corrections,
as well as, the kinetic term, while in Eq. (3) we neglect the second time
derivative of the scalar field. We thus rewrite Eqs. (2) and (3) as

𝐻2 =
𝜒
3

(

𝜌0𝑚𝑎30
𝑎3

+ 𝜌𝛬

)

+
𝜒
3

( 1
2
𝜙̇2 + 𝐺(𝜙)

)

, (5)

3𝐻𝜙̇ + 𝑑𝐺
𝑑𝜙

= 0 , (6)

respectively.
In the following, we analyze the two equations above having in

mind the construction of a 𝛬CDM model, allowing for an explanation
of the Hubble tension.

3. Paradigm for the Hubble tension

Let us describe the dynamics of the system in terms of the redshift
variable 𝑧(𝑡) defined as 1 + 𝑧(𝑡) = 𝑎0∕𝑎(𝑡). We thus obtain the relation
(...) ̇ = −𝐻(1+ 𝑧)(...)′, where the prime indicates derivative with respect
o 𝑧, and the dynamical equation for the scalar field, i.e. Eq. (6), can
e restated as

𝐻2(1 + 𝑧)𝜙′2 = 𝐺′ . (7)

In order to construct three equations for the three unknowns 𝐻(𝑧),
(𝑧), 𝐺(𝑧) (from the latter two, we can calculate 𝐺(𝜙)), we require that

he following condition holds:
2(1 + 𝑧)2𝜙′2 = −𝛽 𝐺(𝜙(𝑧)) , (8)

here 𝛽 is a free parameter of the model. In this framework, the system
f Eqs. (8) and (7) can be solved obtaining the functional form of 𝐺(𝑧):

(𝑥) = 𝐺0(1 + 𝑧)−3𝛽 . (9)

his solution formally completes the model dynamics once substi-
uted into the Friedman equation, i.e. Eq. (5), providing the evolution
quation for 𝐻(𝑧).

Let us introduce a normalizing fiduciary constant 𝐻∗. Using the
xpressions above, Eq. (5) can be finally recast as

(𝑧) = 𝐻
√

𝛺∗ (1 + 𝑧)3 +𝛺∗ +𝛺∗ (1 + 𝑧)−3𝛽 , (10)
∗ 𝑚 𝛬 𝜙
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where we have defined the dimensionless constants

𝛺∗
𝑚 ≡

𝜒𝜌0𝑚
3𝐻2

∗
, 𝛺∗

𝛬 ≡
𝜒𝜌𝛬
3𝐻2

∗
, 𝛺∗

𝜙 ≡
𝜒𝐺0

3𝐻2
∗

(

1 −
𝛽
2

)

. (11)

e stress that, using such a peculiar normalization for Eq. (5), (𝛺∗
𝑚 +

∗
𝛬 + 𝛺∗

𝜙) results equal to one only if 𝐻∗ coincides with 𝐻0, i.e. the
resent day (𝑧 = 𝑡 = 0) value of the Hubble parameter 𝐻(0). Here
∗
𝑚 and 𝛺∗

𝛬 denote the matter and vacuum energy critical parame-
ers, respectively. 𝛺∗

𝜙 represents instead the corresponding contribution
ssociated to the scalar field. We also stress that the consistency of
he model requires the following relation: sign(𝛺∗

𝜙)=sign(1∕2 − 1∕𝛽). In
act, the form of the scalar field 𝜙(𝑧) can be derived from its evolution

equation: by using Eqs. (7), (9) and the expression of 𝛺∗
𝜙 in Eq. (11),

we obtain

𝜙̄′ =

√

𝐻2
∗ 𝛺∗

𝜙 (1 + 𝑧)−3𝛽

(1∕2 − 1∕𝛽) 𝐻(𝑧)2
, (12)

here we have defined the dimensionless potential 𝜙̄ = 𝜙
√

𝜒∕3.
The Hubble parameter evolution in Eq. (10) can be now specified for

easured quantities having in mind a flat 𝛬CDM model. We introduce
he following notation concerning the values of the Hubble constant
0 via different sources: we denote by 𝐻0P the measurement from the
MB by the Planck Satellite, while 𝐻0SN indicates the value detected

from the SNe Ia. Here, such quantities are taken as derived from a flat
𝛬CDM model with 𝛺P

0𝑚 and 𝛺SN
0𝑚 , respectively. In order to overcome the

iscrepancy between the detected values of the present day Hubble con-
tant, let us now impose that 𝐻0 is obtained by the SNe Ia sample, and,

at the same time, that the appropriate early time Universe behavior is
recovered, i.e. we set

𝐻0 = 𝐻0SN , 𝐻∗ = 𝐻0P . (13)

We point out that the early Universe evolution can be obtained only if
𝛽 > −1, in order to neglect the contribution of 𝛺∗

𝜙 at large 𝑧. In this
cheme, we obtain
∗
𝑚 = 𝛺P

0𝑚 , 𝛺∗
𝛬 = (1 −𝛺P

0𝑚) , (14)

𝛺∗
𝜙 = 𝛺0𝜙 ≡ 𝜒𝐺0(1 − 𝛽∕2)∕(3𝐻2

0P) . (15)

oreover, following the consideration above, at 𝑧 = 0 we require the
elation
P
0𝑚 + (1 −𝛺P

0𝑚) +𝛺0𝜙 = 𝐻2
0SN∕𝐻

2
0P , (16)

hich formally defines 𝛺0𝜙 and we recall that 𝐻0SN > 𝐻0P (for a similar
pproach, see the discussion in [28]). Once 𝛺0𝜙 is set, we are able to
rovide the value of the constant 𝐺0 in Eq. (9) by means of Eq. (11).

In order to get a direct comparison with respect to a flat 𝛬CDM
odel, we now recast Eq. (10) as

sr(𝑧) = 0(𝑧)
√

𝛺SN
0𝑚 (1 + 𝑧)3 + (1 −𝛺SN

0𝑚 ) , (17)

where we have introduced the identification subscript (sr) and we see
how the slow-rolling paradigm induces an effective time dependent
Hubble constant having the form

0(𝑧) = 𝐻0P

√

√

√

√

𝛺P
0𝑚(1 + 𝑧)3 + (1 −𝛺P

0𝑚) +𝛺0𝜙(1 + 𝑧)−3𝛽

𝛺SN
0𝑚 (1 + 𝑧)3 + (1 −𝛺SN

0𝑚 )
. (18)

This function may decays (depending on the model parameter 𝛽)
as the redshift increases and, in what follows, we use this profile to
account for the Hubble tension. The equation above is indeed the
physical signature for the considered model, which has to be compared
with other theoretical formulations and with data sets. We remark that,
we have constructed a consistent picture in which the potential term
of the scalar field is compatible with a slow-rolling phase (see below),
providing the vacuum energy contribution to the present Universe.
Furthermore, the deviation of the potential term from an exact constant
energy density ensures that its kinetic contribution can rescale the value
of the apparent Einstein constant, so that a varying Hubble constant
with the redshift emerges.
3

4. The data sample and the fitting

To determine the model parameter 𝛽, let us now follow the data
comparison described in [11,12]. For the sake of clarity (here and in the
following 𝐻 is in units: km s−1 Mpc−1), we specify that we set [4,11]

0P = 67.4 , 𝛺P
0𝑚 = 0.315 , (19)

𝐻0SN = 73.5 , 𝛺SN
0𝑚 = 0.298 , (20)

for flat 𝛬CDM models. Specifically, we use the Pantheon sample data
release [4], which is a compilation of 1048 SNe Ia taken from different
surveys. In this analysis, we bin the data in redshifts so that the sample
is equi-populated and we choose to divide the sample in 40 bins. We use
the observed distance modulus, 𝜇𝑜𝑏𝑠 = 𝑚𝐵 −𝑀 , taken as tabulated from
Pantheon sample which contains the apparent magnitude in the B-band
corrected for statistical and systematic effects (𝑚𝐵) and the absolute in
the B-band for a fiducial SN Ia with the stretch and color corrections
(𝑀). Considering the color and stretch population models for SNe Ia, in
this approach, similarly to the previous ones, we average the distance
moduli given by the [29] (G2010) and [30] (C2011) models. We then
compare the 𝜇𝑜𝑏𝑠 and the theoretical distance modulus that reads as
follows:

𝜇𝑡ℎ = 5 𝑙𝑜𝑔10 𝑑𝐿(𝑧,𝐻0,…) + 25 . (21)

The distance is usually expressed in Mpc and it is constructed via
a 𝛬CDM model. Furthermore, we also consider the correction of the
luminosity distance keeping into account the peculiar velocities of the
host galaxies which contain the SNe Ia. To perform our analysis, we
define the 𝜒2 for SNe:

𝜒2
𝑆𝑁 = 𝛥𝜇𝑇 ⋅ −1 ⋅ 𝛥𝜇 . (22)

Here 𝛥𝜇 = 𝜇𝑜𝑏𝑠−𝜇𝑡ℎ, and  denotes the 1048 × 1048 covariance matrix,
given by [31]. From the analysis of these bins, we obtain the values
of 𝐻0 in each bin by varying 𝐻0 only and using 𝛺SN

0𝑚 . The choice of
using 40 bins is dictated by two factors: the first is that we need enough
number of data points to fit the model. The second is that although it
would be beneficial to have a larger number of data points for fitting
the theoretical model, however increasing the bins would result in a
less precise fitting and thus a larger values of uncertainties on 𝐻0. This
would, hence, again result in less constraining and predictive power for
the theoretical model. Indeed, this choice of binning allows us to have
roughly 50 SNe Ia in each bin. We also note that the trend found is
independent from the initial choice of 𝐻0. This is due to the fact that
we use the distance moduli in the Pantheon sample but subtracted of
the value of the absolute magnitude, 𝑀 , which corresponds to a given
value of 𝐻0. For example, we here consider the value of 𝑀 = −19.245
as discussed in [11]. Thus, for different values of the starting 𝐻0 we
should change the values of 𝑀 correspondingly and this will allow a
mere translation in the initial intercept and not a change of the slope
itself. In fact the data of the Pantheon sample have a predefined 𝑀
fixed at −19.35, which we have changed to consider the starting point
of 𝐻0 = 73.5.

Now, we discuss the physical meaning of the function 0(𝑧) in
the proposed scenario. Clearly 𝐻0 is a constant quantity by defini-
tion, so the running of the Hubble constant with the redshift must
be interpreted as an effective behavior. In other words, we could set
0(𝑧) ≡ 𝐻0ℎ(𝑧), where the function ℎ(𝑧) admits a natural definition
from Eqs. (17) and (18). It is important to stress that, while the
SHOES collaboration provides only the value 𝐻0 from the SN Ia data,
in [11,12] it was argued that the Pantheon sample, once decomposed in
equipopulated redshift intervals, allows to determine a slow decaying of
the value 𝐻0 as the bin redshift increases. If the Hubble tension admits
a solution in terms of new physics, as we state here, then the effect
should continuously affect the observations and then the existence of
an effective 0 has to be considered an expected features of data from

different redshift domains. We conclude this digression by observing
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Fig. 1. Plot of 0(𝑧) from Eq. (18) with 𝛽 = −0.258± 0.026 (red lines, with the errors)
and of the behavior 𝐻0SN(1 + 𝑧)−0.016 (green dashed line). Bullets represents 𝐻0 data
from [11] with the corresponding error bars. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

that, we use 𝐻0SN as provided in [11] (see Eq. (20)) in order to fix the
best value for the 𝛽 parameter, but the comparison between the Hubble
parameter of our model and that one of the 𝛬CDM one is constructed
according to the picture proposed in [28], i.e. we reconstruct for the
bins of the Pantheon sample their profile as 𝐻(𝑧).

Our model contains actually two free parameters, but the quantity
𝛺0𝜙 is fixed in Eq. (16) when requiring 𝐻0 = 𝐻0SN. Using the values
introduced above, we obtain

𝛺0𝜙 = 0.189 . (23)

Concerning the parameter 𝛽, we perform a fitting procedure of the
expression 0 in Eq. (18) by means of the 40 bin distribution of the
𝐻0 values described above. The best fit is found for

𝛽 = −0.258 ± 0.026 . (24)

This value is obtained minimizing the residual 𝜒2, routinely implement-
ing errors on 𝐻0 data. In [11], it has been addressed a power-law profile
as 0 = 𝐻0SN(1+𝑧)−𝛼 with the following best fit: 𝛼 = 0.016±0.009, and
in Fig. 1 we show the data points and the fit of our slow-rolling model
in red, together with the power-law behavior (green dashed line).

Let us now analyze the statistical relevance of our model in compari-
son with respect to the power-law behavior described above and also to
the 𝛬CDM model with a constant 0 = 73.5 (coherently with the binned
data analysis). The values for 𝜒2 test are the following (with obvious
notation): 𝜒2

sr = 0.452 (dof=38), 𝜒2
pl = 0.400 (dof=38), 𝜒2

𝛬 = 0.430

(dof=39). Due to the high density of data at small 𝑧 and the significant
number of dof, the obtained (inverse) p-values are almost 1 for the
three cases, denoting that the null hypothesis (the predictive power on
data) is supported for all the models (the critical value is standard set
as 0.05). Actually, the ordering 𝜒2

pl < 𝜒2
𝛬 provides the evidence of the

better significance of the power-law model in fitting the binned data,
as outlined in [11]. At the same time, we stress how, nonetheless the
slow-rolling model has the highest 𝜒2 value when constraining 𝛽, the
physical relevance of the obtained behavior relies on its capability to
rapidly converge towards the proper Plank flat 𝛬CDM profile of 𝐻(𝑧),
reducing the tension, as described in the following.

In order to compare our results with respect the flat 𝛬CDM profiles,
we introduce the following quantities

𝐻P(𝑧) = 𝐻0P(𝛺P
0𝑚(1 + 𝑧)3 + (1 −𝛺P

0𝑚))
0.5 , (25)

𝐻SN(𝑧) = 𝐻0SN(𝛺SN
0𝑚 (1 + 𝑧)3 + (1 −𝛺SN

0𝑚 ))
0.5 , (26)

𝐻pl(𝑧) = 𝐻0SN(1 + 𝑧)−0.016(𝛺SN
0𝑚 (1 + 𝑧)3 + (1 −𝛺SN

0𝑚 ))
0.5 , (27)
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Fig. 2. Linear log-plot of normalized 𝐻sr(𝑧) in Eqs. (17) with 𝛽 = −0.258 (red line).
Green-dashed line: 𝐻pl(𝑧). Dotted–dashed lines represent: 𝐻SN(𝑧) (pink) and 𝐻P(𝑧)
(black). Data points are properly scaled from Fig. 1. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

with the definition in Eqs. (19) and (20). In Fig. 2 we plot, also outlining
the scaled data points from Fig. 1, 𝐻sr(𝑧) form Eq. (17) of our slow-
rolling model (red line) together with 𝐻pl(𝑧) obtained by adopting
the power law model in [11], and also the two flat 𝛬CDM profiles:
𝐻P(𝑧) and 𝐻SN(𝑧) (as indicated in the figure). It is evident how the
contribution of the scalar field has a basic role at low 𝑧 values, allowing
that 𝐻0SN is recovered for 𝑧 → 0. Furthermore, for 𝑧 ≳ 5, 𝐻(𝑧)
clearly overlap the flat 𝛬CDM model associated to the Planck data (a
similar behavior is obtained by the power-law model). In particular, the
obtained value of 𝛽 guarantees that the asymptotic (𝑧 = 1100) behavior
of 𝐻(𝑧) match 𝐻pl(𝑧) with an error of (10−7).

The essential equivalence of the model here proposed and the
power-law one can be interpreted by observing that the modified grav-
ity model adopted to account for the second case [11,12,20] can also be
reduced to a scalar-tensor formulation. In fact, in the so-called ‘‘Einstein
framework’’, the metric 𝑓 (𝑅)-gravity can be stated as standard General
Relativity minimally coupled to a scalar field, which self-interaction
potential is fixed by the specific modified model of gravity. In [20],
the dynamics has been described in the so-called ‘‘Jordan frame’’ in
order to avoid the conformal rescaling of the metric (necessary to
pass to the Einstein framework) but, overall, to interpret the Hubble
tension via an effective Einstein constant due to the non-minimally
coupled scalar field. Anyway, both in the present dynamical scheme
and in the idea proposed in [20], the underlying mechanism is a slow-
rolling phase of a scalar component of the Universe. Clearly, modifying
the Einstein gravity has a number of additional predicted effects, with
respect to the solution of the Hubble tension, which the present model
certainly avoids: the energy density of the scalar matter, here adopted,
only affects the dynamics on the cosmological scales without other
significant implications on the early or shorter scale physics of the
Universe. The analysis above calls attention to be extended to the
Pantheon+ sample [1], especially because the enrichment of the SN Ia
population could reliably improve the statistics of the binned analysis.
Clearly, only after a new set up of 0(𝑧) from a suitable binned analysis,
it would be possible to repeat the fitting procedure above and this
requires a significant data analysis effort, which is of clear interest for
future investigations, but exceeds the scope of the present modeling
proposal for the Hubble tension.

We complete our analysis by showing, in Fig. 3, the behavior of the
normalized scalar field 𝜙̄ evolved using Eq. (12). The obtained profile
starts at the arbitrarily set initial value 𝜙̄0 = 1 and frozen into an
asymptote for 𝑧 ≳ 60. In Fig. 4, we also plot the normalized potential
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Fig. 3. Profile of 𝜙̄(𝑧) evolved using Eq. (12) by assuming 𝜙̄0 = 1. We have set
∗ = 𝐻0P, 𝛺0𝜙 = 0.189, 𝛽 = −0.258 and the corresponding 𝐻(𝑧) expression in Eq. (17).

Fig. 4. Plot of 𝑉 (𝜙) from Eq. (4).

Fig. 5. Profile of 𝑤𝜙(𝑧) from Eq. (28).

𝑉 (𝜙) = 𝑉 𝜒∕3𝐻2
0P from Eq. (4) and it is important to stress that the

slow rolling conditions expressed again in Eq. (4) are properly satisfied
for such a profile. In particular, we obtain Max(|𝜙̇∕2𝑉 (𝜙)|) = 0.125 and
Max(|𝜙̈∕3𝐻𝜙̇|) = 0.13.
5

Finally, a self-interacting scalar field is always interpretable as a
non-constant 𝑤𝜙-parameter of the equation of state, namely

𝑤𝜙 =
𝜙̇2∕2 − 𝑉
𝜙̇2∕2 + 𝑉

, (28)

which can be evaluated using Eq. (8) and the potential profile discussed
above. It is evident from the figure that this effective equation of state
parameter is always associated to a dark energy contribution (it never
becomes a phantom matter contribution) and, for 𝑧 → 0, it correctly
approaches a value very close to −1 (𝑤𝜙(0) = −0.95).

Let us now phenomenologically discuss our model in the context
of other well established paradigms. It is well-known [23,32,33] that,
if we consider an Hubble parameter in the form of a 𝑤CDM model
specified for the SN Ia parameters (𝐻0SN, 𝛺SN

0𝑚), then, at small 𝑧, the
profile can be reconciled with 𝐻P(𝑧) if 𝑤 < −1, i.e. if a phantom matter
contribution is introduced in the late Universe, thus alleviating the
tension. On the contrary, taking 𝑤 > −1, i.e. a physical quintessence
contribution, the match mentioned above will be unflavored, thus
exacerbating the tension. This is true also for the 𝑤0𝑤𝑎CDM model for
what concerns variations of 𝑤0.

This consideration could appear in contradiction with the capability
of our model to account for the Hubble tension, since its effective
𝑤𝜙(𝑧) remains always greater than −1, as show in Fig. 5. However, it is
important to stress that our paradigm is not that expressed in a 𝑤CDM
model or in a 𝑤0𝑤𝑎CDM model, but a different one closely resembling
the analysis presented in [28]. In fact, in Eq. (10), 𝐻∗ is not 𝐻0 (which,
to solve the Hubble tension, must be identified with the SN Ia value),
but it stands equal to the Planck value, as specified in Eq. (13). In
particular, the obtained form of 𝑤𝜙(𝑧) can be expressed (for 𝑧 ≲ 1)
as 𝑤𝜙(𝑧) = 𝑤0 + 𝑤𝑎𝑧(1 + 𝑧)−1 with 𝑤0 = −0.95 and 𝑤𝑎 = 0.045. Using
this formalism, Eqs. (10) (with 𝐻∗ = 𝐻0P) rewrites

𝐻sr(𝑧) = 𝐻0P

√

𝛺P
0𝑚(1 + 𝑧)3 + (𝑐1 −𝛺P

0𝑚)𝑓 (𝑧) , (29)

𝑓 (𝑧) = (1 + 𝑧)3(1+𝑤0+𝑤𝑎)𝑒−3𝑤𝑎𝑧(1+𝑧)−1 , (30)

here 𝑐1 = 𝐻2
0SN∕𝐻

2
0P to take account of Eq. (16). As a result,

he comparison with a standard 𝑤0𝑤𝑎CDM model cannot be directly
mplemented and, hence, also a mapping of the 𝑤𝜙. In fact, we are
ble, by the present model, to address the Hubble tension problem
ecause it contains an additional matter source (expressed by 𝑐1 in
q. (29)). Summarizing, a quintessence-like source can allow to account
or the Hubble tension if it is regarded as an additional contribution not
onsidered in the Planck measurement for the 𝛬CDM model, which has
he important role to replace, in 𝑧 = 0, 𝐻0P by 𝐻0SN, while at higher 𝑧-
alues it is progressively less relevant in fixing the profile of the Hubble
arameter.

Finally, it is worth noting that, in order our model exactly fulfills
he qualitative proposal in [28], it would be necessary to deal with a
ositive 𝛽 parameter, but this is ruled out by the fitting procedure on
he binned SN Ia Pantheon analysis. This consideration would suggest
hat, to fit the low-redshift data, we have to deal with a Hubble
arameter worse fitted by the Planck 𝛬CDM-analysis. We want to stress
hat, nonetheless this aspect, the integrated luminosity distance of our
odel differs (with the errors) of (10−3) with respect to the Planck
CDM model. Deepening this question is out of the scope of the present

tudy, but call attention for further investigations, based on different
ata samples.

. Concluding remarks

We constructed a cosmological model with the aim to provide an
xplanation for the Hubble tension problem, based on the introduction
f scalar matter in a slow-rolling configuration. The merit of the sce-
ario we proposed consists in the possibility to account for the Universe
acuum energy via a constant term in the self-interaction potential,
hile the scalar field kinetic energy is responsible for a slow apparent
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variation of the Hubble constant, due to a suitable rescaling of the
Einstein constant, when a specific dynamical scheme is set up. In fact,
we added to the Friedmann equation a specific relation between the
kinetic and potential term of the scalar field. Together with the Klein–
Gordon equation, we then obtain three dynamical equations, in terms of
the three unknowns 𝐻(𝑧), 𝜙(𝑧) and 𝑉 (𝑧) (from the latter two quantities,
we calculated the functional form of 𝑉 (𝜙)).

The Hubble function is then restated in terms of an effective varying
Hubble constant 0(𝑧), which contains two free parameters. One of
these has been fixed to reproduce the ratio between 𝐻0SN and 𝐻0P,
while the other free parameter was determined by a fitting analysis, via
the 40 bin data of the SN Ia Pantheon sample [11]. We also compared
the quality of our fit with the one yielding the power-law behavior
𝐻0SN(1 + 𝑧)−𝛼 and the profile of the emerging best fit is essentially
comparable in the two cases.

Then, we used the obtained values of the two free parameters
to plot the function 𝐻(𝑧), which, for 𝑧 → 0 approaches the SN Ia
data predictions for the Hubble constant while, for higher 𝑧-values, it
correctly matches the behavior of the corresponding curve specified by
the Planck detected parameters in the flat 𝛬CDM scenario. Actually, our
𝐻(𝑧) curve overlaps the proper profile already for 𝑧 ≳ 5, so offering
an intriguing marker to discriminate between low-redshift and high-
redshift sources, when the Hubble constant is determined according to
a similar feature discussed in [24]. In addition, variation of the Hubble
constant from the central value obtained by the SNe Ia are visible with
the use of Gamma Ray Bursts [14] and Quasars [14,15,34,35] obtained
with the use of new statistical assumptions discussed in [6].

The very significant novelty of the present study is, on the one hand,
the possibility to solve the Hubble tension problem via a simple scalar
matter model in a slow-rolling configuration and, on the other hand,
that our function 𝐻(𝑧) has been determined by using the whole infor-
mation contained in the SN Ia data (the 40 bins analysis of the Pantheon
sample, as depicted in Fig. 2) and so avoiding the compression of the
SN Ia set up to the determination of the single value of 𝐻(𝑧 = 0), see
the discussion in [28].
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