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ABSTRACT

In this work, gyrokinetic theory of drift waves (DWs) self-regulation via the beat-driven zonal flow (ZF) is presented, and finite diamagnetic
drift frequency due to plasma nonuniformity is shown to play a dominant role in the ZF beat generation. The obtained nonlinear DW equa-
tion is a nonlinear Schr€odinger equation, in which the linear dispersiveness, linear growth, nonuniformity of diamagnetic drift frequency, and
cubic nonlinearity induced by the feedback of beat-driven ZF to DWs are self-consistently included. The nonlinear DW equation is solved
numerically in both uniform and nonuniform plasmas. It is shown that the DW envelope soliton may form due to the balance of linear dis-
persiveness and nonlinearity and lead to turbulence spreading to linearly stable region. It is further found that though the threshold on the
DW amplitude for soliton formation is well within the relevant parameter regimes of realistic tokamak experiments, solitons cannot extend
beyond the range bounded by the turning points of the wave packet when plasma nonuniformity is self-consistently accounted for.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0201169

I. INTRODUCTION

Understanding the triggering and regulation mechanisms of
anomalous transport is a significant issue for magnetically confined
fusion research. Drift waves (DWs) turbulence,1 driven by free energy
associated with plasma pressure nonuniformities intrinsic to confined
plasmas, are considered as important candidates for inducing anoma-
lous transport. As a consequence, understanding the nonlinear dynam-
ics of DWs, including regulation, saturation, and spreading to linearly
stable region, is crucial for assessing the confinement of plasmas.
Numerical simulations2–4 and experiments5–9 have found that zonal
flow (ZF)10,11 generated by DWs can significantly reduce turbulence
amplitude and the associated transport. Previous analytical theories on
ZF generation by DWs have been focused on the spontaneous excita-
tion via modulational instability,10,12 in which DWs are scattered into
a linearly stable short radial wavelength domain by the nonlinearly
excited ZF.10,13 This nonlinear process has a finite threshold on DW
amplitude determined by the frequency mismatch, and the ZF growth
rate, meanwhile, scales with the amplitude of DWs. However, it is very
often found in numerical simulations that ZF grows at twice the DW

instantaneous linear growth rate,14,15 suggesting ZF generation via the
so-called “beat-driven” process16 or “passive-excitation.”15 Though
beat-driven ZF by electromagnetic Alfv�en waves has been extensively
investigated,16–18 theoretical interpretation on beat-driven ZF by elec-
trostatic DWs has not been revealed up until now.

In addition, turbulence spreading from the linearly unstable
region of DWs to the linearly stable region is important for the plasma
confinement19–22 because it might lead to the nonlocality of turbulence
transport, which further results in the change of transport size
scaling.23 In the existing theoretical studies, DW solitons, formed due
to the spontaneously excited ZF24 and/or its finite frequency counter-
part geodesic acoustic mode (GAM),25–29 are found to contribute to
turbulence spreading because DW turbulence can be radially trapped
by ZFs11,22,24 and solitons are characterized by preserving their ampli-
tude and shape during propagation. Coherent DW solitons are formed
as the linear dispersiveness of DWs is balanced by the nonlinear wave
trapping effect induced by ZF generated via modulational instability.
As a consequence, ZF generated via the beat-driven process could also
be expected to generate DW solitons and enhance turbulence spread-
ing in a similar way.
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In this work, a paradigm model of DWs self-beating, i.e.,
beat-driven process, to generate zero frequency ZF is derived using
nonlinear gyrokinetic theory. The obtained nonlinear DW equation is
a nonlinear Schr€odinger equation (NLSE), in which the linear disper-
siveness, linear growth rate, plasma nonuniformity, and cubic nonline-
arity induced by the feedback of beat-driven ZF to DW are
self-consistently included. The NLSE is systematically investigated in
uniform and nonuniform plasmas, with emphasis on the generation
and propagation of solitons and its consequences on plasma confine-
ment. In uniform plasmas, soliton structures are formed by balancing
the linear dispersiveness and cubic nonlinearity after DW amplitude
reaching certain threshold; and, thereby, leading to enhanced turbu-
lence spreading. It is found that the threshold on DW amplitude for
soliton formation is ed/=Ti ’ 0:02, which is within the experimen-
tally relevant parameter regime. Here, e is the unit charge, Ti is the ion
temperature, and d/ is the perturbed DW scalar potential. In nonuni-
form plasmas, the evolution of the corresponding DW eigenstates is
investigated. It is found that the extent for wave propagation is not sen-
sitive to either the existence or strength of nonlinearity, which implies
that in nonuniform plasmas, solitons cannot extend beyond the range
bounded by the turning points of the wave packet induced by the non-
uniformity of diamagnetic drift frequency. Analytic theory found that
in the reference frame of the wavepacket, the envelope follows the
same NLSE as that in uniform plasmas and the trajectory of envelope
is essentially determined by the nonuniformity.

The rest of the paper is organized as follows: in Sec. II, the general
nonlinear gyrokinetic framework is presented. Based on the theoretical
model, the beat-driven ZF by DWs and feedback of ZF to DWs are
investigated, respectively, in Secs. III and IV, which finally yields an
NLSE governing the nonlinear evolution of DW. It is then investigated
in both uniform and nonuniform plasmas. The soliton generation and
propagation in uniform plasmas are investigated in Sec. V; while, in
Sec. VI, the evolution of the corresponding linear eigenstates in non-
uniform plasmas is considered. Finally, conclusion and discussions are
provided in Sec. VII.

II. THEORETICAL MODEL

In this work, we consider the beat-driven process, in which a sin-
gle-n DW Xnðxn; khnÞ couples with its complex conjugate
X�

nð�xn;�khnÞ to generate ZF XZðxZ; krZÞ with xZ � 0; kkZ ¼ 0;
khZ ¼ 0 and finite krZ. Here, n/m are the toroidal/poloidal mode num-
bers, kr/kh/kk are the radial/poloidal/parallel wave numbers of modes,
and the subscripts n and Z denote quantities associated with single-n
DW and ZF, respectively. To simplify the analysis without the loss of
generality, we assume that DW and ZF are both electrostatic fluctua-
tions and cL=xn � 1, so that the parallel mode structure of DW is not
affected by the nonlinear radial envelope modulation process. Here, cL
is the DW linear growth rate. Ions with unity charge are assumed for
simplicity. In this case, the fluctuations can be expressed as

d/n ¼ An r; tð Þeinf�ixnt
X
m

e�imhU nq�mð Þ þ c:c:; (1)

d/Z ¼ UZe
ikrZr�ixZt þ c:c:; (2)

where Uðnq�mÞ is the fine radial structure due to finite kk. For sim-
plicity, the large aspect ratio tokamak with concentric circular mag-
netic surfaces is considered, in which the magnetic field is given by
B ¼ B0½ef=ð1þ � cos hÞ þ �eh=q�, where � � r=R � 1 is the inverse

aspect ratio, R and r are the major and minor radii of the tokamak,
respectively, f and h are the toroidal and poloidal angles, respectively,
and q is the safety factor. Nonlinear interactions among DWs and ZF
can be investigated using the electrostatic nonlinear gyrokinetic
equation30

xþ ivk@l þ xDs
� �

dHk;s

¼ qs
Ts

x� x�sð ÞJkd/kF0s � i
c
B0

Kk
k0;k00 Jk0d/k0dHk00 ;s: (3)

Here, x�s � khcTs=ðeBLnÞ is the diamagnetic frequency due to plasma
density nonuniformity, where Ln � �N=ð@N=@rÞ is the characteristic
length of ion density variation, N is the equilibrium particle density,
xDs � x̂dsC represents the magnetic drift motion, with x̂ds

� xdsðv2?=2þ v2kÞ=v2ts, C � cos h� sin hkr=kh; xds � khcTs=ðeBRÞ,
and vts �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ts=ms

p
is the thermal velocity. Jk � Jkðk?qsÞ is the

Bessel function of zero index describing finite Larmor radius (FLR)
effect, k? ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2r þ k2h
p

is perpendicular wavenumber, qs � v?=xcs is
the Larmor radius, and xcs � eB=ðmscÞ is the cyclotron frequency.
The subscript s represents the particle species s ¼ i; e. For the clarity of
the physics picture, the electron DW driven by plasma density nonuni-
formity is assumed, while the effects of temperature nonuniformity are
neglected. The nonadiabatic gyro-center response dHk;s can be sepa-
rated into linear and nonlinear components, i.e., dH � dHL þ dHNL,
with dHNL � dHL and the subscript k representing quantities associ-
ated with the mode Xk. The second term on the right hand side of Eq.
(3) is the formally perpendicular nonlinear term, with Kk

k0;k00

�Pk¼k0þk00 b � ðk00 	 k0Þ representing the selection rule on frequency
and wavenumber matching conditions for mode-mode coupling, while
other notations are standard. The nonlinear gyrokinetic equation can
be closed by the charge quasi-neutrality condition

e2N
Ti

1þ 1
s

� �
d/k ¼ heJ0dHiik � hedHeik: (4)

Here, s � Te=Ti, and h� � �i represents the velocity space integration.
The gyrokinetic theoretical framework will be used to derive the non-
linear equations for ZF beat excitation by DW, as well as the DW non-
linear evolution due to beat-driven ZF regulation.

III. ZF BEAT DRIVEN BY DWS

In this section, the nonlinear generation of ZF by DWs self-
beating is investigated. The nonlinear gyrokinetic equation describing
particle responses of ZF,XZðxZ; krZÞ, can be written as

xþ ixtr@h�xDrsð ÞdHZ;s ¼ qs
Ts

xJZd/ZF0s � i
c
B0

Kk
k0;k00 Jk0d/k0dHk00;s;

(5)

where xtr � vk=ðqRÞ is the transit frequency, xDrs � x̂drs sin h, and
x̂drs � krcTsðv2?=2þ v2kÞ=ðeBRv2tsÞ.

For electrons with vte=ðqRÞ 
 xn, the electron response of DW
is adiabatic, i.e., dHn;e ¼ 0. Consequently, the nonlinear electron
response for ZF dHNL

Z;e vanishes, as the result of vanishing source term
in the nonlinear gyrokinetic equation. Then, the electron responses of
ZF can be derived as dHL

Z;e ¼ �ðe=TeÞF0ed/Z and dH
NL
Z;e ¼ 0.

Ion responses to ZF can be obtained by implementing the drift

center transformation, i.e., dHZ;i ¼ dHdz;i expðik̂dz cos hÞ, with k̂dz
� x̂dri=xtr being the normalized drift orbit width. Substituting the
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expression of dHZ;i to the gyrokinetic equation (5), noting the
xZ � vti=ðqRÞ ordering, and taking the dominant flux surface aver-
aged quantities, the ion responses can be obtained as

dHL
Z;i ¼ jhZj2 e

Ti
JZF0id/Z (6)

and

dHNL
Z;i ¼ jhZj2 c

B0
khn

e
Ti
J2nF0i

x�ni
x2

n

@r jAnj2; (7)

where hZ � expð�ik̂dz cos hÞ and ð� � �Þ � Ð 2p0 ð� � �Þdh=ð2pÞ denotes
the flux surface average. In deriving dHNL

Z;i , the linear ion response to
DW given by Eq. (10) is used. Furthermore, we have maintained only
the meso- and macro-scale radial structures of ZF, averaging over the

fine DW micro-scales assuming
Ð 1
�1 jUðnq�mÞj2dðnq�mÞ ¼ 1.

Substituting the particle responses of ZF to the charge quasi-neutrality
condition (4), the equation for the ZF nonlinear excitation can be read-
ily obtained as

viZd/Z ¼ c
B0

khn
x�ni
x2

n
@r jAnj2: (8)

Here, viZ � 1� hjhZj2J2ZF0i=Ni � 1:6k2rZq
2
tiq

2=
ffiffi
�

p
represents the neo-

classical inertia enhancement,31 where qti � vti=xci is the ion Larmor
radius defined by ion thermal velocity. Equation (8) gives a distinctive
ZF temporal evolution with respect to that of Ref. 10 (Note the �ixZ

operator on the left hand side of Eq. (3) therein). Equation (8)
describes that the ZF grows at twice the instantaneous growth rate of
DW, which is a typical feature of the beat-driven process,14,16,17 with
the crucial role played by the nonlinear ion response to ZF due to ther-
mal ion nonuniformity. Meanwhile, the beat driven process considered
here is thresholdless, in contrast to the spontaneous excitation of ZF
by DWs via modulational instability, which requires sufficiently large
DWs amplitude to overcome the threshold due to frequency mis-
match.10 As a consequence, the beat-driven process is expected to
occur once DWs are driven unstable, and that is the reason that beat-
driven process is universally observed in micro turbulence simulations,
while, ZF can be further excited via modulational instability after the
amplitude of DWs reaching certain threshold.

Performing inverse Fourier transformation, and integrating in
the radial direction, Eq. (8) can be re-written as

dEZ ¼
ffiffi
�

p
1:6q2q2ti

c
B0

khn
x�ni
x2

n

jAnj2; (9)

where dEZ � �@rd/Z is the radial electric field of ZF.

IV. NONLINEAR DW EVOLUTION DUE TO BEAT-DRIVEN
ZF

Next, we consider the feedback of the beat-driven ZF to the
pump DW. The adiabatic electron response for DW is adopted consis-
tently with the vte=ðqRÞ 
 xn ordering, i.e., dHn;e ¼ 0. The ion
responses to DW can be derived, assuming jxnj 
 jkkvkj, as

dHL
n;i ¼

e
Ti
F0i 1� x�ni

xn

� �
Jnd/n (10)

and

dHNL
n;i ¼ c

B0
khnJnJZ

e
Ti
F0i

x�ni
x2

n
d/ndEZ:

Substituting the particle responses of DW to the charge quasi-
neutrality condition (4), the equation describing nonlinear modulation
of beat-driven ZF on DW can be written as

�0d/n þ
ckhn
B0xn

d/ndEZ ¼ 0; (11)

where �0 is the linear DWs dispersion relation. For the proof of princi-
ple demonstration, the electron DW in the toroidal geometry is
adopted for later analysis, i.e., �0d/n ! �̂0An/̂ðgÞ, with the linear
dielectric operator in the ballooning space written as

�̂0 ¼ 1� x�ni
xn

� �
c2s

r2R2
@2
g þ 1� x�ne

xn
þ sk2hnq

2
ti 1þ ŝ2 g� hkð Þ2
� �

� s 1� x�ni
xn

� �
xdi

xn
g g; hkð Þ; (12)

and g being the extended poloidal angle along the equilibrium mag-
netic field. Here, hk � kr=ðn@q=@rÞ; cs �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Te=mi

p
is the sound

speed, /̂ðgÞ is the parallel mode structure of DW, gðg; hkÞ � cosg
þ ŝðg� hkÞsin g represents the curvature, and ŝ � rð@q=@rÞ=q is the
magnetic shear. By combining Eqs. (9) and (11), the equation describ-
ing the nonlinear evolution of DW via beat-driven ZF modulation is
given as

�̂0An �
ffiffi
�

p
1:6q2q2ti

sc2k2hn
B2
0x2

n
jAnj2An ¼ 0; (13)

where we have assumed that DW is the ground state electron DW
with xn ’ x0 ¼ x�ne=ð1þ k2hnq

2
tiÞ. Furthermore, we have integrated

over the parallel mode structure, /̂ðgÞ, noting �̂0rðxn ¼ x0; r ¼ r0;
hk ¼ 0Þ/̂ðgÞ ¼ 0. For radially localized fluctuation structures, one can
expand the DW eigenmode operator �̂0 around hk ¼ 0 and r ¼ r0 as

�̂0 � i
@�̂0r
@x

				
x0

@t � cLð Þ þ 1
2
@2�̂0r

@h2k

				
0

h2k �
x�neðrÞ � x�neðr0Þ

x0
: (14)

Substituting Eq. (14) into Eq. (13), it is found that the obtained nonlin-
ear DW equation is a nonlinear Schr€odinger equation (NLSE), which
can be explicitly written as

@t � cL þ isx0q2ti@
2
r þ ix0XðrÞ þ ix0

a
s
e2

T2
i
jAnj2

 !
Anðr; tÞ ¼ 0;

(15)

where a � ð ffiffi
�

p
=ð1:6q2ÞÞðk2hnq2ti=4Þx2

ci=x
2
0 is the nonlinear coupling

coefficient, and XðrÞ ¼ ðx�neðrÞ=x�neðr0Þ � 1Þ represents the plasma
nonuniformity. The second, third, and fifth terms of Eq. (15) repre-
sent, respectively, the linear growth, the linear dispersiveness, and the
cubic nonlinearity introduced by the feedback of beat-driven ZF to
DW. It is noteworthy that the soliton generation due to the balance of
linear dispersiveness and nonlinear wave trapping is an important
topic, for its potential relevance to DW turbulence spreading. In addi-
tion, plasma nonuniformity at, e.g., pedestal region, may introduce a
global potential and prevent turbulence from spreading to the linearly
stable region.32 Due to the complexity of the nonlinear equation, espe-
cially when plasma nonuniformity is accounted for, the equation is
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mainly investigated numerically in the present work. For the conve-
nience of numerical investigation, space and time are normalized to
ion Larmor radius qti and ion diamagnetic frequency at r¼ r0
x�niðr0Þ, respectively, i.e., r ! ðr � r0Þ=qti; cL ! cL=x�nit ! x�nit;
kr ! krqti and x ! x=x�ni, and An is normalized to e=Ti, i.e.,
A ¼ eAn=Ti. Then, the normalized form of Eq. (15) can be written as

@t � cL � is2@2
r � iajAj2 � isXðrÞ


 �
A ¼ 0: (16)

Before proceeding with the numerical solution, it is necessary to
derive the conservation laws of the nonlinear system, which reveals the
essential information of the underlying physics and can be used to vali-
date the numerical results. The NLSE typically has two conservation
laws, which are conservation of “mass” (number of quasi-particles33)
and energy. The conservation of mass can be derived by adding
A�	 Eq. (16) to its complex conjugate, which yields

@t jAj2 � is2@r A�@rA� A@rA
�ð Þ ¼ 2cLjAj2: (17)

Equation (17) is a continuity equation with source on the right
hand side; while the second term on the left hand side represents the
divergence of the “flux” J ¼ A�@rA� A@rA�. Assuming vanishing
flux at the boundary, the conserved quantity can be readily obtained
by integrating over the radial domain as

@tW ¼ h2cLjAj2ir; (18)

where h� � �ir �
Ðþ1
�1 � � � dr is the integration over the whole radial

domain and W � hjA2jir is the mass of the system. The right hand
side of Eq. (18) represents the source originates from the linear growth
rate of DW. Meanwhile, the energy conservation law can be derived by
subtracting @tA�	 Eq. (16) from its complex conjugate, which, follow-
ing the same procedure, yields

@tE ¼ 2cLhA@tA�ir : (19)

Here, E � hs2j@rAj2 þ ajAj4 þ sXjAj2ir is the total energy of
the system, with three terms representing the energy of DW, ZF, and
the potential energy, respectively.

The numerical scheme used to solve Eq. (16) is the pseudospectral
method, which is characterized by multiplying nonlinear terms in
physical space and transforming back to Fourier space instead of con-
volution sum in conventional spectral method. More specifically, the
NLSE is Fourier transformed in the radial direction into an ordinary
differential equation, then, the fourth order Runge–Kutta method is
applied to solve the temporal evolution equation. The absorption
boundary condition is applied to avoid un-physical reflection back to
the simulation domain, which is achieved by an artificial damping
layer near the boundary. Without the loss of generality, the nonunifor-
mity is taken as XðrÞ ¼ expð�r2=L2pÞ � 1, with r¼ 0 corresponding
to gradient steepening for increasing r, and Lp being the characteristic
length of nonuniformity. To estimate a proper value of the nonlinear
coupling coefficient a, we have, for typical parameters of tokamaks,ffiffi
�

p
=ð1:6q2Þ � 10�1, k2hnq

2
ti=4 � 10�2; x2

ci=x
2
0 � 105, which finally

yields a � 102. So, it is reasonable to take a¼ 100 in the following
numerical study, and s¼ 1 is adopted. A convergence study is also car-
ried out based on the conservation of W and E, and it is found that
accuracy converges at the number of grid points Ng ¼ 512 for
r 2 ½�100; 100�, in both uniform and nonuniform cases. In the

following numerical studies, the default grid setup is Ng ¼ 1024 for
r 2 ½�100; 100�.
V. DW SOLITON GENERATION IN UNIFORM PLASMAS

In uniform plasmas, i.e., XðrÞ ¼ 0, the NLSE can be readily
solved using traveling wave transformation. Furthermore, the linear
DW growth rate is turned off to focus on the nonlinear evolution of a
DW with the given amplitude. Assuming a traveling wave solution
A ¼ ÂðT; nÞ expð�ixt þ ikrrÞ, where n ¼ r � vgt is the coordinate
in the moving frame of the wavepacket, T represents the temporal evo-
lution of the envelope in n space, and vg ¼ 2s2kr is the group velocity
of the wavepacket, the NLSE (16) can then be written as an envelope
equation

@T � is2@2
n þ iðs2k2r � xÞ � iaÂ

2

 �

Â ¼ 0: (20)

For the one-soliton solution with constant envelope, Â is station-
ary in n space, i.e., @TÂ ¼ 0. The envelope equation (20) can be
reduced to

@2
n �

s2k2r � x
s2

þ a
s2
Â

2
� �

Â ¼ 0;

which then yields the one-soliton solution in a hyperbolic secant func-
tion form as

AS ¼
ffiffiffi
2
a

r
sech r � vgtð Þeikr r�ixt : (21)

The one-soliton solution can be verified numerically by taking
ASðt ¼ 0Þ as the initial condition, and the spatial–temporal evolution
of DW is shown in Fig. 1(a). It is observed that the initial envelope
propagates radially, with its shape and amplitude preserved. On the
other hand, in the absence of nonlinearity, the evolution equation of
DW can be derived from Eq. (20), which is a linear Schr€odinger (com-
plex diffusion) equation

@T � is2@2
n


 �
Â ¼ 0; (22)

which then describes the envelope of DW decays as a dispersive wave
packet Â / 1=

ffiffiffiffi
T

p
expð�n2=ðs2TÞÞ, i.e., the amplitude of DW

decreases and its width becomes wider to preserve the mass W, as
shown in Fig. 1(b). However, in the presence of nonlinearity, the linear
dispersiveness is balanced by the nonlinear trapping effect induced by
the beat-driven ZF, and thus, soliton solution can be established, as
shown in Fig. 1(a).

The beat-driven process may occur when DW amplitude is still
small. Thus, it is worthwhile to demonstrate the soliton formation due
to ZF self-consistently driven by DW growing from noise level in the
presence of linear growth rate cL. In this case, DW is loaded initially as
random noise, which grows exponentially due to a finite linear growth
rate cL; meanwhile, the growth rate of zonal flow is 2cL. Since there is
little saturation mechanism for DW in the present model (no feedback
to cL due to ZF scattering), the linear DW growth rate is artificially
turned off later to impose saturation. Without the loss of generality, cL
is uniform in space, i.e., cL ¼ cL0 for t � tc, and cL ¼ 0 for t > tc,
where tc is the time of “saturation.” The spatial–temporal evolution of
DW is shown in Fig. 2(a), where tc ¼ 300, cL0 ¼ 0:025 and
A0 ¼ 10�4 are adopted, with A0 being the amplitude of initial noise.
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It is found that after its amplitude reaches certain threshold at t ’ 280,
the soliton structure formation can be observed with a significant com-
pression process, which is more clearly shown in Fig. 2(b). In the com-
pression process from t¼ 280 to 300, the width of the DW envelope
decreases and its amplitude grows significantly faster than the linear
growth rate due to the self-trapping by beat-driven ZF and conserva-
tion of DW mass W. As the nonlinear trapping (/ jAj2) balances the
dispersiveness, the steady propagation of solitons can be established, as
shown by dashed curves in Fig. 2(b). To have a better view on the
propagation of solitons, the envelope “B” labeled in Fig. 2(a) is isolated
by multiplying the mode structure at t¼ 310 with a super-Gaussian
expð�ðr � rBÞ4=L4BÞ, where rB is the position of the peak of B, and LB
is the width of the filter. The evolution of the envelope B is shown in
Fig. 3, in which a soliton with periodically oscillating amplitude can be
observed. Thus, it is demonstrated that in uniform plasmas, linearly
unstable DW with a small initial amplitude can form soliton structures
after its amplitude reaches certain threshold, with a significant
compression.

The results shown above manifest the important feature of soliton
generation due to the beat-driven ZF, but it requires sufficiently large
DW amplitude. Thus, it is necessary to find out the threshold for soli-
ton formation to determine the relevance to realistic tokamak plasmas.
When dispersiveness dominates over the nonlinearity, DW envelope
decays with time as demonstrated by Eq. (22). It is thus expected that
as the DW amplitude increases, the decay rate of a given envelope
should decrease until it reaches steady state, and this defines the
threshold on the DW amplitude for soliton formation. In Fig. 4, the
dependence of the decay rate on DW amplitude is given for different
DW initial widths Ld, with A0 expð�r2=L2dÞ given as the initial condi-
tion.40 It is found that even for the case with Ld ¼ 10, the threshold on
the DW amplitude for steady state soliton formation is about

ed/n=Ti ’ 0:02. Though strictly speaking, soliton structures are char-
acterized by preserving their shape and amplitude during propagation;
significant turbulence spreading can be observed when its decay rate is
smaller than the characteristic time for turbulence spreading, i.e., L=vg,
where L is the system size. As a consequence, the threshold on the DW
amplitude should be smaller than that corresponding to the vanishing
decay rate. The typical DW fluctuation level expected in tokamak
experiments is ed/n=Ti ’ 0:05; it is, thus, safe to conclude that the
threshold on DW amplitude for soliton formation is within the rele-
vant range of experimental and simulation parameters and may con-
tribute to the turbulence spreading, as shown in Fig. 5, where a DW
envelope soliton is given as the initial condition. It is found that the

FIG. 1. The spatial–temporal evolution of
the one-soliton solution (a) with and (b)
without nonlinearity, where kr ¼ 0:1 is
used.

FIG. 2. (a) The spatial–temporal evolution
of the initial noise in uniform plasmas, with
the red arrow pointing at the envelope “B.”
(b) Snapshots of the radial mode structure
of DW at a sequence of time, correspond-
ing to the time in figure (a).

FIG. 3. The spatial–temporal evolution of the envelope “B” of Fig. 2(a).
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initial DW perturbation flattens very quickly due to the linear disper-
siveness in the linear case (L); however, in the nonlinear case (NL), the
soliton structure is well preserved and can, thus, propagate into much
broader radial extent than the linear case. In addition, it is also worth
mentioning that the threshold for soliton formation decreases with
increasing Ld, as shown in Fig. 4, which is consistent with the result
given by the inverse scattering method. In fact, dispersiveness becomes
weaker for a wider (smoother) Gaussian envelope; thus, the DW
amplitude needed to nonlinearly balance the dispersiveness can be
smaller. We note that, strictly speaking, the “turbulence spreading” in
uniform plasma should be more precisely understood as the propaga-
tion of the initial DW perturbation, while the wave packet broadens

due to diffusion with Dr / ffiffi
t

p
, as there is no “linearly stable” or “line-

arly unstable” regions in uniform plasmas.

VI. DW SOLITON GENERATION AND PROPAGATION
IN NONUNIFORM PLASMAS

In the last section, it is found that in uniform plasmas, the forma-
tion of DW solitons can be observed when linear dispersiveness is
balanced by the nonlinear wave trapping effect induced by the beat-
driven ZF, which can contribute to turbulence spreading. However,
nonuniformity is intrinsic to magnetically confined plasmas including
the excitation of DWs. Consequently, it is particularly important to
understand the evolution of DW solitons in nonuniform plasmas. In
the present analysis, the plasma nonuniformity is introduced via the
radial dependence of the diamagnetic drift frequency, XðrÞ, in Eq.
(16). It is noteworthy that, in Eq. (16), the nonuniformity not only
serves as a nonuniform media for wave packet propagation but also
enables the formation of linear DW radial eigenstates before nonline-
arity (/ jAj2) becomes significant. For DWs with the amplitude well
below the threshold for soliton formation, Eq. (16), in the linear limit,
reduces to

@2
r þ

x
s2

þ 1
s
XðrÞ

� �
A ¼ 0: (23)

Here, x ¼ ið@t � cLÞ is the linear eigenfrequency. For the
Gaussian-shape nonuniformity considered in this work,41 i.e.,
XðrÞ ¼ expð�r2=L2pÞ � 1, expanding about r¼ 0, Eq. (23) becomes
approximately the well-known Weber equation. The corresponding
eigenfrequency and eigenfunctions are given by

A ¼ A0 expð�r2=ð2L2dÞÞH‘ðr=LdÞ (24)

and x ¼ s3=2ð2nþ 1Þ=Lp, respectively, where Ld ¼ ðsL2pÞ1=4, and H‘

is the ‘-th Hermite polynomial. Taking the lowest eigenstate as the ini-
tial condition, Fig. 6(a) demonstrates that the linearized Eq. (16) does
retain the linear eigenmode solution. However, when the amplitude of
DW increases and nonlinearity becomes more significant, the linear
eigenstates might be qualitatively modified, as shown in Fig. 6(b).

Among various potential effects of the nonlinearity on DW enve-
lope evolution, it is particularly important to investigate if and how
nonlinearities affect the trajectory of the wavepacket, which could
qualitatively determine the radial extent of turbulence spreading. To
demonstrate the propagation of solitons, the spatial–temporal evolu-
tion of the fourth eigenstate is shown in Fig. 7(a), in which propagation
and collisions of solitons can be clearly observed. Since trajectories of
these solitons overlap with each other, the turning points for each
of them are difficult to determine. In order to observe the propagation
of a single soliton, soliton “C” labeled in Fig. 7(a) is, again, isolated by a
filter, following the same procedures as that in the former section. The
spatial–temporal evolution of the soliton C is shown in Fig. 7(b), where
the soliton is reflected back and forth between the turning points
located at6rtp, where the packet velocity vanishes.

By artificially changing the amplitude of the envelope C, the
dependence of the radial position of the turning point rtp on DW
amplitude (i.e., nonlinearity) can be obtained and is shown in Fig. 8. It
is found that, within realistically reasonable DW amplitudes, rtp is not
sensitive to the strength of the nonlinearity, i.e., the radial extent for
DW propagation is nearly the same as in the linear case. In the linear
limit, the WKB expression is given by Eq. (23), i.e.,

FIG. 5. The radial mode structure in both linear and nonlinear cases at t¼ 100 and
t¼ 200, with the envelope “B” of Fig. 2(a) giving as the initial condition. The blue
solid curve is the envelope “B,” the black and red dashed lines represent the linear
and nonlinear mode structures at t¼ 100, respectively, while, the black and red
solid lines represent those at t¼ 200.

FIG. 4. The dependence of the decay rate of the envelope on its amplitude, with
the triangle, circular and square symbols representing that for the initial width of
envelope being 10, 20, and 30. The blue dashed line is the separatrix of decaying
envelope and solitons.
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xþ sXðrÞ ¼ s2k2r (25)

and turning points are located at sXðrtpÞ ¼ �x. Assuming a constant
x, we obtain rtp as

rtp ¼ 6Lp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ln 1� sk2r0
� �q

: (26)

Here, kr0 ¼ x=s2 is the radial wavenumber at r¼ 0. It is obvious that
rtp is proportional to Lp, and increases with increasing kr0. The expres-
sion for rtp given by Eq. (26) can be examined numerically, and the
dependence of rtp on kr0 is shown by the blue solid and dashed curves
in Fig. 9(a), where theoretical and numerical values agree well with
each other.

That the wavepacket propagates, in the lowest order, as in the lin-
ear case, suggests taking the envelope as A ¼ ÂðT; nÞ expðiÐ rkrdr0
� ixtÞ, with krðrÞ satisfying the linear Eq. (25). The NLSE Eq. (16)
then becomes

@T � is2@2
n � iaÂ

2 þ s2@rkr � i xþ sXðrÞ � s2k2r
� �h i

Â ¼ 0;

(27)

which, for regions far from the turning points, can be solved perturba-
tively by expanding kr as kr ¼ k0 þ k1 þ k2 þ � � �, with k0 
 k1

 k2 
 � � �. Truncating the solution at the first order, the solution is
Â / 1=

ffiffiffiffiffi
k0

p
expðiÐ rk0dr0Þ, in which k0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=s2 þ XðrÞ=sp

, if it is
consistently assumed that the amplitude is sufficiently small that it
enters at second order in the perturbation expansion. It implies that, as
the wavepacket propagates away from local minimum of the potential
well, its amplitude can be amplified due to the radial variation of the
group velocity, i.e., the fourth term in the left hand side of Eq. (27) and
vice versa. While the trajectory of the envelope, rp ¼

Ð tvgdt0, is deter-
mined by k0, which is not affected by the nonlinearity in the weak
amplitude expansion defined above, consistent with Fig. 8.

TheWKB solution breaks down near the turning points, in which
the potential well can be expanded around the turning points, and Eq.
(27) can be reduced to

@T � is2@2
n � iaÂ

2 � is
@X
@r

Dr

� �
Â ¼ 0: (28)

Here, Dr ¼ r � rtp is the small deviation from the turning points.
Considering @2

n � 1=D2 � jÂj2 
 Dr ordering for solitons, with D
being the width of the wavepacket, Eq. (28) is essentially the NLSE in
the moving frame of the wavepacket. This implies that the evolution of

FIG. 7. (a) The spatial–temporal evolution
of the fourth order eigenstate, with the red
arrow pointing at the envelope “C.” Here,
Lp ¼ 100 and A0 ¼ 0:05. (b) The spa-
tial–temporal evolution of the envelope “C”
alone, whose extent of propagation is
bounded inside turning points indicated by
two red dashed lines.

FIG. 8. The dependence of rtp on the amplitude of soliton “C,” which is adjusted by
multiplying the original envelope with ratios.

FIG. 6. The spatial–temporal evolution of
the lowest eigenstate (‘ ¼ 0) of the non-
uniform plasma (a) without and (b) with
nonlinearity. Here, Lp ¼ 100; A0 ¼ 0:05
are used.
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the envelope is governed by the same equation as that in uniform plas-
mas, except for the reflection induced by the external potential
@X=@rDr, which can be neglected if the width of the wave packet is
smaller than the distance from the turning point. Note here that, the
turning points in this work is not the radial position where XðrÞ ¼ 0,
but is xþ sX ¼ 0, and x is essentially determined by kr0, i.e., the initial
velocity of the solitons. Above all, it is found that the trajectory and turn-
ing points of the envelope are determined by the system nonuniformity
via xþ sXðrÞ ¼ s2k2r , i.e., Eq. (25). Thus, in nonuniform plasmas, the
nonlinearity serves as a local potential well to balance the dispersiveness,
while the system nonuniformity serves as a global potential well, which
introduces extra trapping effect to the envelope and essentially deter-
mines the trajectory for envelope propagation. As a consequence, in
nonuniform plasmas, the threshold on the DW amplitude for soliton
formation could be lower than that in uniform plasmas.

There is another aspect to demonstrate the extra trapping effect
of DW by the nonuniformity. The bounce time, which is the period
required for the envelope to travel between two turning points
r ¼ �rtp and r ¼ rtp, is given by

sb ¼ 2
ðrtp
0

dr
vgðrÞ ; (29)

where vgðrÞ ¼ 2s2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2r0 � ð1� expð�r2=L2pÞÞ

q
is the group velocity of

the envelope. The dependence of sb on kr0 is shown by the red solid
curve in Fig. 9(a). It is found that for modes with kr0 � 0:5, after being
reflected by the turning points, these components with different kr0
will meet at r0 at almost the same time, though they have different
group velocities. The evolution of the envelope C in the absence of
nonlinearity is shown in Fig. 9(b), which can be compared with its
nonlinear counterpart in Fig. 7(b). It is observed in Fig. 9(b) that linear
dispersiveness dominates the mode dynamics in the beginning, and
then peaks emerge with time intervals Dt being about 162, which is the
sb corresponding to the envelope C with kr0 � 0:5. Thus, the linear
potential well introduced by the system nonuniformity has extra trap-
ping effect to the envelopes in the absence of nonlinearity, even though
the envelope C is not a linear radial eigenstate of the system. In fact, it
can be observed that the amplitude of peaks decreases each time they
emerge, because high-krmodes have larger bounce time; thus, they will
not collide at the same time. Here, it is worthwhile drawing a similarity
of this phenomenon with the spatial bunching of beam electrons in the
beam plasma system.34 Even in that case, in fact, the spatial bunching,
which is the counterpart of the amplitude peaking discussed here, is a
consequence of the “isochronism” in the particle (wavepacket)

oscillations. Above all, in nonuniform plasmas, the soliton forms as it
is trapped by the localized potential well induced by cubic nonlinearity.
Then, the soliton is reflected by the global potential well given by sys-
tem nonuniformity, suppressing the DW turbulence spreading into
the linearly stable region via soliton generation.

VII. CONCLUSION AND DISCUSSION

In this work, a paradigm model of drift waves (DWs) self-
regulation via the beat-driven zonal flow (ZF) is derived using nonlin-
ear gyrokinetic theory. The obtained nonlinear DW equation is a
nonlinear Schr€odinger equation (NLSE), in which the linear disper-
siveness, linear growth rate, plasma nonuniformity, and cubic nonline-
arity induced by the feedback of beat-driven ZF to DW are
self-consistently included. The NLSE is systematically investigated in
both uniform and nonuniform plasmas.

In uniform plasmas, soliton structures can form as DW ampli-
tude reaching the threshold for the cubic nonlinearity to balance the
linear dispersiveness, and, lead to turbulence spreading via convective
DW soliton propagation. The threshold for soliton formation is found
to be ed/n=Ti ’ 0:02, well within the experimentally relevant parame-
ter regime. As such beat-driven generation of ZF by DW turbulence is
universally observed in numerical simulations, it is of interest to fur-
ther investigate the soliton formation in simulations.

In nonuniform plasmas, the evolution of the corresponding linear
radial eigenstates is investigated. It is found that the extent for wave
propagation is not sensitive to either the existence or strength of the
nonlinearity, so in nonuniform plasmas, solitons cannot extend
beyond the range bounded by the turning points induced by plasma
nonuniformity. As a result, in realistic geometry with intrinsic plasma
nonuniformity, DW solitons can indeed form; however, it does not
further extend turbulence spreading to the linearly stable region.
Namely, the mechanism given in this work might contribute little to
the turbulence spreading in tokamak devices, where plasma nonuni-
formity is ubiquitous and separate the linearly stable to unstable
regions of DW turbulence. The plasma nonuniformity, however, can
slightly reduce the threshold on DW amplitude required for soliton
generation due to the additional trapping by the potential well intro-
duced by diamagnetic drift frequency or any other nonuniformity.

An important theoretical progress of this work is the gyrokinetic
description of beat-driven excitation of ZF by DWs, commonly
observed in numerical simulations, which is a significant component
of DW-ZF interactions. It is found that the beat-driven excitation of
ZF is through the nonlinear ion response to ZF induced by plasma
nonuniformity, in contrast to the radial envelope modulation for

FIG. 9. (a) The dependence of rtp and sb
on kr0, in which the blue solid curve and
blue crosses are the theoretical and
numerical values of rtp, respectively, corre-
sponding to the vertical axis on the left;
while, the red solid curve represents sb
given by Eq. (29), corresponding to the
vertical axis on the right. (b) The evolution
of the envelope “C” alone in the absence
of nonlinearity, with the red arrows repre-
senting the time and amplitude of the cor-
responding peaks.
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spontaneous excitation.10 This mechanism is, in fact, shown to be uni-
versal and has been recently discussed in Ref. 35, where the concept of
zonal state (ZS)36,37 was introduced as the self-consistent plasma equi-
librium that is formed due to the excitation of ZF by plasma self-
interactions and of their corresponding counterpart in the phase space,
i.e., the phase space zonal structures (PSZS).38 Specific applications are
given, e.g., in the ZF beat driven by the toroidal Alfv�en eigenmode in
nonuniform plasmas39 to investigate the effects of ZF on the Alfv�en
eigenmode nonlinear saturation and indirect effects on DW stability
via beat-driven ZF mediation. Further analyses of these nonlinear
interactions leading to self-consistent structure formation and corre-
sponding results will be presented in future publications.
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