"
0
O
c
©
>
©
<
=
<

RESEARCH ARTICLE | FEBRUARY 22 2024
Modeling Fermi energy, free-carrier density, and resistivity in

degenerate n-Ge

Luigi Abenante & ©

’ '.) Check for updates ‘

AIP Advances 14, 025141 (2024)
https://doi.org/10.1063/5.0163730

AIP Advances

&

View
Online

‘
Export
Citation

Special Topics Now Online

Learn More

L

==

AIP
Publishing

St:97'80 5202 Jequiaides €0



AIP Advances ARTICLE

pubs.aip.org/aip/adv

Modeling Fermi energy, free-carrier density,
and resistivity in degenerate n-Ge

Cite as: AIP Advances 14, 025141 (2024); doi: 10.1063/5.0163730 @ Iﬁ @

Submitted: 21 June 2023 + Accepted: 25 January 2024

Published Online: 22 February 2024

View Online Export Citation CrossMark

Luigi Abenante”

AFFILIATIONS

ENEA, Italian National Agency for New Technologies, Energy and Sustainable Economic Development, Roma, Italy

2 Author to whom correspondence should be addressed: clovoclodo@gmail.com

ABSTRACT

A new expression for Fermi energy vs doping is derived using the standard model for free carriers in n-type semiconductors. The new
expression is composed of the Fermi energy in non-degenerate semiconductors, a doping function for bandgap narrowing (BGN), and an
adjustable energy variation. In non-degenerate semiconductors, the new expression is equivalent to the standard Boltzmann expression.
Calculated curves of Fermi energy are assigned in the Fermi-Dirac expression for the donor ionization ratio, and reported data of elec-
tron density and resistivity measured in heavily doped n-Ge layers are fitted. Five reported doping functions for BGN are used. One of the
BGN functions allows modeling frustrated incomplete ionization. Another allows modeling bandgap widening.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0163730

I. INTRODUCTION

Availability of curves of free-carrier density, n, as a function
of variables, such as doping density, N, temperature, and energy,
is a precondition for the modeling and simulation of semiconduc-
tor devices. A standard model to calculate # as a function of N has
been derived by combining Fermi-Dirac (FD) and Boltzmann (B)
statistics.” In particular, the curve of Fermi energy, Er, calculated at
B statistics is substituted in the FD expression for the donor ioniza-
tion ratio, n/N. In electronics, n-Ge layers are used,”” where n ~ N is
measured’ ° at high doping values (N > 10" cm™?). In highly doped
semiconductors, the standard model calculates n << N (Refs. 8-10).
In these cases, full ionization (n = N) is imposed at any N-value’ or
the standard model is parameterized such that incomplete ionization
is frustrated at dopings higher than the Mott concentration.”* '’ The
latter approach reduces to the former at high dopings.

In the present work, we show that the standard model fails in
calculating # in heavily doped semiconductors because it neglects
heavy-doping effects. We calculate, in fact, n(N)-curves that agree
with measurements at all dopings by assigning a new expres-
sion to Er, where bandgap narrowing (BGN) is included together
with a variation of conduction band, AEc. The new expression
is derived by exploiting the standard model. BGN is commonly
used to model heavy-doping effects."” "> We assume AEc = BGN
in non-degenerate semiconductors and AEc # BGN in degenerate

semiconductors. In the latter case, BGN is assigned an N-function
and AEc is considered as an adjustable parameter independent of
N. Data of n and resistivity measured in five reported sets of n-Ge
layers* """ are fitted. Five reported doping functions for BGN'*""”
are used. One of the BGN functions'® provides n(N)-curves that sim-
ulate frustrated incomplete jonization® at high dopings. Another'’
allows detecting possible bandgap widening in Sb:Ge and a set of
P:Si layers.” In the new model for Er(N), the standard Er(N)-curve
is included. Calculating the standard n(N)-curve in non-degenerate
n-Ge is consequently necessary. In this work, a calculation approach
is adopted, where  is a fraction of active dopant density.""

Il. DERIVATION

Free-carrier density, n, in n-Ge can be calculated with the
Fermi-Dirac (FD) expression for the ionization ratio, #/N, in n-type
semiconductors,

n 1
N T Ui g exp[(Bo— En)JKIT W

where g is the degeneracy factor, Ep is the dopant energy, k is the
Boltzmann constant, and T is the temperature. With N¢ being the
effective density of states in the conduction band and Ec being
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FIG. 1. The standard n(N)-curve for n-Ge (black full line) calculated with (3) accord-
ing to Ref. 10. Experimental data (symbols), n(N)-curves at full ionization, and
standard curves of Er—E vs N calculated with (2) are also shown.

the energy at the bottom of the conduction band, substituting the
Boltzmann (B) expression for Fermi energy, Er,

EF=kT1n(NiC)+EC, @)
in (1) yields
n n
Z 1= ,
N = s gNe exp [(Eo — Ec)KT] 3)

which is the aforementioned standard model for n in n-type
semiconductors. The standard n(N)-curve calculated in n-Ge at
Nc = 1.04 x 10" cm™ and Ep = —12 meV with (3) according
to Ref. 10 is shown in Fig. 1 with a black full line together with
experimental data (symbols), n(N)-curves at full ionization (dashed
lines), and standard curves of Er—Ec vs N calculated with (2) using
calculated and measured values of #n. As can be seen, at high dop-
ings, (3) calculates n <« N.2%19 Ag aforementioned, n ~ N can
be obtained by imposing full ionization at all dopings or reducing
the occupation probability of Ep in (3) at dopings higher than the
Mott concentration, " '’ which is equivalent to imposing frustrated
incomplete ionization.* The latter approach converges to the former
at heavy dopings.

At heavy dopings, heavy-doping effects may prevent full ion-
ization. Heavy doping effects are usually modeled with functions for
bandgap narrowing, BGN.'*"* BGN is defined as BGN = Ec — E,
with Eco being a reference energy. Adding and subtracting
Ecoin (2) gives

n
Er = -BGN + kT ln(—
N

- ) + Ecp. (4)

Ecyp can be written as Eco = Ec + AEc, where AEc is a variation of
Ec. We obtain

Er = ~BGN + AEc + Ec + kT 1n(Nl), (5)
C

where (2) is included. Equation (5) is the new expression for Er(N)
presented in this work. We assume that (5) is rigorously equivalent

pubs.aip.org/aip/adv

to (2) in non-degenerate semiconductors. Non-degenerate semicon-
ductors can be so defined as semiconductors, where BGN = AEc.
The remaining semiconductors are degenerate. In this case, both
BGN and AEc can be used as adjustable parameters or can be
assigned a doping function. Nothing prevents BGN and AEc in (5)
from being assigned negative values. Due to the definition of BGN,
assigning a negative value to BGN is equivalent to assigning bandgap
widening.

lll. APPLICATION

The following BGN(N)-functions for n-Ge are assigned in (5):

The linear function:'> BGN = 0.013 + 10*! x N.

The minimum function:'> BGN = 8.15 x (N/10'®)"* + 2.03
x (N/10'8)2,

The function of Jain and Roulston [Eq. (12), Ref. 13]:

183 A 0. 1.57 Runi
BGN:R[ 83 95 5( m)] ©

T NPl T N2 TR
where N, = 4, A = 0.84, R = 12.6 meV, Ryiy = 11.2 meV, and
re = [3/(4nN)]"?/37.1 x 107°.

The function of Xu et al.:"* BGN = 16(N/10")%,

The function of Van Cong;'*

3 3 sz 3/2 0.2998
BGN = 20995 x 1 [N - 2 (3¢ +n;|/10" . )
4\ 2E.ax

where & = N/N¢, E, = 2.65 meV, the intrinsic concentration in Ge
n; = 10" cm™>, and a, = 177 x 10~ cm. The five BGN functions are
graphed in Fig. 2.

Four sets of n(N)-data measured in highly doped P:Ge"’ and
Sb:Ge™° are shown in Figs. 1, 4, and 5 with symbols. The values in
Sb:Ge from Ref. 5 (light and dark green circles) are relevant to two
different measurements of N. The values in P:Ge from Ref. 7 (cyan
triangles) are relevant to two sets of samples. The shown n(N)-data
are measured with infrared spectroscopic ellipsometry.” The val-
ues of Sb:Ge from Ref. 6 (red circles) are relevant to two samples,
in one of which n depends on the film thickness. The maximum
n-value is attributed to this sample. Experimental values of Er-Ec

AL AL AL A D D A
10 F — Jain-Roulston™
[ Chi Xu etal."
~ —Van Cong15
x —— minimum"?
Z — linear™
2 1t :
Q -
Q
300 °K
10"

N [cm®]

FIG. 2. The five BGN-functions used in the present work.
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FIG. 3. Curves of Er—E¢ vs N calculated in this work with (5) (black and green
lines) are shown together with the used BGN functions'® (dashed lines) and
experimental values calculated with (8) (symbols) using measured n(N)-values.

vs N can be obtained by assigning the measured values of N and # in
the expression for Er implied by (1),

Ep = Ep— kT 1n[;(N" )] (®)

—-n

The five functions plotted in Fig. 2 are assigned to BGN in
(5), and (5) is assigned in (1) to fit at 300 °K the aforementioned
four sets of n data by adjusting AEc. The curve of EF—Ec vs N cal-
culated with (5) using the BGN function of Jain and Roulston'’ is
shown in Fig. 3 (full black line) together with experimental values of
Er-Ec vs N calculated with (8) (symbols), the curve of BGN (dashed
line), and the fit-value of AEc. Calculated n(N)-curves (lines) are
shown in Fig. 4 together with the n data (symbols) and the fit-values
Of AEc.

A curve of Ep-Ec vs N calculated with (5), where the BGN
function of Jain and Roulston'” is assigned negative sign, is shown
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FIG. 4. Measured data of n in n-Ge (symbols) and fit-curves (lines) calculated
with (1) using (5) to calculate Fermi energy. The BGN-functions*’ in Fig. 2 are
assigned to BGN in (5). The listed values are assigned to AE¢.
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FIG. 5. n(N)-data measured in n-Ge layers (symbols) and fit-curves (lines) cal-
culated with (1) using model (5) for Fermi energy, where BGN is assigned the
Jain-Roulston BGN-function'® with negative sign.

in Fig. 3 together with the experimental values of Er—Ec vs
N (symbols), the curve of BGN (dashed line), and the fit-value of
AEc. Using this curve in (1) gives the green-line n(N)-curve shown
in Fig. 5, which fits Sb:Ge data from Refs. 5 and 6. The remaining
n-data in Fig. 5 are fitted by two n(N)-curves (orange and cyan lines)
calculated with the negative Jain-Roulston'’ function at different

AEc-values.

IV. DISCUSSION

In the application of model (5), AEc has been considered as an
adjustable parameter. This is because BGN-functions give, in gen-
eral, negligible values at low dopings so that Er in this case tends
to a constant value and (1) tends to a straight line, modeling full
ionization at low dopings.

Based on a reported parameterization of (3), 489 frustrated
incomplete ionization has been predicted” in n-Ge layers at N > 2.6
x 10" ¢m™, which is the Mott concentration in n-Ge. Frustrated
incomplete ionization can be simulated with the model presented in
this work by assigning the Van Cong'® function (7) to BGN in (5),
as can be seen in Fig. 4 (red line).

Comparing the curves of Er—Ec vs N and n(N) calculated with
the Jain-Roulston" function for BGN with positive and negative
sign, which are reported in Figs. 3-5, leads to the conclusion that,
in the case of the Jain-Roulston BGN function, the two modeling
approaches are comparable in terms of fitting capability. In partic-
ular, the data in P:Ge from Ref. 7 (Cyan triangles), which are very
scattered, and the two data in Sb:Ge from Ref. 6 (red circles) can only
be fitted with a single curve using the negative BGN-function (green
line), as can be seen in Figs. 3 and 5. Most of the data from Refs. 4
and 5 are instead fitted using the positive BGN-function (black line),
as can be seen in Figs. 3 and 4. A further comparison can be made
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FIG. 6. Measured p(N)-data®>"!" (symbols) and p(n)-curves obtained by assign-
ing calculated n(N)-curves in the empirical expression for p of Cutriss.'®
Assignments to the Cuttriss parameters and BGN are reported.

by assigning the calculated n(N)-curves in the Cuttriss'® empirical
expression for resistivity, p(n),

p=n""/B, 9)

where « and B are adjustable parameters. All the n(N)-curves in
Fig. 4 and two n(N)-curves in Fig. 5 (green and cyan lines) are
assigned in (9). Results are shown in Fig. 6 (lines), where they are
compared to measured values™”"!"! (symbols). As can be seen, all
BGN functions allow fitting measured data to some extent, In partic-
ular, the curves calculated using the BGN-function of Jain-Roulston
with negative sign (green and cyan lines). The p(n)-data from
Ref. 7 (cyan triangles) can only be fitted by using one of these n(N)-
curves (cyan line—AEc = —6 kT). The other of these p(n)-curves
(green line—AEc = -9.4 kT) fits accurately nearly all the p(n)-data
in Sb:Ge. As aforementioned, the corresponding n(N)-curve in Fig. 5
(green line) fits nearly all the n(NN)-data measured in Sb:Ge. We con-
clude that in the set of P:Ge layers from Ref. 7 and in Sb:Ge, bandgap
widening is to be expected.

From the fits in Fig. 6, one can observe a reverse dependence
of p on n. This dependence has not been observed before due to the
lack of continuous n(N)-functions, such as those calculated in this
work. Cuttriss'® did not use a continuous single function to fit the
data with (9) but rather successive contiguous functions of N with
different assignments to « and B in different doping ranges.

V. CONCLUSIONS

A new expression for Fermi energy vs doping, where heavy
doping effects are considered, has been derived in this work from

ARTICLE pubs.aip.org/aip/adv

the standard model for free carriers in n-type semiconductors.
Curves of Fermi energy vs doping calculated with the new expres-
sion have been assigned in the Fermi-Dirac expression for the
donor ionization ratio, and data of electron density and resistiv-
ity measured in highly doped n-Ge, which cannot be fitted with
previous models, have been fitted. The new approach to calculate
the Fermi energy and free-carrier density in n-Ge is then free from
the limitations affecting previous approaches. Such limitations are
due to the fact that previous models do not consider heavy-doping
effects. Thanks to one of the five reported functions for bandgap
narrowing that have been used in this work, the new expression can
model frustrated incomplete ionization at high dopings. Thanks to
another reported bandgap narrowing function, it can detect bandgap
widening.
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