


F. A. N. Palmieri et al.: Unifying View of Estimation and Control Using Belief Propagation With Application to Path Planning

of scenarios whenever one has a stochastic model and the goal
is to achieve a set of objectives by optimizing a cost function
defined in probabilistic terms. In this paper, to better visualize
the differences and the commonalities among the various
methods, we have taken a classic path planning problem as a
typical use case: an agent needs to navigate in a complex and
uncertain scenario basing its actions on its best inference of
the environment to reach a goal subject to spatial constraints.

It is largely agreed that intelligent planning, involves
an agent taking a sequence of actions on the basis
of its best estimate of the future. This is clearly the
hallmark of Dynamic Programming (DP) algorithms for
Markov Decision Processes (MDP) and Partially-Observable
Markov Decision Processes (POMDP) [15], [16]. Indeed,
in DP, an agent acts optimally using a value function
back-propagated from the hypothetical future. Similarly,
however, in an estimation context, a best-path search can
be seen as a Maximum A Posteriori (MAP) solution in a
stochastic dynamic model where the start (initial) state and
goal (end) state are constrained [17]. This suggests that the
two approaches can be viewed under a unified framework
and that some of the powerful estimation techniques based
on probability propagation on graphs, may provide an ideal
way for combining the two disparate approaches and for
leading to new generalizations. In this paper, we review
the most popular algorithms as they translate into messages
in probability and in log-probability spaces. We show how
the unifying framework allows us also to derive original
parametric extensions that provide the designer with a whole
suite of new algorithmic options.

A. THE PROBABILITY GRAPHS
In this work, we use directed Factor Graphs (FG), that
assign variables to edges and factors to interconnected
blocks. Message propagation in FG is more easily handled
in comparison to propagation in graphs in which the
variables are in the nodes [18]. In a FG, messages propagate
through a block diagram, where each block’s function is
defined independently. Further reductions on the burden of
defining message composition rules can be achieved using
Factor Graphs in normal form (FGn), first proposed by
Forney [19], [20]. In fact, a FGn conveniently includes
junction nodes (equality constraint nodes) that split incoming
and outgoing messages when variables are shared bymultiple
factors. We have proposed a small modification to the FGn
in our Factor Graph in reduced normal form (FGrn) [21]
by including shaded blocks that map single variables to
joint spaces. In a FGn, when a variable has more than
one parent, proper forward and backward messages must
go through the parents’ joint space (married parents). In a
FGrn instead, the shaded blocks describe this passage and
allow a unique definition of message propagation rules
through Single-Input/Single-Output (SISO) blocks. Since,
in the standard Sum-product algorithm, backward propaga-
tion through shaded blocks corresponds to marginalization,
we show in this paper how this operation can be re-defined

and how it may be mapped to different estimation/control
algorithms. Computational complexity issues for some FGrn
architectures are addressed in [22].We confine ourselves here
to discrete variables, even if factor graphs that propagate
continuous distributions are possible and may be devised also
for path planning. Gaussian messages are introduced in [23]
and have been used for Kalman filter-based tracking in [24]
using FGrn. This issue will not be addressed here and will be
the subject of a future work.

B. THE PATH MODELING PROBLEM
We have proposed in some of our previous works various
techniques for modeling the motion behaviors of pedestrians
and ships [25]–[29]. More recently, while experimenting
with probability propagation in path planning problems [30],
we came to realize that the probabilistic algorithms may
be the most promising approaches for agile modeling of
intelligent agent motion in complex scenes. This led to the
development of the unified belief propagation framework for
estimation and control discussed in this paper.

We assume here that the system’s stochastic transition
function is known and that both the state and the action
spaces are discrete finite sets that can be handled with
tabular methods. Extensions to continuous spaces can be
considered with approximations to the value function, but
they will not be addressed here. Also, we do not address
learning here, because we believe that a unified view
on the various cost functions and recursions with known
stochastic system dynamics should be the first step in
trying to understand the more challenging Reinforcement
Learning (RL) [31] adaptation rules. In this paper, standard
probability message propagation, such as the Sum-product
and the Max-product algorithms [32], are compared to DP
using a unified view, together with other methods based
on joint Reward/Entropy maximization [3], [6], [33]–[35].
To our knowledge, no comprehensive comparison exists in
the literature, and our contribution aims at providing the
reader with a ready-to-use suite of known algorithms and
their original extensions, all derived within the unifying
framework presented here.

C. OUR CONTRIBUTIONS
The main contributions of this paper can be summarized as
follows:
• The path planning problem is mapped to a Factor
Graph in reduced normal form. Various algorithms,
such as the Sum-product, the Max-product, DP and
Reward/Entropy maximization (the latter is related to
structural variational inference), are included in our
framework, both in probability and in log spaces.
We show that all these algorithms are derived using
different cost functions, but they all correspond to
specific propagation rules through some of the FGrn
blocks.

• Q-functions and V-functions are generalized in
the log-probability space for all the algorithms.
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FIGURE 4. Max policy direction for the various algorithms (right column). At the top of each figure are also reported the number of iterations necessary to
reach a steady-state value function (on the left columns the numerica values). The lowest right plot shows the value function increments as the iterations
progress towards steady-state.
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FIGURE 5. Max policy direction for the various algorithms (right column). At the top each figure are also reported the number of iterations necessary for
the value function to reach its steady-state configuration.

VOLUME 10, 2022 15207



F. A. N. Palmieri et al.: Unifying View of Estimation and Control Using Belief Propagation With Application to Path Planning

FIGURE 6. Numerical visualization of the value function for the various algorithms.
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FIGURE 7. 3D plots of −VSt
(st ) for the various algorithms.

factor 0 < γ ≤ 1 to the optimized functions and then to
the updates. For example, the standard DP updates, in both
spaces become

Q(StAt )1 (stat ) = log p(at )+ R(stat )

+ γ
∑
st+1

p(st+1|stat )VSt+1 (st+1),

b(StAt )1 (stat ) = p(at )c(stat )e
γ
∑

st+1
p(st+1|stat ) log bSt+1 (st+1).

Also, for the Sum-product, we have

Q(StAt )1 (stat )

= log p(at )+R(stat )+γ log
∑
st+1

elog p(st+1|stat )+VSt+1 (st+1)

In general, even if γ = 1, the backward recursions can
be run to verify that a steady-state configuration for the
Q, the V -function and the policy π∗ can be found. The
analysis of the mathematical conditions for convergence are
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APPENDIX A SOFT-MAX FUNCTIONS
We review here some of the soft-max functions that are used
in the recursions discussed in the paper. For all the functions,
we consider the ranked set of real numbers x1, x2, . . . , xN ,
with x1 ≤ x2 ≤ · · · ≤ xN .
Theorem 1: Consider the following expression

s(x1, . . . , xN ) = log
N∑
j=1

exj .

This function has the property that when xN � xN−1,
s(x1, . . . , xN )→ max(x1, . . . , xN ) = xN .

Proof: The function can rewritten as

s(x1, . . . , xN ) = log
(
ex1 + ex2 + · · · + exN

)
= log exN

(
ex1−xN + ex2−xN + · · · + 1

)
When xN is large, the differences also become large negative
numbers. Therefore, the first N − 1 terms inside the
parenthesis tend to zero and s(x1, . . . , xN )→ xN .

Theorem 2: A parameterized soft-max function can be
defined as the expression

g(x1, . . . , xN ;α) =
1
α
log

N∑
j=1

eαxj

where α ≥ 1. This function has the property that

lim
α→∞

g(x1, . . . , xN ;α) = max(x1, . . . , xN ) = xN .

Proof: The function can be bounded as

1
α
log eαxN ≤ g(x1, . . . , xN ;α) ≤

1
α
logNeαxN ,

xN ≤ g(x1, . . . , xN ;α) ≤
logN
α
+ xN ,

that for α→∞ achieves the maximum xN . Note that for α >
1, from the bound, the soft-max always exceeds themaximum
value, i.e., tends to xN from the right.
It is useful to look at the expression when 0 < α < 1.

∑
s1...s4

∑
a1...a4

p(s1)πα(a1|s1)p(s2|s1a1)πα(a2|s2)p(s3|s2a2)πα(a3|s3)p(s4|s3a3)πα(a4|s4)[
R′(s1a1)−

1
α
logπα(a1|s1)+ R′(s2a2)−

1
α
logπα(a2|s2)+ R′(s3a3)−

1
α
logπα(a3|s3)+ R′(s4a4)−

1
α
logπα(a4|s4)

]
,

(11)

1
α

∑
s4

p(s4|s3a3)


∑
a4

πα(a4|s4)αR′(s4a4)+

H(πα(a4|s4))︷ ︸︸ ︷∑
a4

πα(a4|s4) log
1

πα(a4|s4)︸ ︷︷ ︸
V (s4)


︸ ︷︷ ︸

Q(s3a3)

1
α

∑
s3

p(s3|s2a2)


∑
a3

πα(a3|s3)(αR′(s3a3)+ αQ(s3a3))+

H(πα(a3|s3))︷ ︸︸ ︷∑
a3

πα(a3|s3) log
1

πα(a3|s3)︸ ︷︷ ︸
V (s3)


︸ ︷︷ ︸

Q(s2a2)

1
α

∑
s2

p(s2|s1a1)


∑
a2

πα(a2|s2)(αR′(s2a2)+ αQ(s2a2))+

H(πα(a2|s2))︷ ︸︸ ︷∑
a2

πα(a2|s2) log
1

πα(a2|s2)︸ ︷︷ ︸
V (s2)


︸ ︷︷ ︸

Q(s1a1)

1
α

∑
s1

p(s1)


∑
a1

πα(a1|s1)(αR′(s1a1)+ αQ(s1a1))+

H(πα(a1|s1))︷ ︸︸ ︷∑
a1

π(a1|s1) log
1

πα(a1|s1)︸ ︷︷ ︸
V (s1)

 . (12)
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the optimal policy distribution π∗(a1|s1) ∝ eQ(s1a1)/eV (s1).
Therefore, the recursions at a generic time step t are

Q(StAt )1 (stat ) = log p(at )+ R(stat )

+

∑
st+1

p(st+1|stat )VSt+1 (st+1),

VSt (st ) =
1
α
log

∑
at

eαQ(St At )1
(stat ),

with the optimal policy distribution:

π∗(at |st ) ∝ eQ(stat )−V (st ).

1
α

∑
s4

p(s4|s3a3)

[∑
a4

πα(a4|s4)
(
αR′(s4a4)− logπα(a4|s4)

)]

=
1
α

∑
s4

p(s4|s3a3)

∑
a4

πα(a4|s4)

log
eαR

′(s4a4)

πα(a4|s4)

∑
a′4
eαR

′(s4a′4)∑
a′4
eαR

′(s4a′4)



=
1
α

∑
s4

p(s4|s3a3)

−DKL

πα(a4|s4)
∥∥∥∥∥∥ eαR

′(s4a4)∑
a′4
eαR

′(s4a′4)

+ log
∑
a′4

eαR
′(s4a′4)

︸ ︷︷ ︸
eαV (s4)


=

∑
s4

p(s4|s3a3)

[
−DKL

(
πα(a4|s4)

∥∥∥∥∥eαR
′(s4a4)

eαV (s4)

)
+ V (s4)

]
. (13)

1
α

∑
s3

p(s3|s2a2)

[∑
a3

πα(a3|s3) (αQ(s3a3)− logπα(a3|s3))

]

=
1
α

∑
s3

p(s3|s2a2)

∑
a3

πα(a3|s3)

log
eαQ(s3a3)

πα(a3|s3)

∑
a′3
eαQ(s3a

′

3)∑
a′3
eαQ(s3a

′

3)



=
1
α

∑
s3

p(s3|s2a2)

−DKL

πα(a3|s3)
∥∥∥∥∥∥ eαQ(s3a3)∑

a′3
eαQ(s3a

′

3)

+ log
∑
a′3

eαQ(s3a
′

3)

︸ ︷︷ ︸
eαV (s3)


=

1
α

∑
s3

p(s3|s2a2)
[
−DKL

(
πα(a3|s3)

∥∥∥∥eαQ(s3a3)eαV (s3)

)
+ αV (s3)

]
. (14)

1
α

∑
s1

p(s1)

[∑
a1

πα(a1|s1) (αQ(s1a1)− logπα(a1|s1))

]

=
1
α

∑
s1

p(s1)

∑
a1

πα(a1|s1)

log
eαQ(s1a1)

πα(a1|s1)

∑
a′1
eαQ(s1a

′

1)∑
a′1
eαQ(s1a

′

1)



=
1
α

∑
s1

p(s1)

−DKL

πα(a1|s1)
∥∥∥∥∥∥ eαQ(s1a1)∑

a′1
eαQ(s1a

′

1)

+ log
∑
a′1

eαQ(s1a
′

1)

︸ ︷︷ ︸
eαV (s1)


=

1
α

∑
s1

p(s1)
[
−DKL

(
πα(a1|s1)

∥∥∥∥eαQ(s1a1)eαV (s1)

)
+ αV (s1)

]
, (15)
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