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ABSTRACT
Nonlinear optical interactions are usually understood diagrammatically to sift only those contributions to the dielectric suscepti-
bility that matter most to the signal being measured. Here, we review the main techniques of diagrammatic perturbation theory 
(i.e., double-sided Feynman diagrams, Liouville pathways, and Albrecht notation) that make use of the semiclassical approxima-
tion. A brief mention of other recent diagrammatic proposals is also made. The limitations of such approaches are discussed in 
view of a fully quantum-mechanical treatment of optical interactions. It is then suggested that the limitations of the conventional 
approaches can be overcome by a field-type modification of the Albrecht notation that combines the simplicity of the energy-level 
representation with the wealth of information provided by more elaborated diagrams (namely, double-sided Feynman diagrams 
and Liouville pathways). Rules to replace the Albrecht notation with the matter field representation are given, and instructive 
examples are illustrated for Raman spectroscopy.

1   |   Introduction

The success of diagrams in physics comes from the power of im-
ages. In comparison with the analytic understanding of physics 
(i.e., exclusively based on math models), diagrams capture the es-
sence of physical processes in a snapshot. One instructive example 
is the use of Feynman diagrams to speed up many difficult cal-
culations of quantum field theory [1]. In close relation with this 
paradigmatic example, a variation of the Feynman diagrams has 
become popular in the application of perturbative methods to 
the calculation of any specific order of the density matrix whose 
elements solve the modified Liouville-von Neumann equation. 
The resulting diagrammatic approach takes advantage of the so-
called double-sided Feynman diagrams (DSFDs) [2, 3]. The name 
comes from the graphic visualization of the two sides (i.e., bra and 
ket) of the density matrix in the perturbative regime. In addition 
to DSFDs, nonlinear optical interactions responsible for energy 
exchange between electromagnetic fields and molecules can be 
equally pictured by means of other diagrammatic techniques, 

namely, the method of Liouville pathways [2] and the energy lad-
der scheme, also known as Albrecht notation [4]. The former is an 
alternative diagrammatic approach where light–matter interaction 
creates pathways in a lattice made of all the possible combinations 
between bra and ket molecular states. The latter is an attempt at 
encoding the elaborate density matrix formalism into simpler en-
ergy ladder schemes.

In this paper, we briefly review the abovementioned techniques 
(note that we have no knowledge of existing reviews on the sub-
ject). After illustrating their use in avoiding cumbersome calcu-
lations, we highlight the main limitations of such techniques. 
We propose that the simplicity of energy ladder schemes can be 
extended to the description of optical interactions at the level of 
matter fields rather than of the energy they carry.

The work is organized as follows. First of all, in Section 2, the 
main diagrammatic techniques are reviewed in a fashion that 
is accessible to readers that are less familiar with diagrammatic 
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perturbation theory (DPT). Some recent suggestions of alterna-
tives to conventional diagrams are also discussed in that section. 
After this preparatory material, Section  3 motivates our sug-
gestion of the new diagrammatic scheme laid out in Section 4. 
Conclusions are in Section 5.

2   |   Review of DPT

DPT of optical interactions is the outcome of several attempts made 
over decades of research on how to simplify the involved structure 
of the nonlinear dielectric susceptibility. To illustrate the difficulty 
in handling nonlinear optical interactions, it suffices to recall that 
the complete expression of the susceptibility up to the third order 
is made of tens of terms. For example, 48 terms cover the whole set 
of third-order contributions. Given this complexity, diagrammatic 
approaches are of assistance to sort out only those terms that are 
relevant to the specific interaction. Examples are given below.

The first suggestion of optical diagrams was made by Ward in 
1965 who had the idea of adjusting the Feynman diagrams of 
quantum field theory to the physical constraints of molecular 
interactions [5]. The idea was based on the perturbative repre-
sentation of the molecular state ∣ 𝜓 >

where ∣ g > is the ground state and G is the Green operator 
that propagates the state after the electric dipole interaction 
H′. In turn, the perturbative expansion of the polarization 
P = < 𝜓|er|𝜓 > results from all the possible combinations of 
Equation  (1) (i.e., the ket expansion) and its Hermitian con-
jugate < 𝜓 ∣ (i.e., the bra expansion). For example, the case of 
second-harmonic generation (SHG) can be found thus after in-
troducing the closure condition 

∑
n ∣ n > < n ∣ = 1 valid for the 

whole set of eigenstates ∣ n >. The fundamental contribution 
< g

|||H
�G†|||n

� > < n�|er|n > < n||H
�G||g > to the SHG polariza-

tion P can be diagrammatically sketched as shown in Figure 1. 
The horizontal line represents the evolution of the molecular 
state that, starting from the ground, goes back to it after the 
transitions ∣ g > → ∣ n >, ∣ n > → ∣ n� >, and ∣ n� > → ∣ g >. 
Downward arrows specify the action of the perturbation. The 
upward arrow describes the final SHG polarization. Other non-
linear optical phenomena are diagrammatically represented in 
Ward [5], as well.

It took a while for Ward's idea to be acknowledged. However, 
some issues of his basic approach are immediately recogniz-
able. The most evident shortcoming is the missing distinction 

between bra and ket states. Furthermore, the final emission is not 
time ordered, and its either positive or negative sign is not linked to 
the arrow direction. These issues were solved by the slow adoption 
of the two-sided variant of the Feynman diagram (see Section 2.1), 
yet single-line diagrams survived for some time. The most evident 
example is reported in the celebrated book by Yariv [6]. Note that 
in the example of the two-photon process (see figure 3.2 in Yariv's 
text [6]), the energy scheme accompanies the Feynman diagram. 
The additional recourse to the energy scheme has become a com-
mon practice in DPT approaches, and nowadays, many publica-
tions report both diagrammatic representations. This suggests 
that a complete description of nonlinear optical processes requires 
the information provided by both energy diagrams and other di-
agrams drawn according to more sophisticated DPT techniques.

2.1   |   DSFDs

The elegant suggestion of DSFDs came out in the wake of Ward's 
ideas. It was brought forth in 1976 by Bordé [7], and for this reason, 
DSFDs were initially recognized as Bordé diagrams [8]. Soon, dif-
ferent conventions concerning the rules for drawing DSFDs were 
formulated [9–15]. By the mid 80′, this diagrammatic technique 
was finally mature and acknowledged in nonlinear optics [16].

The key feature of DSFDs is that they reproduce the structure 
implied in the calculation of the density matrix, whose ele-
ments are 𝜌nm = < n||�𝜌||m > with �̂ the density operator [2, 3]. 
The elements satisfy the relaxed Liouville-von Neumann 
equation iℏ

.
𝜌nm =

[
�H,�𝜌

]

nm
− 𝛾nm

(
𝜌nm − 𝜌

eq
nm

)
 that includes a 

phenomenological damping term. Given the structure of �nm, 
bra and ket states undergo changes that are marked on a pair 
of Feynman diagrams drawn vertically. One vertical segment 
relates to the ket branch of the density matrix, whereas the 
other stands for the bra side. Time goes upward. Lines or ar-
rows intersecting the diagram depict the fields. Points of inter-
sections with the vertical bra and ket segments define events 
of light–matter interaction.

An example of DSFDs is shown in Figure 2. It portrays a contri-
bution to stimulated Raman gain scattering (SRGS) via an R3 re-
sponse function (i.e., time-ordered bra/bra/ket interactions) and 
illustrates the four possible dipole interactions that are common 
to other possible time orderings.

More in detail, absorption is designated by means of an arrow 
pointing inward. Stimulated emission, much intuitively, is rep-
resented as an outward arrow. The arrows pointing to the right 
play the role of regular complex-valued fields. Those pointing to 
the left define the conjugate fields. Based on such simple rules, 
the first arrow appearing on the ket side of Figure 2 (third event 
on the time axis) describes the typical electric dipole coupling 
�ln ⋅ Eq exp

(
ikq ⋅ r − i�qt

)
 between the dipole matrix element �ln 

and the electric field in the 
(
kq,�q

)
 mode. The other couplings 

contain, at least, one conjugate element (denoted by the aster-
isk). They are summarized as follows. The first interaction in 
time is again an absorption (incoming arrow on the bra side) 
whose coupling is �∗

ln
⋅ E∗

p exp
(
−ikp ⋅ r + i�pt

)
 between the con-

jugate of the dipole element �ln and the conjugate of the field 
Ep exp

(
ikp ⋅ r − i�pt

)
 in the 

(
kp,�p

)
 mode. On the contrary, the 

(1)|||𝜓 > =
(
1 + GH� + GH�GH� + GH�GH�GH� + …

)|||g >

FIGURE 1    |    Ward's representation of one diagrammatic contribu-
tion to the SHG susceptibility [5].
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second interaction on the time axis is an emission on the bra 
side and determines the coupling �∗

nm ⋅ Er exp
(
ikr ⋅ r − i�rt

)
. 

The final emission gives a contribution to the total scattered sig-
nal and arises from the coupling �nm ⋅ E∗

s exp
(
−iks ⋅ r + i�st

)
 on 

the ket side. Given the relevant role of the scattered signal in the 
actual optical measurement, a wavy line is chosen to remark the 
final emission. Note that, between two consecutive interactions, 
the molecule evolves freely under the effect of the unperturbed 
Hamiltonian.

Following the rules outlined above, we can write an explicit 
formula to compute the susceptibility. To do so, some further 
criteria are, however, needed. Importantly, they allow for the 
translation of the graphic language into the correct math. Such 
criteria lie outside the scope of this review and are not discussed 
further here but can be found elsewhere [2, 3, 8, 16].

2.2   |   Liouville Pathways

The designation of Liouville space is credited to Fano who used it 
in treating pressure broadening [17]. Twenty years later, Mukamel 
introduced it in the diagrammatic theory of four-wave mixing [18].

The vectorial structure of the Liouville space comes from its 
basis vectors ∣ n > < m ∣ representing the fundamental struc-
ture on which the density operator is defined (�𝜌 = 𝜌nm|n > < m|, 
summation over repeated indices). A linear combination of such 
elements gives the ket vector ∣ 𝜌 ≫ (double curly bracket in-
tended), whereas the bra vector ≪ 𝜌 ∣ = (| 𝜌≫)† is obtained via 
ordinary Hermitian conjugation. Additional properties of the 
Liouville space are summarized in Mukamel [2]. Nonetheless, 
even within the limited scope of this brief summary, it is intu-
itive to construct the Liouville space by means of the Liouville 
basis ∣ n > < m ∣.

The coupling scheme, connecting the basis vectors and their 
duals, forms a two-dimensional lattice whose points are joined 

via arrows that symbolize dipole interactions. Figure 3 provides 
an example that refers to the same physical process described by 
the DSFD of Figure 2.

The rules for the construction of the Liouville space coupling scheme 
can be easily generalized beyond the specific example provided in 
Figure 3. The first step is to consider the initial element ∣ l > < l ∣ 
on the top-left corner of the lattice (∣ 𝜌(t→ − ∞)≫ = ∣ l > < l ∣). 
This element marks the starting point of several pathways that can 
be obtained after state evolution along the bra and ket branches of 
the density matrix. Thus, any change in the branches generates a 
motion within the lattice of the coupling scheme whose horizontal 
and vertical axes define the directions of the bra and ket dynamics 
(each axis can be arbitrarily chosen to represent the motion for one 
vector type or the other).

The specific pathway highlighted in Figure  3 is easily under-
stood as follows. The first interaction on the bra side entails the 
horizontal motion |l > < l|→ ∣ l > < n ∣ at time t1. The alterna-
tive downward motion |l > < l|→ ∣ n > < l ∣, which is not part 
of the pathway considered here, would give rise to a different 
contribution to the susceptibility (i.e., R4 form of the response 
function with time-ordered ket/bra/bra interactions). This im-
plies that the time direction agrees with the left-to-right motion 
along the diagonal of the square lattice of Figure  3. In other 
words, the possible ket evolution, an alternative to the bra mo-
tion considered in Figure 3, would take place at the same time 
t1. Analogous choices between ket and bra paths are available 
at each time step, and additional pathways can be added to the 
isolated pathway sketched in Figure 3 (bold arrows).

Clearly, more rules are necessary to convert the coupling scheme 
into the mathematical expression of the susceptibility. They are 

FIGURE 2    |    An example of DSFD representing one possible contri-
bution to stimulated Raman gain scattering.

FIGURE 3    |    Liouville space coupling scheme for third-order nonlin-
ear interactions. The represented pathway (ordered bold arrows) corre-
sponds to the DSFD of Figure 2.
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available elsewhere [2, 18], and their outline is not within the 
scope of the present summary, where we focus on the diagram-
matic features of DPT approaches.

2.3   |   Albrecht Notation

A third DPT technique was developed in 1985 by Lee and 
Albrecht [4]. It bears the name of the second author who dis-
seminated the workings of the technique in several later 
publications.

The rationale behind the Albrecht notation is that energy-level 
diagrams are very intuitive. States of higher or lower ener-
gies are more neatly distinguished in energy schemes than in 
DSFD diagrams and Liouville pathways. Clearly, the descrip-
tion based on an energy scheme encounters the obvious diffi-
culty that the interactions happen at the level of matter states 
where the distinction between bra and ket vectors do matter. 
This piece of information is lost in energy schemes. This lim-
itation, analog to the one caused by the missing information 
on bra and ket events in ordinary (i.e., single-sided) Feynman 
diagrams, can be overcome with the help of different graphic 
notations for those field lines of the energy ladder that act on 
either the bra or the ket sides of the density matrix. The rules 
can be recapitulated with the guide of Figure  4. It displays 
the Albrecht notation for the same nonlinear interactions of 

Figures 2 and 3. In this way, the reader can weigh the pros and 
cons of the three techniques.

Fields acting on the bra side are depicted by means of broken 
lines. Conventional solid lines are instead drawn for fields act-
ing on the ket side. The final emission is a wavy solid line to 
remark the contribution to the detected signal. Time propagates 
to the right. Note that the energy levels have been labeled by 
letters that hint to, but do not correspond with, the quantum 
mechanical states (e.g., n in place of∣ n >). The difference under-
lines the fact that a state provides a field-type information, and 
consequently, energy ladder schemes with ket state labels are 
misleading.

The simplicity inherent in the Albrecht notation makes the cor-
responding diagrammatic scheme a popular choice in technical 
literature, as evidenced by some examples of our choice [19–21]. 
This same straightforwardness serves as a guiding principle for 
our proposal of a novel DPT technique, the details of which are 
explored in Section 4.

2.4   |   Further Research

The three major DPT techniques presented above are not ex-
haustive of the diagrammatic tools used to study optical inter-
actions. Minor alternatives are known. We briefly discuss some 
of them below.

Classical diagrammatic analogs to DSFDs have been introduced 
to describe a classical anharmonic oscillator undergoing third-
order interactions [22]. The classical diagrams are nothing else 
than polylines of (classical) field wavevectors taken with their 
own signs. A positive sign determines a positive slope in the 
chain. A negative sign means a negative slope. This simple rule 
generates six polylines. The number is not a coincidence. Six 
are, indeed, the available permutations of the three wavevec-
tors. Thereafter, each polyline is shown to be equivalent, in the 
classical limit (ℏ→ 0), to a set of eight DSFDs. The whole set of 
six polylines amounts to the 48 DSFDs expected for the contri-
butions to the third-order susceptibility.

Another form of Feynman diagrams has been suggested for com-
posite systems made of more than one interacting object (for in-
stance, substrate-molecule interface) [23]. These diagrams can be 
regarded as a restoration of single-line Feynman diagrams, but 
they differ in their circular shape. Each circle relates to only one of 
the quantum-mechanical objects that make up the composite sys-
tem. Highlighted points on each circular loop are those where the 
interactions take place following the clockwise evolution of the ket 
state. Virtual bosons (i.e., not exclusively photons) are interaction 
carriers within the composite system and are visualized as bro-
ken lines. These connect different loops. Thus, the number of con-
nections corresponds to the number of virtual bosons exchanged 
between loops, and the diagrams can be organized hierarchically, 
depending on the number of virtual bosons. The new technique 
has been applied so far to sum-frequency generation [23].

A fundamental boundary of ordinary nonlinear optics is its 
QED generalization where fields are no longer classical objects. 
As a matter of fact, the semiclassical approximation was tacitly 

FIGURE 4    |    Albrecht notation for the nonlinear optical process de-
scribed by the diagrams of Figures 2 and 3.
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assumed in summarizing the three main DPT techniques. When 
the approximation does not hold, fields are necessarily treated 
as operators and various authors have contributed different 
answers to the question of how the diagrams should be mod-
ified in the QED picture. A brief account of their proposals is 
given below.

A DSFD variant is introduced in Marx et  al. [24] and further 
explained in Mukamel and Rahav [25]. It is referred to as closed-
time-path-loop (CPTL) diagrams. Differently from the more 
conventional DSFDs, CTPL drawings do not entirely follow the 
temporal sequence of the interactions. They are only partially 
time ordered to the extent that time flows vertically upward on 
the ket side (forward direction) and then turns downward on 
the bra side (backward direction). The shift implies that time 
ordering is, however, obeyed in each branch. This modification 
appears to be useful for frequency-dependent calculations (typ-
ical in QED applications) where the sequence of interactions is 
hidden in the frequency domain. Understandably, fewer CPTL 
diagrams are required to recap the information resulting from 
the sum of several DSFDs accounting for all the possible time 
orderings on the bra and ket branches.

To conclude this section, we consider another diagrammatic ap-
proach meant for a fully quantum description of nonlinear optics 
[26]. The approach relies on a state sequence based on the num-
ber of photons rather than on the molecular states. This criterion 
dictates that the initial photonic state is defined according to the 
number of incoming photons (for instance, 2 at a given frequency 
suitable for SHG) whereas the final state is defined according to the 
outgoing photons (for SHG, zero photons at the original frequency 
and one photon at twice the original frequency). In between, in-
teractions are expected to alter the number of photons, and each 
possible change is coupled to a molecular state. This technique 
is claimed to be effective in simplifying cooperative phenomena 
where two or more molecules (or other quantum particles, such as 
nanoparticles) are coupled by means of laser beams.

3   |   Motivations for an Alternative Representation

Some of the recent diagrammatic techniques briefly discussed 
in Sect.  2.4 have underlined the necessity of modifying the 

conventional DPT approaches to make them more suitable for 
the fully quantum-mechanical treatment of optical interactions 
[24–26]. The interest in the QED formalism of nonlinear optics 
is especially propelled by the emerging field of topological pho-
tonics [27]. In addition, purely spectroscopic reasons suggest the 
use of QED tools. One relevant example is provided by cascad-
ing processes where excited molecules generate secondary fields 
that interact with other molecules and mix with the primary 
exciting fields [28]. Given the interest in QED applications, we 
introduce next a new variant of conventional DSFDs that bet-
ter agrees with a fully quantum-mechanical description. Before 
describing our suggestion in detail, we would like to underscore 
some additional issues with DPT that motivate our work.

Canonical diagrammatic representations have additional lim-
itations. The most obvious emerges in the description of opti-
cal processes when the number of photons is low and the QED 
machinery is mandatory for a correct interpretation [29]. As a 
matter of fact, absorption and stimulated emission are regarded, 
within the semiclassical approach, as caused by so many pho-
tons that the fields are conventionally classical. When this cir-
cumstance does not hold, we might wonder how to properly 
modify the corresponding diagrams.

One of the many examples of this issue is provided by the DSFD 
for spontaneous Raman scattering (SpRS). The quantum theory 
dictates that an apparently linear process within the classical ap-
proach (oscillating dipole) becomes a � (3) process owing to the ac-
tion of the vacuum field [30]. Its diagrammatic analysis is shown 
in Figure 5. Besides the ordinary interaction with the strong field 
in the 

(
k1,�1

)
 mode, the coupling with the vacuum field in the (

k2,�2

)
 introduces the additional interactions that make both di-

agrams of Figure 5 look like those of the semiclassical representa-
tions of stimulated Raman scattering in Figures 3 and 4.

The main difference comes from the quantum-mechanical rep-
resentation of the fields [29]. Their classical amplitudes E and 
E∗ are now replaced by the annihilation and creation operators 
a and a† (bosonic ladder operators). In this respect, the most 
appropriate QED framework is the second quantization of the 
molecular Hamiltonian whose electric-dipole term entails the 
couplings �†a and a†�, where � and �† are the molecular transi-
tion operators [29]. If the electric-dipole coupling is gED, which 

FIGURE 5    |    DSFD and Albrecht diagram representing the quantum description of SpRS.
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is a real quantity with units of frequency, the electric-dipole in-
teraction is

In particular, considering the example in Figure  5, the 
first interaction on the bra side happens under the effect of 
< g,n1, 02 ∣ 𝜋gva

+
1
→ < v,n1 − 1, 02 ∣ where the notation refers to 

the initial combined state of the molecule-radiation system with 
n1 photons in the 

(
k1,�1

)
 mode and the quantum vacuum in the (

k2,�2

)
 mode. The second interaction happens under the effect 

of < v,n1 − 1, 02 ∣ 𝜋
+
vea2 → < e,n1 − 1, 12 ∣where one-photon bra 

state is now present in the second mode. As a result, the absorp-
tion of the strong field is described by means of the creation op-
erator a+

1
. Conversely, the vacuum coupling that gives rise to the 

bra emission is through the annihilation operator a2 of the sec-
ond mode. Thus, the action of the radiation field seems in con-
tradiction with the notation used for both diagrams in Figure 5 
(creation operator for an absorption and destruction operator for 
an emission). The conclusion is that the notation for the bra side 
in conventional DSFDs is rather bizarre.

The oddity arising in the fully quantum description adds to the 
redundancy of information when DSFDs and energy ladder 
schemes are employed together [21, 31–34]. This motivates us in 
looking for a novel DPT technique.

4   |   Matter Field Representation (MFR)

Among the major DPT approaches, the energy ladder is the most 
intuitive and easy to read. For this reason, we focus on this type 
of representation.

As discussed in Section  2.3, the main problem is that the en-
ergy levels conceal the detailed information about the interac-
tions involving bra and ket states. Indeed, in many simplistic 
descriptions of nonlinear optical processes, the energy levels 
are reported without consideration for the details of the interac-
tions. Representing these details in the DPT picture requires the 
field information to be included in the energy ladder scheme. To 
achieve this, we turn the Albrecht notation into a MFR.

We begin by recalling that ket and bra vectors are Hermitian con-
jugate of each other, have unitary norm (< n ∣ n > = 1), and de-
fine the energy spectrum (𝜖n = < n

|||
�H0

|||n >) of the unperturbed 
Hamiltonian Ĥ0 that is supposed dimensionless. Importantly 
for our argument, the conjugation corresponds to a reflection 
about the real axis of the complex plane. This one is designed 
to accommodate ket vectors defined as ∣ 𝜂 > = 𝜖n ∣ n >. The 
rescaling leads to 𝜖2n = < 𝜂 ∣ 𝜂 >. Finally, the correspondence 
∣ n > → zn = ∣ 𝜂 > generates the bra vector < 𝜂 ∣ after the re-
flection of zn about the real axis. Clearly, the inverse procedure 
would generate the ket vector zn = ∣ 𝜂 > if we started by consid-
ering the bra vector < 𝜂 ∣.

The objective of this simple procedure is to get a dilation (or a 
contraction) of the complex plane where the original ket and bra 
vectors live. In this way, the length of the rescaled vectors quan-
tifies the corresponding energy levels.

The procedure is applied to the energy levels shown in the left 
panel of Figure 6. We can focus on two energy levels: �a and �b. 
The scaling of the ket vectors ∣ a > and ∣ b > leads to the new vec-
tors (here represented by complex-valued numbers) za = 𝜖a ∣ a > 
and zb = 𝜖b ∣ b >. These are, by definition, found in the upper 
half of the complex plane. The phases �a and �b are arbitrarily 
determined without loss of generality and the lengths �a of za 
and �b of zb are reported on the imaginary axis. These values are 
projected to the right in order to define the vertical scale where 
to place the diagrammatic representation of the ket states. After 
reflections of za and zb about the real axis, the bra states can be 
eventually located in the MFR diagram (right panel of Figure 6). 
Note that the linearity of the vertical scale of the diagram is ir-
relevant to the graphic purposes. A final comment regards the 
lowest energy level �r. Since this level provides the reference of 
the relative energy, its null radius entails a degenerate MFR level 
where ∣ r > and < r ∣ are located (thicker line in the right panel of 
Figure 6). It is often the case that such a level coincides with the 
ground state vectors. However, in general, it might happen that 
the reference is taken at a different state.

This example illustrates the desired changes to the usual en-
ergy level scheme. Taking again the case of SpRS in Figure 5, 
the corresponding MFR diagram is in Figure  7. Besides the 

(2)HED = iℏgED
[
𝜋†a exp(ik ⋅ r) − a†𝜋 exp( − ik ⋅ r)

]
.

FIGURE 6    |    Left: usual energy scheme. Right: matter field representation of energy levels.
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appearance of the bra states underneath the ket states, the 
main difference with respect to the usual Albrecht notation is 
that now the interactions involving the bra branch agree with 
the action of the ladder operators of the dipole interaction (i.e. 
annihilation for absorption, creation for emission). Given this 
agreement, the broken lines used for bra dipole interactions 
in the Albrecht notation are no longer necessary and are thus 
replaced by solid lines.

We can furthermore comment on the extension of MFR to the 
semiclassical approach. There is actually no formal impedi-
ment to this. Let us consider the DSFD in Figure 2, the inward 
arrow on the left and the outward on the right represent clas-
sical fields with amplitudes Eq and Er. However, both of them 
would represent the action of the corresponding annihilation 
operators if the fields were quantized and are thus represented 

as up-going arrows in MFR diagrams. Similarly, the common 
direction of the arrows representing the classical fields of am-
plitudes E∗

p and E∗
s  in the DSFD in Figure 2 suggests a common 

action of the corresponding creation operators visualized as 
downward arrows in the MFR diagram in Figure 7. This is not 
surprising given the ordinary replacement in QED of classical 
electric fields and their conjugates with annihilation and cre-
ation operators.

To conclude the present work, we highlight differences and con-
nections between the traditional diagrammatic approaches and 
the present proposal. Let us consider one of the possible contri-
butions to coherent anti-Stokes Raman scattering (CARS). We 
refer to the DSFD number 38 in Prior [14] and reproduced in 
Figure 8a.

The peculiarity of this CARS contribution is its presence even 
if the three laser pulses are delayed with respect to each other. 
Clearly, the resonance at the excited levels has the effect of gen-
erating a susceptibility term of minor importance in comparison 
with the strongest term with exclusively ket interactions that 
feature a resonance at the lowest levels. On the other hand, the 
contribution reported in Figure 8 presents a good mix of bra and 
ket as well as absorption and emission, which makes it an in-
structive example for comparison. In addition, the contribution 
has been the subject of different studies [35–37] and is worth 
discussing.

As anticipated in Section 2, the DSFD and the Liouville scheme 
are equivalently informative of the evolution of the bra and ket 
states. The two diagrams are shown in Figure  8a,b, respec-
tively. However, other important pieces of information are 
missing. For example, by looking at those two diagrams only, 
one could not tell that this CARS contribution does not involve 
any virtual state. More importantly, we cannot extract the in-
formation about which frequency of the fields is the greatest or 
the smallest (equivalently, for the energy levels). These limita-
tions are solved in the Albrecht diagram of Figure 8c where a 
hypothetical virtual state would be clearly denoted by a dashed 
line, as seen in Figure 4 (note that a final virtual level below 
the initial state appears in the Albrecht diagram reported else-
where [35, 36] for the process considered in Figure  8c). The 
problem with the energy-level scheme is, however, the repre-
sentation of the bra interactions. The bra arrows are, indeed, 
misleading. Absorption means an actual emission and vice 
versa. The DSFD shares the same contradiction, whereas the 
distinction between emission and absorption is even less clear 
in the Liouville pathway. In the MFR diagram of Figure 8d (not 
in scale with Figure 8c to save space in the whole figure), the 
information about ket and bra dynamics is well distinguished 
thanks to the separation between the two half-planes. Thus, 
the composition ∣ ket > < bra ∣ typical of Figure  8a,b can be 
obtained at each time instant by taking note of the two level 
states reached by the most recent interactions (arrows) in the 
two respective half-planes (for instance, ∣ e� > < e ∣ during the 
time frame between the two arrows in the bra half-plane). 
Furthermore, the agreement between the graphic symbol and 
the corresponding coherent process of absorption or emission 
is guaranteed. In the end, Figure  8d seems to condense the 
most complete knowledge about the optical interactions con-
tributing to the build-up of the susceptibility.

FIGURE 7    |    Matter field representation of the Albrecht diagram in 
Figure 5.
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5   |   Conclusions

To conclude, this work reports on the DPT of nonlinear optics 
with particular regard to Raman interactions.

In the first part, a review of the main DPT approaches is pre-
sented for the first time. Three conventional diagrammatic 
schemes are most commonly employed. One is rather popular 
(double-sided Feynman diagrams). The other two (Liouville 
pathways and Albrecht notation), although less popular, ap-
pear in many studies. The basic pictorial grammar of each 
technique is explained without paying attention to the rules 
that guide the translation into math language. Furthermore, 
a brief introduction to some recent DPT alternatives is 
also given.

In the second part, motivations for a new DPT approach are 
outlined. The main point of concern is about the ambiguity in 
the conventional diagrammatic representations of events on 
the bra side of the density matrix when the interacting fields 
are quantized (i.e., photon absorption being represented by a 
creation operator and stimulated emission by an annihilation 
operator). To resolve this, we introduced a modification of the 
Albrecht notation. The change is justified by a simple argument 
revolving around the renormalization of the molecular states to 
their energies. This paves the way for a graphic version of the 
energy levels in terms of their rescaled bra and ket vectors on a 
complex plane. The projections of their amplitudes in a time se-
quence complete the transformation of the energy-level diagram 
into its MFR. Owing to this simple manipulation, the ambigu-
ity between bra absorption/emission and bosonic ladder oper-
ators disappears. Furthermore, the simplicity of energy ladder 

schemes and the rich field-type information provided by more 
sophisticated diagrammatic approaches are seamlessly com-
bined in one diagram. The MFR thus overcomes the need for 
employing a couple of conventional diagrammatic representa-
tions (typically, Feynman diagrams plus energy-level schemes) 
found elsewhere. The extension of the MFR to the semiclassical 
DPT is also remarked.
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