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Abstract   
Irradiation of lithium fluoride (LiF) with a proton beam induces the formation of F2 and F3+ aggregate 
color centers that luminesce in the visible spectrum when optically excited by blue light. The spatial di-
stribution of the emitted radiophotoluminescence is proportional to the proton Bragg curve in LiF, pro-
vided that the dose received by the material is not too high (less than approximately 105–106 Gy) to 
cause saturation of the center density. From the analysis of the luminescent Bragg curve, it is possible 
to estimate the energy spectrum of the proton beam. If the analysis method is based on the superpo-
sition of theoretical Bragg curves calculated in bulk LiF, but the irradiated LiF is a thin film with a packing 
density lower than 100%, the resulting spectrum will not reflect the actual one. In fact, protons in a ma-
terial with lower density than bulk penetrate deeper than they would in bulk. In this Technical Report, 
I derive an approximate correction formula that allows obtaining the actual spectrum in lower-density 
LiF.   
 
 
Keywords: proton beam, energy spectrum, Bragg curve, lithium fluoride, color centers, radiophoto-
luminescence. 
 
 
Sommario 
L’irraggiamento del fluoruro di litio (LiF) con un fascio di protoni provoca la formazione di centri di co-
lore aggregati F2 ed F3+ che emettono luminescenza nel visibile se eccitati otticamente con luce blu. 
La distribuzione spaziale della radiofotoluminescenza emessa è proporzionale alla curva di Bragg dei 
protoni nel LiF, purché la dose ricevuta dal materiale non sia troppo elevata (minore di circa 105–106 
Gy) da provocare saturazione della densità dei centri. Dall’analisi della curva di Bragg luminescente, è 
possibile stimare lo spettro energetico del fascio di protoni. Se il metodo di analisi si basa sulla so-
vrapposizione di curve di Bragg teoriche calcolate nel LiF bulk, ma il LiF irraggiato è quello di un film 
sottile con densità d’impacchettamento minore del 100%, lo spettro che si ottiene non è quello reale. 
Infatti, i protoni in un materiale con densità inferiore a quella di bulk penetrano più in profondità ri-
spetto a quanto farebbero nel bulk. In questo Rapporto Tecnico, derivo una formula correttiva ap-
prossimata che permette di ricavare lo spettro reale nel LiF a densità minore. 
 
 
Parole chiave: fascio di protoni, spettro energetico, curva di Bragg, fluoruro di litio, centri di colore, 
radiofotoluminescenza. 
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1. Introduction 
The visualization and subsequent processing of radiophotoluminescent Bragg curves, generated 

in the visible spectrum by spatial distributions of stable aggregate F2 and F3
+ color centers in lithium 

fluoride (LiF) − formed through proton energy deposition in the material and consisting of two electrons 
bound to two and three anion vacancies, respectively − has become a well-established method for 
characterizing the energy spectrum of proton beams in the range from just under 1 MeV to several tens 
of MeV [1–6]. For low energies (typically below 10 MeV), an approach based on random optimization − 
also known as localized random search [7] − uses a look-up-table (LUT) of simulated Bragg curves in 
bulk LiF (density 0 = 2.635 g/cm3 [8]), generated with the Monte Carlo (MC) software FLUKA [9–12]. This 
method enables the estimation of the proton energy spectrum by performing a best fit of the 
radiophotoluminescent Bragg curve imprinted in LiF [5]. 

 When the material irradiated by the proton beam − assumed to be laterally extended and collimated 
− is a LiF crystal, and the irradiation geometry involves grazing incidence to enable proper recording of 
the Bragg curve, specific models have been developed to account for fluence losses due to multiple 
Coulomb scattering [4] and for the effects of small angular misalignments between the beam and the 
crystal [6].  

When dealing with a thin LiF film irradiated at grazing incidence by the proton beam, it is important 
to note that proton migration from the substrate on which the film is deposited can distort the Bragg 
curve imprinted in the film compared to that observed in a LiF crystal. This effect becomes particularly 
significant for proton energies above approximately 2 MeV in the case of 1–2 µm thick films deposited 
on 0.5 mm thick silicon substrates (Si(100) faces) [13]. In addition to this, another key factor must be 
considered: the density  of a LiF film is typically lower than that of bulk LiF (0). This reduced density 
leads to deeper proton penetration and a corresponding modification of the Bragg curve within the 
material.  

In this Technical Report, known empirical laws are employed to derive the modifications to the 
Bragg curve caused by reduced material density, and to assess how these changes affect the 
estimation of the proton energy spectrum obtained through Bragg curve analysis. 
 
2. Theory 

Consider a proton beam irradiating at grazing incidence a thin LiF film deposited on a substrate. 
The energy deposited by the protons in the material generates a spatial density distribution of 
aggregate F2 and F3

+ color centers, which are photoluminescent in the visible range at room 
temperature. This distribution is proportional to the Bragg curve in LiF − provided that the proton 
energy is not high enough to cause significant migration of beam protons scattered from the substrate 
into the film, thereby distorting the Bragg curve [13]. Furthermore, if the LiF film has a material density 
 lower than the bulk density 0, due to a packing density below 100%, the resulting Bragg curve extends 
deeper into the material. This effect manifests as a kind of stretching which − as will be shown − 
depends on the ratio /0. 

 Using the Bragg-Kleeman laws and the definition of stopping power, an approximate relationship 
can be derived between the Bragg curve in low-density LiF and the standard Bragg curve in bulk LiF. 
Building on this result, an approximate relationship is then deduced between the fictitious energy 
spectrum − obtained by analyzing the photoluminescent Bragg curve in low-density LiF under the 
assumption of bulk density 0 − and the actual spectrum that would be obtained by correctly accounting 
for the reduced density . This correction is particularly relevant when using a recently published 
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method for energy spectrum estimation that relies on a LUT of Bragg curve simulations in bulk LiF [5] 
and does not incorporate the possibility of reduced material density.  
 
2.1 Proton range and kinetic energy 

In a material, the range R0 of monochromatic protons with kinetic energy E0 is governed by the 
empirical Bragg-Kleeman law (which is an approximation compared to more rigorous formulations), 
 

𝑅0 = 𝛼𝐸0
𝑝, (1) 

 

 where  and p are two characteristic parameters of the material. This law loses validity at energies 
below a few hundred keV, where nuclear interactions between protons and the nuclei of the material 
become more significant than Coulomb interactions with the electrons. Through MC simulations using 
the SRIM software [14,15] and allometric fitting of the results, it has been verified that, in the energy 
range between 0.5 and 7 MeV, the parameters for LiF are approximately p  1.71 and   11.2 µm/MeVp. 
These MC simulations were performed assuming the standard bulk density for LiF, 0 = 2.635 g/cm3 [8]. 

 If the material has a density  lower than that of bulk − such as in the case of a thin polycrystalline 
film where voids exist between grains − the range of protons in the material increases. In fact, another 
empirical formula, also referred to as the Bragg-Kleeman law, relates the ranges R1 and R2 of protons 
with the same initial kinetic energy in two different materials through the expression [16] 

 

𝑅1

𝑅2
=

𝜌2

𝜌1

√
𝐴1

𝐴2
 , (2) 

 
where 1 and 2 are the densities, and A1 and A2 are the effective mass numbers of the two materials. 
This formula can also be applied to the special case of materials with identical composition but 
different densities − such as low-density LiF compared to bulk LiF. In this case, the range R0, in low-
density LiF is related to the range R0 in bulk LiF by [17] 
 

𝑅0,𝜌 =
𝜌0

𝜌
𝑅0 =

𝜌0

𝜌
𝛼𝐸0

𝑝 = 𝛼𝜌𝐸0
𝑝 . (3) 

 

Practically, the decrease in density can be expressed as a modification 𝛼 → 𝛼𝜌 ≡ (𝜌0 𝜌⁄ )𝛼, in order to 

preserve the functional form of the Bragg-Kleeman law under reduced-density conditions.  
It should be noted, however, that the previous formula can also be expressed as 
 

𝑅0,𝜌 = 𝛼𝐸0,𝜌
𝑝  , (4) 

 
where E0, is a fictitious energy defined as 
 

𝐸0,𝜌 ≡ (
𝜌0

𝜌
)

1/𝑝

𝐸0 . 
(5) 

 
Maintaining the same value of  as in bulk LiF in Eq. (4) effectively corresponds to assuming that proton 
propagation occurs in a material with unchanged density 0, while the initial energy of the protons is 
modified. In other words, this can be interpreted as an equivalence − regarding the range − between the 
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propagation of protons with initial energy E0 in LiF of density , and the propagation of protons with 
initial energy E0, in LiF of density 0. As shown below, this equivalence can be exploited to establish a 
relationship that enables the deduction of the actual energy spectrum of protons in low-density LiF 
after estimating it under the assumption that the material had bulk density. 
 
2.2 Stopping power and Bragg curve 

Suppose we have an estimate of the energy spectrum of a proton beam that irradiated a LiF film 
with density  < 0 at grazing incidence, but the estimate was obtained under the assumption that the 
LiF material had density 0. This situation can occur, for example, when using a best-fit algorithm to 
deduce the energy spectrum from the luminescent Bragg curve imprinted in LiF, if the algorithm relies 
on a LUT of Bragg curves simulated in bulk LiF using MC software − as is the case of the adaptive 
random optimization (ARO) algorithm for low energies (below 10 MeV), introduced in [5]. 

 In the case of a thin film with a density lower than that of the bulk material, the energy spectrum 
can, in principle, be estimated using the ARO algorithm, provided that the proton energy does not 
exceed a threshold beyond which the migration of scattered protons from the underlying substrate 
significantly alters the Bragg curve imprinted in the film [13]. However, since the ARO algorithm employs 
a LUT of Bragg curve simulations in bulk LiF, i.e., with density 0, the spectrum obtained must be 
corrected to account for the lower density of the film. This correction can be applied using the following 
approach. 

 To calculate the energy variation of protons in bulk LiF along the mean propagation axis z, Eq. (1) is 
applied to the relationship between the remaining distance, R0 − z, to reach the range and the energy at 
that point, E(z), obtaining [18] 
 

𝐸(𝑧) = (
𝑅0 − 𝑧

𝛼
)

1/𝑝

= (𝐸0
𝑝 −

𝑧

𝛼
)

1/𝑝

. (6) 

 
From this formula, the stopping power, S(E0, z), is derived. This quantity gives rise to the Bragg curve 
through the subsequent insertion of fluence and integration over the statistical distribution of proton 
stopping positions. The stopping power is given by [19]  
 

𝑆(𝐸0, 𝑧) = −
𝑑𝐸

𝑑𝑧
(𝑧) =

1

𝛼𝑝
(𝐸0

𝑝 −
𝑧

𝛼
)

1
𝑝

−1

. (7) 

 
If propagation occurs in low-density LiF instead of in bulk material, the previous reasoning can be 

repeated starting from Eq. (3). In this case, one obtains 
 

𝐸𝜌(𝑧) = (
𝑅0,𝜌 − 𝑧

𝛼𝜌
)

1/𝑝

= (𝐸0
𝑝 −

𝑧

𝛼𝜌
)

1/𝑝

. (8) 

 
Therefore, the stopping power S(E0, z) in low-density LiF is  
 

𝑆𝜌(𝐸0, 𝑧) = −
𝑑𝐸𝜌

𝑑𝑧
(𝑧) =

1

𝛼𝜌𝑝
(𝐸0

𝑝 −
𝑧

𝛼𝜌
)

1
𝑝

−1

=
𝜌

𝜌0

1

𝛼𝑝
(𝐸0

𝑝 −
𝜌

𝜌0

𝑧

𝛼
)

1
𝑝

−1

. (9) 

 
By comparing Eqs. (7) and (9), one verifies that  
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𝑆𝜌(𝐸0, 𝑧) =
𝜌

𝜌0
𝑆 (𝐸0,

𝜌

𝜌0
𝑧) . (10) 

 
The meaning of this equality is as follows: from a mathematical standpoint, the stopping power in low-
density LiF is a scaled version of the bulk stopping power. Specifically, it is reduced in intensity by a 
factor /0 and stretched in depth by a factor 0/. 

 An important observation is that Eq. (9) can also be rewritten in the form  
 

𝑆𝜌(𝐸0, 𝑧) = (
𝜌

𝜌0
)

1/𝑝 1

𝛼𝑝
(𝐸0,𝜌

𝑝 −
𝑧

𝛼
)

1
𝑝

−1

, (11) 

 
where E0,ρ is the fictitious energy introduced in Eq. (5). This leads to an alternative expression 
 

𝑆𝜌(𝐸0, 𝑧) = (
𝜌

𝜌0
)

1/𝑝

𝑆(𝐸0,𝜌, 𝑧) . (12) 

 
The meaning of this equality is as follows: the stopping power in low-density LiF is a version of the bulk 
stopping power, scaled in intensity by a factor (/0) 1/p, and evaluated at the fictitious energy E0, > E0.  

Assuming that the density difference is sufficiently small, we can reasonably expect that the 
processing applied to the stopping power to obtain the Bragg curve [18] approximately preserves a 
relationship similar to Eq. (12) between the Bragg curve in low-density LiF − denoted as L(E0, z) − and 
that in bulk LiF at the fictitious energy E0, − denoted as L(E0,, z). Therefore, we can write 
 

𝐿𝜌(𝐸0, 𝑧) = (
𝜌

𝜌0
)

1/𝑝

𝐿(𝐸0,𝜌, 𝑧) . (13) 

 
This implies that the Bragg curve in low-density LiF is a scaled version of the bulk Bragg curve evaluated 
at the fictious energy E0, > E0, with the scaling factor (/0) 1/p applied to its intensity. 
 
2.3 Energy spectrum 

If the proton beam is not monochromatic, it is characterized by an energy spectrum whose spectral 
density is denoted by (E). The corresponding polychromatic Bragg curve in low-density LiF, denoted 
as ρ(z), can be expressed as a continuous superposition of monochromatic curves weighted by (E) 
dE, i.e.  
 

Λ𝜌(𝑧) = ∫ 𝜙(𝐸) 𝐿𝜌(𝐸, 𝑧) 𝑑𝐸
∞

0

 . (14) 

 
By exploiting Eq. (13), this expression can be rewritten in terms of the equivalent Bragg curves in bulk 
LiF, 
 

Λ𝜌(𝑧) = (
𝜌

𝜌0
)

1/𝑝

∫ 𝜙(𝐸) 𝐿 [(
𝜌0

𝜌
)

1/𝑝

𝐸, 𝑧]  𝑑𝐸
∞

0

 . (15) 

 
Applying the variable substitution E′= (0/) 1/p E, the integral becomes  
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Λ𝜌(𝑧) = (
𝜌

𝜌0
)

2/𝑝

∫ 𝜙 [(
𝜌

𝜌0
)

1/𝑝

𝐸′]  𝐿(𝐸′, 𝑧) 𝑑𝐸′
∞

0

 . (16) 

 
Let us analyze Eq. (16). It shows that, when best fitting a polychromatic Bragg curve recorded in a 

film of density , using as a basis the monochromatic curves L(E’, z) corresponding to the bulk density 
0, a fictitious energy spectrum is obtained, given by 
 

𝜙∗(𝐸′) = (
𝜌

𝜌0
)

2/𝑝

 𝜙 [(
𝜌

𝜌0
)

1/𝑝

𝐸′] (17) 

 
The real spectrum can be derived from the fictitious one by applying the substitution E = (/0) 1/p E’ to 
the product *(E’) dE’. This yields  
 

𝜙∗(𝐸′) 𝑑𝐸′ = (
𝜌

𝜌0
)

1/𝑝

𝜙(𝐸) 𝑑𝐸 . (18) 

 
Therefore, omitting the differential terms (which are only necessary within integrals), the real spectrum 
is obtained from the following formula  
 

𝜙(𝐸) = (
𝜌0

𝜌
)

1/𝑝

𝜙∗ [(
𝜌0

𝜌
)

1/𝑝

𝐸] . (19) 

 
Compared to the fictitious spectrum − obtained by fitting the Bragg curve assuming bulk LiF − the true 
spectrum will be slightly higher in intensity, narrower, and shifted toward lower energies. 
 
3. Example 

The example presented below serves solely to confirm the validity of Eq. (19). Therefore, the 
pseudo-experimental scenario of a thin LiF film with a given packing density deposited on a substrate 
is not considered. This is because such a configuration would introduce complications related to 
multiple Coulomb scattering and the resulting migration of beam protons from the substrate into the 
film, thereby distorting the Bragg curve within the film and preventing a clean validation of the equation 
in question. 

 For this purpose, consider a hypothetical block of low-density LiF with a density  < 0 = 2.635 
g/cm3. Specifically, let us assume  = 2.37 g/cm3, a value corresponding to a packing density of 
approximately 89.94%. Using FLUKA (version 4–5.0), the energy deposition profile of a pencil proton 
beam in this low-density LiF is simulated. The beam energy spectrum chosen for this example follows 
an exponentially modified Gaussian (EMG) distribution with negative skewness, defined as 
 

𝜙(𝐸) =
𝜆

2
exp [−𝜆 (𝜇 − 𝐸 − 𝜎2

𝜆

2
)] [1 + erf (

𝜇 − 𝐸 − 𝜎2𝜆

√2 𝜎
)] . (20) 

 
In this equation, λ, , and σ are parameters that determine the shape of the distribution. The following 
parameter values are set:  
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𝜆 = 1.5 MeV−1,      𝜇 = 5 MeV,      𝜎 = 0.2 MeV. (21) 
 

The approach used to process the FLUKA simulation of the energy deposition profile in low-density 
LiF and to derive the corresponding spectrum follows the method described in [5], with the addition of 
the transformation presented in Eq. (19). The main details and parameters of the FLUKA simulation are 
as follows: externally provided EMG energy spectrum − Eqs. (20) and (21) − sampled at 200 points 
between 0 and 6 MeV; 500,000 virtual protons; low-density ( = 2.37 g/cm3) LiF solid with an entry face 
of 2×2 cm2 and a length of 1 cm along the proton propagation direction; FLUKAFIX card configured with 
Ekin frac = 0.01; USRBIN energy detector positioned at the crystal entry face, with a surface area of 
100×100 µm2 and a depth of 250 µm. The method described in [5], together with the spectral 
transformation of Eq. (19), has been implemented into a single Matlab [20] program. The results of the 
best fit are presented in Fig. 1. 
 

  
 

Figure 1. Results related to the proposed example: (a) energy spectrum used as input for FLUKA, along with its fit and the 
spectral transformation described by Eq. (19); (b) energy deposition profile in low-density LiF ( = 2.37 g/cm3) obtained from 

the FLUKA simulation, including its fit. 
 

Going into detail, the Matlab program was applied to the FLUKA output by dividing the spectral 
interval between 0 and 6.5 MeV into 70 bins of equal width. The bootstrap phase, used to estimate the 
median distributions and their associated uncertainties, consisted of 100 cycles with 20,000 iterations 
each. The curves labeled 'fit' in Fig. 1 represent these median distributions, including the application of 
Eq. (19) to derive the real energy spectrum. The parameter used for the spectral transformation was p = 
1.71, a value previously estimated − as mentioned in Sec. 2.1 − via allometric fitting of range values in 
bulk LiF obtained from SRIM [14,15] simulations for energies between 0.5 and 7 MeV. Figure 1(a) shows 
that the fitted spectrum, after applying the spectral transformation of Eq. (19), accurately reproduces 
the EMG spectrum used as input for the FLUKA simulation. This confirms the reliability of Eq. (19). 
 
4. Conclusions 

In this Technical Report, it has been demonstrated how the energy spectrum of a proton beam can 
be approximately evaluated by analyzing the luminescent Bragg curve imprinted in a block of LiF with a 
density lower than that of bulk LiF (e.g., in the case of a thin LiF film). The method employed builds upon 
the approach previously published for analysis in a LiF crystal [5], followed by a simple variable 
transformation − Eq. (19) − mediated by the Bragg-Kleeman’s law parameter p. The provided example, 
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based on a spectral EMG distribution used as input in a FLUKA energy deposition simulation, confirms 
the validity of the proposed approach. 

In conclusion, the proposed method enables accurate correction of energy spectra for reduced-
density LiF without additional MC simulations. This approach preserves the functional consistency of 
Bragg-curve analysis and can be in principle generalized to other materials with minor density 
deviations. 
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