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Abstract
A linear gyrokinetic eigenvalue code is developed to study the stability of toroidal Alfvén
eigenmode (TAE) in general axisymmetric toroidal geometry, with a self-consistent treatment of
energetic particle drive and core plasma Landau damping in a non-perturbative way. The
general particle responses of both circulating and trapped particles are incorporated in the
calculation by means of the action-angle approach, and, in particular, the finite Larmor radius
and orbit width effects of energetic particles are fully taken into account. The ballooning-mode
representation is adopted to solve the eigenmode equations in order to reduce the computational
resource while obtaining a high resolution of the fine radial structure. Furthermore, the code is
able to study the physics of wave-particle interaction in great detail, thanks to the development
of systematic theory-based numerical diagnostics, including effective mode structure and phase
space resonance structure. As an application of the code, we perform an in-depth study of the
triangularity effect on TAE stability based on the reference equilibrium of the Divertor Tokamak
Test facility. It is demonstrated that TAE growth rate can be affected by the triangularity through
the modifications of geometric couplings, resonance condition, as well as mode frequency and
mode structure. As a result, negative triangularity can either stabilize or destabilize the energetic
particle driven TAE depending on the dominant mechanism. The relative importance of these
mechanisms under different circumstances is systematically analyzed, providing clear physical
insights. The overall effect of negative triangularity for a specific tokamak scenario can be
assessed based on these studies.
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1. Introduction

In a tokamak plasma, the variation of the local shear Alfvén
wave (SAW) frequency due to the plasma nonuniformities
associated with the equilibrium magnetic field and plasma
profiles constitutes the SAW continuum, and SAW fluctu-
ations with frequencies in the continuum will experience con-
tinuum damping via mode conversion to small-scale struc-
tures Landau damped by, predominantly, electrons [1, 2].
However, when symmetry breaking effects such as toroidal
geometry and plasma compressibility is considered, frequency
gaps form inside the continuum [3, 4], where discrete Alfvén
eigenmodes (AEs), such as toroidal AE (TAE) [3, 5] and beta-
induced AE (BAE) [6], can exist and are free of signific-
ant continuum damping. In fusion plasma, energetic particles
(EPs) generated from auxiliary heating and/or fusion reac-
tions typically have characteristic velocities comparable with
Alfvén velocity and thus may effectively excite AE instabilit-
ies through resonant wave-particle interactions [7]. Among the
various AEs, TAE is considered to be one of the most danger-
ous candidates for inducing considerable EP losses in future
reactors [8–10], which may lead to the degradation of plasma
confinement and, potentially, damage to the first wall com-
ponents. Therefore, a comprehensive understanding of lin-
ear and nonlinear TAE physics is crucial for fusion plasma
research [11, 12]. Up to now, the linear theory of TAE, includ-
ing resonant excitation by EPs [13–17], continuum damping
[18–21] and kinetic damping as realistic geometry and kin-
etic effects are accounted for [22–24] has been continuously
developed, and qualitative understanding of TAE linear phys-
ics is well established. In particular, the general fishbone-like
dispersion relation (GFLDR) [11, 25, 26] provides a unified
theoretical framework for the description of SAWfluctuations,
including TAE, over a wide range of spatial and temporal
scales. Interested readers may refer to [11] for a comprehens-
ive review.

Due to the complexity of tokamak geometry and equilib-
rium profiles, numerical simulations are generally required
to provide quantitative evaluation of AE instabilities in real-
istic experimental configurations. In particular, the eigenvalue
approach based on time-domain Fourier analysis is regarded
as the most convenient way to investigate linear AE phys-
ics, due to its fast computational speed and ability to cap-
ture all possible roots, including the stable modes. Over the
last few decades, many eigenvalue codes [27–30] have been
developed to calculate AE instabilities in the presence of EPs
based on different models. In axisymmetric toroidal geometry,
the eigenmode problem in the configuration space is intrins-
ically a 2D problem for a given toroidal mode number n. In
most existing codes, the governing equations are solved using

finite difference or finite element discretization in the radial
direction combined with Fourier decomposition in the pol-
oidal direction, which transforms the problem into a matrix
eigenvalue formulation. This approach provides straightfor-
ward implementation and direct access to global mode struc-
tures. However, the computational cost may increase sub-
stantially for high-n modes for which multitudes of poloidal
harmonics and high radial resolution are required, especially
when the kinetic particle responses are fully incorporated.

Recently, within the GFLDR theoretical framework, a new
eigenvalue code was developed to investigate the linear phys-
ics of AEs in the general axisymmetric toroidal geometry [31].
With the employment of ballooning-mode representation, it
not only relieves the computation resource but also is able to
capture the fine radial structure of the mode with minimum
effort. The code was initially developed based on the ideal
magnetohydrodynamic (MHD) equations without EP contri-
bution, so it could only give the real frequency andmode struc-
ture of TAE, as well as a small damping rate if the acoustic
continuum coupling was considered [31]. Adopting the same
theoretical framework and similar methodology, in this work,
a gyrokinetic version of the code is developed to study the
stability of TAE with the energetic particle drive and core
plasma Landau damping self-consistently treated in a non-
perturbative way. The general particle responses of both cir-
culating and trapped particles are incorporated by means of
the action-angle approach [32], and, particularly, the finite
Larmor radius (FLR) and finite orbit width effects (FOW) of
EPs are fully taken into account. Currently, the code supports
Maxwellian, isotropic slowing-down and model anisotropic
slowing-down distributions, in order to address the EP phys-
ics in a broad range of interest. The possibility of general-
ization to arbitrary particle distributions is also retained and
will be discussed in our future work. A key important fea-
ture of our extended code consists in the systematic imple-
mentation of numerical diagnostics, including effective mode
structure and resonance structure, thanks to which the code
is able to study the physics of wave-particle interaction and
power exchange in great detail. In this paper, the ideal MHD
approximation, i.e. vanishing parallel electric field, is adop-
ted to simplify the eigenmode equations, which is justified
for TAE generally dominated by Alfvénic polarization. As an
application of the code, we perform an in-depth study of the
triangularity effects on TAE stability based on the reference
equilibrium of the Divertor Tokamak Test (DTT) facility. It is
demonstrated that TAE growth rate can be affected by the tri-
angularity through themodifications of geometric coefficients,
resonance condition, as well as the mode frequency and mode
structure. In addition, the relative importance of these factors
under different circumstances is discussed. The overall effect
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of negative triangularity for a specific tokamak scenario can
be assessed based on these studies. This will be reported in a
future publication.

The rest of the paper is organized as follows. In section 2,
we present the eigenmode equations and the correspond-
ing solution methods, as well as the systematic numerical
diagnostics implemented in the code, including the effect-
ive mode structure and wave-particle resonance structure. In
section 3, we briefly introduce the DTT equilibrium and apply
the code to analyze the EP driven TAE instability. In section 4,
we perform an in-depth study of the triangularity effect on
TAE stability, where several physical mechanisms are pro-
posed and discussed under different circumstances. Finally,
we give a brief summary of the present work and outline
the possible future prospects in section 5. Appendices A and
B introduce alternative schemes implemented in the code to
solve the linear gyrokinetic equation and the nonlinear eigen-
value problem, respectively.

2. Theoretical Framework

2.1. Eigenmode equations

For typical gyrokinetic orderings [11, 33, 34], the plasma fluc-
tuations can generally be described in terms of three scalar
fields, i.e. the electrostatic potential δϕ, the magnetic scalar
potential δψ, and the parallel magnetic field perturbation δB∥,
where δψ is associated with the parallel vector potential δA∥
by cb ·∇δψ = iωδA∥. Suppressing the physics of compres-
sional Alfvén waves in low β parameter regime of interest,
withβ the ratio between kinetic andmagnetic energy densities,
δB∥ can be evaluated by the perturbed perpendicular pressure
balance B0δB∥ + 4πδP⊥ = 0 [34]. Building upon the compre-
hensive theoretical work already established [11, 25, 26, 34,
35], we present here the eigenmode equations for investigat-
ing EP driven Alfvén instabilities, while omitting the detailed
derivations for brevity. Interested readers may refer to [25]
and [26] for detailed derivations. Assuming the plasma is com-
posed of two components with distinctive energy range: a core
or thermal plasma component made of electrons (e) and ions
(i), and an energetic particle component (E), the equations
governing the general SAW fluctuations then consist of the
gyrokinetic vorticity equation(

∂2ϑ −
∂2ϑκ̂⊥
κ̂⊥

)
δΨ̂+

J 2B2
0

v2A
ω (ω−ω∗pi)

(
δΦ̂∥ + δΨ̂

)
− 8πJ 2 rB0∂rP0

qκ̂⊥∂rψ

(
κg

κ̂⊥ ·∇ψ
κ̂⊥|∇ψ|

−κn
rB0

qκ̂⊥|∇ψ|

)
δΨ̂

− 4πJ 2 rB0

qκ̂⊥∂rψ

(
κg

κ̂⊥ ·∇ψ
κ̂⊥|∇ψ|

−κn
rB0

qκ̂⊥|∇ψ|

)
×
〈
mE

(
µB0 + v2∥

)
∂rF0EJ

2
0E

〉
v
δΨ̂

=−4πJ 2B0ω

kϑc

(
κg

κ̂⊥ ·∇ψ
κ̂⊥|∇ψ|

−κn
rB0

qκ̂⊥|∇ψ|

)
×
∑
s

〈
ms

(
µB0 + v2∥

)
J0sδK̂s

〉
v
, (1)

and the quasi-neutrality condition(
1+

T0i
T0e

)
δΦ̂∥

κ̂⊥
=

T0i
n0ie2i

∑
s=e,i

〈
esδK̂s

〉
v
, (2)

where
∑

s represents summation on all particle species ‘s’,
and ⟨. . .⟩v denotes integration in velocity space. In deriving
the above equations, we have made use of the ballooning-
mode representation [36, 37] and ignored variations due to the
global radial envelope of the fluctuations, with ϑ denoting the
extended poloidal angle and ‘̂ ’ representing the corresponding
quantities in ballooning space. The fluctuating fields have been
replaced by δΨ̂ = κ̂⊥δψ̂ and δΦ̂∥ = κ̂⊥(δϕ̂− δψ̂) for con-
venience. Moreover, we have adopted the straight magnetic
field line coordinates (ψ,θ,ζ) with ψ being the poloidal mag-
netic flux and the Jacobian given byJ = (∇ψ×∇θ ·∇ζ)−1.
Furthermore, the radial-like coordinate r(ψ) has been intro-
duced in equation (1), and the equilibrium magnetic field B0

is given by

B0 = F(ψ)∇ϕ+∇ϕ×∇ψ, (3)

where ϕ is the geometric toroidal angle. The above equations
are quite general and retain all the geometric effects. Some of
the geometric functions are defined as follows:

κ= b0 ·∇b0, κg =
κ · (b0 ×∇ψ)

|∇ψ|
, κn =

κ ·∇ψ
|∇ψ|

kϑ =−nq/r, κ̂⊥ =
k⊥
kϑ

= sϑ∇r+ r∇θ− r
q
∇ζ.

In equation (1), we assume Maxwellian distribution for
thermal ions and electrons and ignore their FLR and FOW
effects, while the distribution function is kept to be general
for EPs, and their FLR and FOW effects are fully retained,
consistent with the typical orderings of SAW fluctuations with
|kϑρi| ≪ |kϑρE|≲ 1, where ρi and ρE are the drift orbit widths
of thermal ions and EPs, respectively. On the left hand side
of equation (1), the first three terms represent the field line
bending, inertia, and core pressure gradient—curvature coup-
ling, where ω∗pi = ncTi/(e∂rψLpi) is the thermal ion diamag-
netic frequency associated with pressure gradient, with L−1

pi ≡
−∂r lnP0i being the scale length of thermal ion pressure, and
P0 = P0i+P0e. The fourth term represents the EP pressure
gradient—curvature coupling term including FLR correction,
wherein F0E is the equilibrium distribution function of EP,
and J0 = J0(k⊥

√
2µB0/Ωc) is the zero-order Bessel function

of the first kind, accounting for the FLR effect, with µ=
v2⊥/(2B0) being the magnetic moment and Ωc = eB0/(mc)
the cyclotron frequency. In both the third and fourth terms,
we have taken the approximation∇B0 ≃ κB0, consistent with
the well-known cancellation of δB∥ contribution [34, 38]. The
right hand side of equation (1) represents the kinetic plasma
compression—magnetic curvature coupling, with the contri-
butions from all particle species included. The contribution of
EPs to both the inertia term in equation (1) and the density
perturbation in equation (2) have been neglected, due to their
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much lower density compared to thermal species in fusion
plasma with n0E/n0i ∼O(10−2), whereas their contribution
to plasma pressure is fully retained noting the typical order-
ing P0E/P0i ∼O(1). In equations (1) and (2), the gyrokinetic
particle response δK̂ is obtained by solving the linear gyrokin-
etic equation(

v∥
J B0

∂ϑ − iω+ iωd

)
δK̂= i

e
m
QF0

J0
κ̂⊥

(
δΦ̂∥ +

ωd
ω
δΨ̂
)
,

(4)

where ωd = k⊥ · vd is the magnetic drift frequency, and vd =
Ω−1b0 × (µ∇B0 + v2∥κ)≃ Ω−1b0 ×κ(µB0 + v2∥) is the mag-

netic drift velocity. Furthermore, QF0 = ω∂EF0 +Ω−1b0 ×
∇F0 · k⊥ accounts for the free energy in both velocity and
configuration spaces, and E = v2/2 is the energy per unit
mass. Equations (1), (2) and (4) constitute a complete set of
equations for investigating the physics of various SAW fluc-
tuations in a broad frequency range. In particular, for the res-
onant excitation of TAE by EPs considered in this work, fur-
ther simplification can be made. Due to the high-frequency of
TAE with |ω| ≫ ωti ≡ v∥i/(J B0), the quasi-neutrality con-
dition reduces to the ideal MHD approximation with vanish-
ing parallel electric field in the lowest order, i.e. δE∥ = 0 or

δΦ̂∥ = 0 [34, 35]. In addition, the thermal ion diamagnetic fre-
quency in the inertia term of equation (1) may also be dropped
by noting |ω∗pi/ω| ≪ 1 for typical plasma parameters. Based
on these simplifications, we proceed with the solution of the
above equations in the next section.

2.2. Solution method

In order to solve equation (4) for the perturbed particle
distribution, we make use of the action-angle approaches.
Following [32], in axisymmetric toroidal geometry, we intro-
duce three pairs of action angle coordinates, (m2cµ/e,α),
(Pϕ,ϕ) and (J,θc), where α is the gyrophase,

Pϕ =
e
c

(
F(ψ)

v∥
Ω

−ψ
)

(5)

is the canonical toroidal angular momentum, J and θc are
the ‘second invariant’ and the respective conjugate canonical
angle defined as

J= m
˛
v∥dl, θc = ωb

ˆ θ

0

dθ ′

θ̇ ′
, (6)

where dl is the arc-length along the particle orbit and

ωb =
2π¸
dθ/θ̇

(7)

is the transit/bounce frequency for circulating/trapped particle.
Due to the symmetry of the tokamak geometry, (µ,J,Pϕ), or
equivalently, (E ,µ,Pϕ) for practical convenience, are three
constants ofmotion, and uniquely determine a particle orbit for
a given equilibriummagnetic field configuration, together with

the sign of v∥ which specifies the direction of the circulating
particle. Moreover, one has 0< µ < E/B0,max for circulating
particles and E/B0,max < µ < E/B0,min for trapped particles,
whereB0,min andB0,max are theminimum andmaximumvalues
of the magnetic field along the particle trajectory. Given the
values of (E ,µ,Pϕ), the guiding center position of a particle
can be described as

r= rc+ ρ̃c (θc) ,

θ = σθc+Θ̃c (θc) ,

ζ = ω̄dτ +σq̄θc+Ξ̃c (θc) , (8)

where rc = r(ψ̄), q̄= q(ψ̄), and

ψ̄ =
ωb
2π

˛
ψ
dθ

θ̇
(9)

denotes the orbit averaged magnetic flux. ω̄d is the toroidal
precession frequency defined as

ω̄d =
ωb
2π

˛ (
ζ̇ − q̄θ̇

) dθ

θ̇
, (10)

and τ = θc/ωb is a time-like variable. Besides, ρ̃c, Θ̃c and Ξ̃c

are 2π periodic functions of θc defined as

ρ̃c (θc) =

(
Fv∥
Ω

− ωb
2π

˛
Fv∥
Ω

dθ

θ̇

)
1

dψ/dr

∣∣∣
rc
,

Θ̃c (θc) = θ−σθc,

Ξ̃c (θc) =

ˆ θ

0

(
ζ̇

θ̇
− q̄

)
dθ− ω̄dτ + q̄(θ−σθc) , (11)

with σ = v∥/|v∥| for circulating particles, and σ= 0 for
trapped particles. All these characteristic frequencies and peri-
odic functions in equation (8) can be obtained by solving the
guiding center equation of motion [39, 40]

Ẋ=
B0

B∗
∥

(
v∥b0 +

v∥
Ω
∇×

(
v∥b0

))
, (12)

with

B∗
∥ = B0 +

mc
e
b0 · (∇× b0)v∥ ≃ B0. (13)

For our local eigenmode analysis corresponding to fixed rc,
we solve equation (12) for the particle orbit with the mag-
netic field evaluated at the reference flux surface ψ̄, so the
radial variation of equilibrium magnetic field on the scale
of particle drift orbit width is ignored, consistent with the
ordering ρE/LB ≪ 1 in fusion plasmas, where LB ∼ R0 denotes
the scale length of equilibrium magnetic field nonuniform-
ity. Nevertheless, the particle drift motions are fully taken
into account through the second term in the bracket of
equation (12) and play a crucial role in determining mode sta-
bility. More accurate equilibrium particle orbit calculations
can be readily implemented in our numerical scheme at the
expense of more intensive use of computational resources.
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This has been verified to actually yield an O(ρE/LB) correc-
tion and, thus, is consistently neglected in the present analysis.

With the coefficients and functions in equation (8) para-
meterized by the constants of motion, the linear gyrokin-
etic equation can be solved most conveniently by taking the
drift/banana center transformation δK̂= e−iQ̂BδK̂B, and yields

(ωb∂θc − iω+ inω̄d)δK̂B = i
e
m
eiQ̂BQF0J0

ωd
ω

δΨ̂

κ̂⊥
, (14)

where we have dropped the contribution of δΦ̂∥, and the shift
operator Q̂B is defined as

Q̂B = ρ̃c (θc)kϑsϑ+ nΞ̃c (θc)− nq̄Θ̃c (θc) , (15)

which essentially accounts for the FOW effect. In
equation (14), the left hand side is a linear operator with
constant coefficients, and the right hand side is the fluctuating
field shifted to the magnetic drift/banana center coordinates,
which can be considered as the effective mode structure that
is experienced by the particle along its orbit. The sign of v∥
is implicitly embedded in the mapping relation between θc
and ϑ (or θ). For circulating particles, by directly applying the
Fourier and inverse Fourier transformations on equation (14)
in θc space, we obtain

δK̂B (θc) =
e
m
QF0

ω

ˆ ∞

−∞
dk

eikθc

kωb−ω+ nω̄d

×
ˆ ∞

−∞

dθ ′c
2π

eiQ̂
′
B
J ′0ω

′
d

κ̂ ′
⊥
δΨ̂ ′e−ikθ ′

c ,

(16)

where the definition of θc(ϑ) has been extended to (−∞,∞).
For trapped particles, the two bounce angles θ1 and θ2 can
be introduced by the condition 1−µB0(θ1,2)/E = 0, and the
closed bounce orbit in ϑ space, i.e. θ1 → θ2 → θ1, can be
mapped into θc space as −π/2→ π/2→ 3π/2 according to
equation (6). This mapping relation ensures that the particle
response naturally satisfies the periodic boundary condition
over the 2π interval −π/2⩽ θc ⩽ 3π/2. Therefore, δK̂B can
be decomposed into Fourier series δK̂B =

∑
k δK̂B,ke

ikθc , with
k taking integer values, and we obtain, from equation (14),

δK̂B (θc) =
e
m
QF0

ω

∑
k∈Z

eikθc

kωb−ω+ nω̄d

×
ˆ 3π/2

−π/2

dθ ′c
2π

eiQ̂
′
B
J ′0ω

′
d

κ̂ ′
⊥
δΨ̂ ′e−ikθ ′

c ,

(17)

where the integration in θc corresponds to the orbit average
along the closed banana orbit in the poloidal plane. The solu-
tions in other intervals can be obtained by shifting θc (and cor-
respondingly ϑ) by 2π in equation (17). It should be noted
that the periodic boundary condition that we imposed in θc
space is equivalent to the conventional boundary condition
in ϑ space: δK̂+(ϑ= θ1) = δK̂−(ϑ= θ1) and δK̂+(ϑ= θ2) =
δK̂−(ϑ= θ2) [14, 15, 34, 41, 42], where the superscript ±
denotes the sign of v∥.

With the solution of δK̂B, the guiding center response δK̂
can be directly obtained through the pull back operator e−iQ̂B .
Compared with the conventional method that directly integ-
rates equation (4) or equation (14) along the unperturbed orbits
[14, 15, 41–43] (see appendixA), the Fourier spectrummethod
we propose here leverages the periodicity of the equilibrium
orbits in θc space described by equation (8), and enables effi-
cient computation of particle responses via fast Fourier trans-
formation (FFT) algorithm. Moreover, equations (16) and (17)
can readily reproduce the resonance condition

ω = nω̄d+ kωb, (18)

where the value of k is related to the Fourier spectrum of
the effective mode structure. In particular, k is an integer for
trapped particles due to the periodicity of the particle response
that we mentioned earlier.

Substituting the solutions of δK̂ for both circulating and
trapped particles back into the vorticity equation and carrying
out the velocity space integration, we obtain the corresponding
eigenvalue problem. This problem is intrinsically a nonlinear
eigenvalue problem and is hard to solve directly. However, for
TAE instabilities excited by EPs, the contribution of the kin-
etic compressibility is , usually, much smaller than the fluid
potential [14, 15], inspired by which the following iteration
procedure is proposed. For the sake of brevity, we formally
rewrite the vorticity equation as[

∂2ϑ +Vf (ω;ϑ)
]
δΨ̂ = KC

(
ω,δΨ̂;ϑ

)
, (19)

where Vf(ω;ϑ) represents the fluid-like potential on the left
hand side of the vorticity equation, and KC(ω,δΨ̂;ϑ) is the
kinetic compression term. First, we solve the vorticity equation
in the fluid limit by neglecting the kinetic compression term.
The obtained mode frequency and mode structure, denoted as
ω0 and δΨ̂0, are then substituted back into the kinetic com-
pression term to update the eigenmode equation[

∂2ϑ +Vf (ω1;ϑ)
]
δΨ̂1 = KC

(
ω0, δΨ̂0;ϑ

)
, (20)

where ω1 and δΨ̂1 are the updated mode frequency and mode
structure. We iterate this procedure until the solutions of the
eigenvalue and eigenfunction converge, and during each itera-
tion, the equation can be easily solved by the shooting method.
The above iteration approach is particularly efficient for study-
ing the EP driven TAE instabilities, and it is not even restric-
ted to the condition that kinetic effects are perturbative, as
long as the iteration converges. However, due to the inconsist-
ent treatment of mode frequency and mode structure on the
left and right hand sides of equation (19), this approach may
sometimes encounter convergence difficulties when the kin-
etic effects become sufficiently large and significantly alter the
mode frequency and mode structure. In order to maintain the
general capability of our code, we have also implemented an
algorithm based on the finite element method, as introduced in
appendix B.
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Consistent with previous discussions, fast estimation of the
TAE frequency shift and growth rate induced by kinetic effects
can be achieved by the expansion of equation (19) around
the solution in the fluid limit [14]. The complex frequency
shift ∆ω introduced by the kinetic compression term is then
given by

∆ω

ω0
=

δWk

2
´∞
−∞ dϑω2

0J
2B2

0

v2A

∣∣∣δΨ̂0

∣∣∣2 , (21)

where δWk ≡
´∞
−∞ dϑδΨ̂∗

0KC(ω0, δΨ̂0;ϑ) [11, 17, 18] denotes
the generalized potential energy contributed by the kinetic
compressibilities of all particle species, withω0 and δΨ̂0 being
the TAE solutions in the fluid limit. Apparently, the above
equation is valid only when the contribution of particle kinetic
compressibilities is perturbative, i.e. |∆ω| ≪ |∆ωSAW| [32,
44], where ∆ωSAW is the frequency difference between TAE
and neighboring mode including the SAW continuous spec-
trum. Although this assumption does not always hold even for
TAE, the perturbative analysis can be useful in many circum-
stances of interest.

2.3. Physics based numerical diagnostics

Here, we introduce the numerical diagnostics that have been
developed to elucidate the fundamental physics of the interac-
tion between TAE and different plasma components. All the
numerical calculations in this section, for illustration purposes,
are performed based on the DTT equilibrium that will be intro-
duced in section 3 with EPs satisfying a model isotropic slow-
ing down distribution, and the TAE toroidal mode number is
taken to be n= 12. While these choices may seem specific to
the DTT case that will be studied later, both magnetic geo-
metry and plasma profiles as well asmode number are paradig-
matic for reactor relevant burning plasma scenarios.

2.3.1. Effective mode structure. One of the key numerical
diagnostics in the code is the representation of the effective
mode structure and the corresponding spectrum. As discussed
in section 2.2, the wave-particle interaction is determined by
both the resonance condition, equation (18), and the effect-
ive mode structure, which can be defined as eiQ̂BJ0gδΨ̂/κ̂⊥
according to equations (16) and (17). Here,

g=
R0B̄0

B0
b0 ×κ · κ̂⊥ (22)

accounts for the explicit ϑ-dependence in magnetic
curvature drift, so that ωd = kϑ(R0Ω̄)

−1(µB0 + v2∥)g with

Ω̄ = eB̄0/(mc). Figures 1 and 2 show the Fourier spectra of
the effective mode structures with and without the effect of
FLR and FOW for circulating and trapped particles, respect-
ively. For the purpose of demonstration, we use TAE mode
structure δΨ̂ obtained from equation (1) in fluid limit, which
is shown by the blue dashed line in figure 7. In addition, the
particle orbits are calculated with (E ,λ) = (E0,0.1) for the

Figure 1. k spectra of δΨ̂, gδΨ̂/κ̂⊥, eiQ̂BJ0gδΨ̂/κ̂⊥ for circulating
particle in the whole ballooning space.

Figure 2. k spectra of δΨ̂, gδΨ̂/κ̂⊥, eiQ̂BJ0gδΨ̂/κ̂⊥ for trapped
particle in [−θb,θb] interval.

circulating particle in figure 1, and (E ,λ) = (E0,1.1) for the
trapped particle in figure 2, where E is the EP birth energy and
λ≡ µB̄0/E is the pitch angle. For the circulating particle, the
spectrum of δΨ̂ peaks around k=±1/2, consistent with the
well-known fact that TAE is localized around nq−m=±1/2.
The coupling with magnetic curvature generates higher k com-
ponents around±3/2 and±5/2, as shown by the red line. For
thermal ions and electrons with orbit widths much smaller
than the typical TAE wavelength, gδΨ̂/κ̂⊥ essentially plays
the role of the effective mode structure experienced by the
particle, and is mostly identical to the mode structure in the
laboratory frame except for the correction due to the differ-
ences betweenϑ (or θ) and θc. However, for EPswith relatively
large orbit widths, the corrections of FLR and FOW effects,
accounted for by J0eiQ̂B , must be taken into account properly.
As a consequence, the spectrum of the effective mode struc-
ture is greatly distorted, as shown by the blue line in figure 1,
which clearly demonstrates that the incorporation of FLR
and FOW effects reduces the spectrum amplitude (weaken-
ing the wave-particle coupling strength) while simultaneously
broadening the spectrum range (involving more particles into
resonance) [14]. As a consequence, the overall effects of FLR
and FOW on TAE stability depend on the specific particle
distribution in velocity space.

For the trapped particle, the effective mode structure is
defined inside the bounce interval [θ1,θ2], and thus is sensitive
to the pitch angle of the particle. In figure 2, we chooseλ= 1.1,
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which is close to the deeply trapped particle region. The spec-
trum of δΨ̂ is dominated by the bounce-averaged k= 0 com-
ponent, and the coupling with magnetic curvature has little
impact on the spectrum distribution, consistent with the deeply
trapped particle region that has been chosen. However, for
particles with large orbit width, the introduction of FLR and
FOW effects significantly modifies the spectrum, where the
dominant k= 0 component is reduced while the k=±2 har-
monics are greatly enhanced. From these results, it can be
speculated that the trapped particle responses are dominated
by precession resonance, as well as low order bounce reson-
ances in the presence of FLR and FOW effects, while higher
order bounce resonances are less efficient due to the decay of
the Fourier harmonics. It is noteworthy that the amplitudes of
odd harmonics are significantly smaller than the even ones,
consistent with the fact that the fields experienced by a trapped
particle in the inner and outer legs of its banana orbit are nearly
identical in an up-down symmetric equilibrium. Furthermore,
the broken symmetry under parity transformation of the blue
line with respect to k in figure 2 (also in figure 1) arises from
the phase variation introduced by the FOW effect, i.e. eiQ̂B .

2.3.2. Wave-particle resonance structure. Another numer-
ical diagnostic of crucial importance in our code is the wave-
particle resonance structure in velocity space. Together with
the effective mode structures, it enables us to investigate
the wave-particle interaction in great detail. Suggested by
equation (21), the value of δWk contains the information of fre-
quency shift and growth rate induced by the kinetic effects [11,
17, 18]. In particular, the imaginary part of δWk is proportional
to the energy exchange between particles and wave through
the resonant interaction. Notice that δWk is , essentially, an
integral with respect to E , µ and ϑ. By plotting the integrand
of δWk in (E ,µ) space, we will be able to show the reson-
ance properties of different particle species and identify which
type of equilibrium particle orbits predominantly contribute to
the drive or damping of the mode. Due to the fundamentally
distinct behaviors of circulating and trapped particles, as well
as the differences among particle species, we will study their
resonance structures separately in the rest of the section. In the
present equilibrium at ρtor = 0.54, particles with 0< λ < 0.81
are circulating, while those with 0.81< λ < 1.17 are trapped.

Thermal ion responses. First of all, figures 3(a) and (b) show
the integrand of δWk due to circulating thermal ions in the
space of normalized energy Ê ≡ 2mE/Ti and pitch angle λ.
The colored dotted lines represent the contours of k satisfy-
ing the resonance condition ω = nω̄d+ kωb, where both ω̄d
and ωb are the functions of Ê and λ. For circulating thermal
ions, the real part of δWk is positive and dominated by the
non-resonant response, while the imaginary part is negative
and dominated by the resonant response, and its amplitude
is very small, in consistency with the vti/vA ≪ 1 ordering.
According to equation (21), these results imply that the kin-
etic compressibility of circulating thermal ions primarily gives
rise to a positive frequency shift and a small damping rate to

Figure 3. Structures of the integrand of δWk in (Ê ,λ) space for (a),
(b) circulating and (c), (d) trapped thermal ions. The colored dotted
lines represent the contours of k satisfying the resonance condition
ω = nω̄d+ kωb.

TAE. Furthermore, the maximum value position of Re(δWk)
is located around λ= 0, suggesting that the well circulating
approximation along with the fluid expansion may be a good
approximation when solving the kinetic response of circulat-
ing thermal ions. Noting that the behavior around the λ= 0
peak is quite broad but still localized away from the trapped
particle region, this suggests that the proposed expansion can
be used. The dominant contribution to the Im(δWk) comes
from the k= 5/2 resonance, which, consistent with the spec-
trum of gδΨ̂/κ̂⊥ in figure 1, has a very small amplitude.
Lower order resonances k= 1/2,3/2 are suppressed expo-
nentially following the scaling law ∝ exp(−v2res/v2t ), where
vres ≃ vA/(2k) is the ion velocity to resonate with the TAE
with ω ≃ vA/(2qR0). Similar to circulating thermal ions, for
trapped thermal ions, the integrand of δWk is also dominated
by the non-resonant response, as shown in figures 3(c) and (d).
The resonance lines show that only high order bounce reson-
ances can occur because of the small nω̄d and ωb of thermal
ions, while such high order bounce resonances are very inef-
ficient due to the rapid decay of the high k components in the
spectrum of gδΨ̂/κ̂⊥.

Thermal electron responses. For circulating thermal elec-
trons, as illustrated in figures 4(a) and (b), the amplitudes of
both real and imaginary of δWk are small, and are limited
to a narrow region in the velocity space near the boundary
between circulating and trapped particles (note the range of
the vertical axis), which means that the particle responses are
nearly adiabatic due to their high speed along the magnetic
field v∥e ≫ vA. Figures 4(a) and (b) indicate that the dom-
inant contribution comes from the k= 1/2 resonance, while
higher order resonances corresponding to lower energy are
suppressed algebraically due to the E5/2 dependence in the
integrand. Similar pattern is observed for the resonant trapped
thermal electrons in figures 4(c) and (d), with a tiny k= 1
resonance localized in a very narrow region. The difference
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Figure 4. Structures of the integrand of δWk in (Ê ,λ) space for (a),
(b) circulating and (c), (d) trapped thermal electrons. The colored
dotted lines represent the contours of k satisfying the resonance
condition ω = nω̄d+ kωb.

Figure 5. Structures of the integrand of δWk in (Ê ,λ) space for (a),
(b) circulating and (c), (d) trapped EPs. The colored dotted lines
represent the contour lines of k satisfying the resonance condition
ω = nω̄d+ kωb.

is that the non-resonant trapped particles have a relatively
large contribution to Re(δWk) because of their smaller bounce
frequencies. Therefore, the trapped electrons can induce a
finite frequency shift to the mode. Although the wave-particle
resonances are weak for both thermal ions and electrons,
the underlying reasons are opposite: thermal ions are too
slow, while thermal electrons are too fast, with respective
to the Alfvén speed. Thus, it can be concluded that thermal
ion Landau damping becomes more important in high-β
plasma [45, 46], while thermal electron Landau damping
becomes more important in low-β plasma [13].

EP responses. Figures 5(a) and (b) show the resonance struc-
ture of circulating EPs in (Ê ,λ) space, where the definition of
Ê is modified to Ê ≡ E/Ec, with Ec being the critical energy.

Since the integrand of δWk, proportional to E5/2/(E3/2 +

E3/2
c ), monotonically increases with E , it is observed that most

of the EP contributions come from the high energy region
in the velocity space, which is different from the case of
Maxwellian distribution. Besides, figure 5(b) exhibits no peak
structures along the half-integer resonance lines as a con-
sequence of the large orbit widths of EP, and it is also consist-
ent with the Fourier spectrum of eiQ̂BJ0gδΨ̂/κ̂⊥ in figure 1.
Whereas for trapped EPs, the resonance structures depicted
in figures 5(c) and (d) are clearly visible, especially the k= 0
precession resonance. According to figure 2, the k= 2 bounce
resonance also exists, but has a much smaller amplitude due
to the algebraic decay of the integrand with respect to energy.
From the results of figures 3–5, combined with equation (21),
it follows the conclusion that EPs contribute little to the real
frequency, but substantially to the growth rate of TAE com-
pared with thermal ions and electrons.

3. TAE instability in DTT equilibrium

Consistent with the analysis in the previous section, we con-
sider a realistic DTT equilibrium to illustrate the spectral fea-
tures of TAE under actual conditions, but assume a simple
model distribution of EP represented by a simple isotropic
slowing down injected at 3.52MeV, since for our scope the
effect of EP is merely to provide a finite drive. The capability
of our code to explore stability with realistic distribution func-
tions provided by numerical computations will be reported in
future work.

Here, we briefly introduce the equilibrium parameters for
the numerical application of the newly developed code. The
equilibriumwe adopt is one of the reference equilibria of DTT,
which was originally constructed using the free boundary
equilibrium evolution code CREATE-NL26 [47] and further
refined using the high-resolution equilibrium solver CHEASE
[48]. The equilibrium is post-processed by the FALCON code
[49, 50], which constructs the Boozer coordinates and gener-
ates the corresponding metric tensor required for eigenmode
calculation. In this equilibrium, the on-axis thermal electron
density is 2.39× 1020m−3, and the on-axis thermal electron
and ion temperatures are 13.04KeV and 9.92KeV, respect-
ively. The cross section and thermal plasma radial profiles are
depicted in figure 6, where we have introduced a normalized
radius ρtor as flux coordinate. In this work, for the study of EP
driven TAE instability, we assume an isotropic slowing-down
distribution for EPs in the form of

f0E
n0E

∝ Θ(E −E0)
E3/2 + E3/2

c

, (23)

whereΘ denotes the Heaviside step function. The birth energy
E0 is taken to be the fusion energy of alpha particles, i.e.
3.52MeV, and the critical energy Ec is given by Stix expression
[51]. n0E is the equilibrium density of EPs, and for our
local eigenmode analysis in this work, we take n0E = 1.0×
1018m−3 and R0∂ρtor lnn0E = 5.0m. We note that while DTT
will not operate with deuterium and tritium and there will
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Figure 6. (a) Cross section of DTT reference equilibrium, where
the red and blue lines represent the radial positions of ρtor = 0.55
and ρtor = 0.32, respectively. (b) Radial profiles of safety factor q
and magnetic shear s. (c) Radial profiles of electron density, electron
and ion temperatures normalized to their values on axis. The
horizontal axis ρtor is the normalized radius related to toroidal flux.

Figure 7. Parallel mode structures of TAE in fluid limit (blue
dashed line) and kinetic description (black and red lines).

not be fusion alpha particles, the DTT equilibrium and alpha
particles as the EP source are adopted here simply as a refer-
ence for our numerical analysis, while the underlying physics
we would like to elucidate is rather general and not limited to
this specific scenario. As anticipated above, our aim is to illu-
minate the properties of TAE spectra as a paradigm of AE in
reactor relevant plasmas, capturing how magnetic geometry is
interlinkedwith particle orbits, wave-particle resonance condi-
tions and plasma kinetic compressibility. The choice of fusion
alpha particles as an isotropic slowing down source, in partic-
ular, allows us to enhance the FLR/FOW effect of EP, which
was discussed in the previous section.

As a simple application of the code, we use the DTT refer-
ence equilibrium and EP distribution function discussed above
and obtain the TAE frequency Ω= 0.584+ 0.00636i, with
Ω≡ ωR0/vA0 and vA0 the Alfvén speed on the magnetic axis.
The parallel mode structure of TAE in the ballooning space
is shown in figure 7. As a comparison, in the fluid limit, the
upper and lower accumulation points of the TAE gap are given
by ΩU = 0.642 and ΩL = 0.334, the TAE frequency locates
at Ω= 0.565, and the corresponding parallel mode structure
(blue dashed line in figure 7) closely resembles that of the
kinetic results. These results suggest that the correction of

kinetic effects can be regarded as perturbative in the present
case. Perturbative analysis using equation (21) indicates that
the Landau damping rates resulting from thermal ions and
electrons are 5.7× 10−5 and 1.4× 10−4, respectively, both of
which are much smaller than the EP induced growth rate. The
particularly small electron Landau damping on TAE is primar-
ily attributed to the relatively high electron density and tem-
perature in the scenario analyzed here, which prevents the effi-
cient resonance between TAE and electrons, as demonstrated
in figures 4(b) and (d). Since circulating thermal electrons has
negligible contribution to both the real frequency and damp-
ing rate of TAE, it is no longer considered in the subsequent
calculations.

4. Effect of triangularity on TAE stability

As a further demonstration of the code applicability, as well as
the continuation of our previous work [31], in this section we
investigate the effect of triangularity on TAE stability. In [31],
it has been found that triangularity has little impact on TAE
in the fluid limit, except for a small downward shift of the fre-
quency. However, the introduction of kinetic effects maymake
a significant difference due to the modification of equilibrium
orbits. For the convenience of controlling and parametrically
modifying the equilibrium geometry, we make use of the local
Miller equilibrium with the shape of the plasma flux surface
taking the form of [52]

R= R0 + rcos(θ+ δ sinθ) ,

Z= Arsinθ,
(24)

where A and δ represent the elongation and triangularity,
respectively. The parameters required for constructing the
Miller equilibrium are fitted from the original DTT equi-
librium at ρtor = 0.55 with the fitted triangularity being
δ= 0.091. We then change the value of δ while keeping other
parameters fixed, to investigate the effect of triangularity.

4.1. Characteristic frequencies in PT and NT

First, we compare the particle characteristic equilibrium orbit
frequencies as a function of λ in positive triangularity (PT)
with δ= 0.091 and negative triangularity (NT) with δ =
−0.091, as illustrated in figures 8 and 9, which are calcu-
lated for fixed energy E = E0, and n= 10 is assumed for the
evaluation of nω̄d. The energy dependencies of ωb and ω̄d
are simply given by ωb ∝

√
E and ω̄d ∝ E . Figures 8 and 9

indicate that switching the triangularity from positive to neg-
ative significantly modifies the precession frequencies of both
circulating and trapped particles, as well as the bounce fre-
quency of trapped particles, but has little impact on the transit
frequency of circulating particles, which is consistent with
the physical expectation: circulating particles experience mag-
netic fields in the entire poloidal range, while trapped particles
are mostly localized on the low field side, and are thus more
strongly affected by the triangularity. Unlike the transit fre-
quency, the precession frequency is determined by the gradi-
ent of the magnetic field, and is thus more sensitive to the
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Figure 8. Dependence of transit/bounce frequency ωb on λ with
E = E0.

Figure 9. Dependence of precession frequency nω̄d on λ with
E = E0. Toroidal mode number n is taken to be 10 for reference.

geometry change. Notably, the enhancement of the trapped
particle precession frequency shown in figure 9 is consistent
with the results in [53] and [54]. Considering the significant
differences in their characteristic frequencies, we discuss cir-
culating or trapped EPs separately in a subsequent study to
better elucidate the different physical mechanisms that affect
TAE stability. However, the kinetic contributions of all thermal
species are included (except circulating electrons) in all the
calculations regardless of their orbit types, as they primarily
give rise to a frequency shift.

4.2. Effect of triangularity on TAE stability via different
mechanisms

In this section, we discuss how triangularity can impact TAE
stability via different underlying physics mechanisms. By
simple inspection of equation (21), it can be speculated that the
triangularity can affect the TAE growth rate through the modi-
fication of three possible factors: (1) geometric coefficients,
(2) resonance condition, and (3) mode frequency and mode
structure. Generally speaking, these three factors are coupled
together and should be determined self-consistently for a given
plasma equilibrium. However, we show subsequently that
these factors have different relative importance on TAE growth
rate under different circumstances. By studying them separ-
ately, we will be able to develop a deeper understanding of

Figure 10. Growth rate of TAE versus toroidal mode number n in
PT (red circle) and NT (blue circle) when only circulating EPs are
considered.

the corresponding phenomena and to demonstrate the general
applicability of our results.

Geometric coefficients. Figure 10 shows the TAE growth rate
as a function of toroidal mode number when only circulating
EPs are considered. In the case with both positive and negat-
ive triangularities, the growth rates follow the same trend that
first increases and then decreases, consistent with the extens-
ive analytical and numerical studies [14, 16, 17, 55]. The TAE
growth rate first increases with n because the free energy asso-
ciated with radial nonuniformity, accounted for by the diamag-
netic frequency ω∗, is a linear function of n. Then, it slowly
decreases due to the averaging effect of FLR and FOW. For
all toroidal mode numbers listed in figure 10, TAE has a lar-
ger growth rate in NT, which suggests a potential destabiliza-
tion mechanism in NT. In order to understand these results, we
carry out a series of perturbative analyses using equation (21)
and including only EP kinetic compressibility, to isolate the
effects of different factors. First, we calculate the n= 12
TAE growth rates in both PT and NT using equation (21),
and the obtained results are Ωi = 2.6× 10−3 and Ωi = 3.4×
10−3, respectively, which approximately agree with the non-
perturbative calculation results in figure 10, considering that
core plasma compressibility is ignored here. Based on the per-
turbative calculation in PT, we then artificially replace the
various elements in the expression of equation (21) by those
of NT and calculate TAE growth rate again, and the results
are listed in table 1. Replacing geometric coefficients leads to
Ωi = 3.5× 10−3, replacing mode frequency and mode struc-
ture leads to Ωi = 2.4× 10−3, and finally, replacing particle
orbit leads to Ωi = 2.7× 10−3. Therefore, in this case, the
change of geometric coefficients by the triangularity plays a
dominant role in determining TAE growth rate. Further exam-
inations identify that the coupling coefficient g/κ̂⊥ inside the
kinetic compression term is the most significant one among
various geometric coefficients, which is verified by the obser-
vation that TAE growth rates in PT and NT become very sim-
ilar after imposing the same expression for g/κ̂⊥. In order
to give a more intuitive physical picture, we plot g/κ̂⊥ as a
function of ϑ in the ballooning space, as shown in figure 11,
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Table 1. TAE growth rates obtained from self-consistent PT and NT
calculations (first and second rows), and artificially replacing the
various elements in the PT calculation by those of NT (last three
rows).

Case Ωi

Self-consistent PT calculation 2.6× 10−3

Self-consistent NT calculation 3.4× 10−3

Replacing geometric coefficients 3.5× 10−3

Replacing mode frequency and mode structure 2.4× 10−3

Replacing particle orbit 2.7× 10−3

Figure 11. Coupling coefficient g/κ̂⊥ as a function of ϑ in the
ballooning space in PT and NT.

which confirms the larger amplitude of g/κ̂⊥ in NT, especially
in the small-|ϑ| region. Note that this coefficient appears in a
‘squared form’ in the kinetic compression term so the differ-
ence between PT and NT is more evident than what is shown
here. From equation (22), it can be recognized that g/κ̂⊥
is physically related to vd · δE⊥, which controls the energy
exchange between particles and wave. We also note that our
results are consistent with the remark in [56] that magnetic
drift velocity is faster in NT. It can also be anticipated that the
Landau damping from core plasma could become stronger in
NT for the same reason, but since its amplitude is always much
smaller than EP drive for our parameters, it will not be dis-
cussed inmore detail. The abovemechanism for explaining the
increased TAE growth rate in NT is valid not only for n= 12
but also for the case with smaller n. However, as n increases
and becomes larger than 12, corresponding to the decreasing
growth rate in figure 10, the perturbative analysis shows that
the modification of particle orbit (and thus of the resonance
condition) eventually becomes as important as the geometric
coefficients at some point. Thismodificationmanifests primar-
ily through the precession frequency shown in figure 9, along
with the strength of FLR and FOW effects J0eiQ̂B . For the case
analyzed here, this additional mechanism also plays a role in
destabilizing TAE in NT, but it is hard to discuss the general-
izability of this result due to the complicated dependence of
FLR and FOW effects on the triangularity.

Resonance condition. Focusing now on the results for trapped
EPs, figure 12 indicates similar behavior of TAE growth rate
with respect to n. However, the values of n that maximize TAE

Figure 12. Growth rate of TAE versus toroidal mode number n in
PT (red circle) and NT (blue circle) when only trapped EPs are
considered.

instability are quite different in PT and NT, and TAE can be
either more unstable or less unstable in NT, depending on the
specific value of n. Before addressing the different results in
the cases of PT and NT, it is useful to elucidate the underly-
ing physics for a single curve in figure 12. Take the red curve
for the PT case as an example. In low-n region (n= 5,6), the
mode is marginally stable due to the relatively small EP dia-
magnetic frequency and the absence of precession resonance.
As n increases, the rise in the diamagnetic frequency and the
emergence of precession resonance ω = nω̄d leads to the rapid
growth of TAE instability. Then for n⩾ 10, the resonance
lines (see figure 5(d)), especially the k= 0 one, gradually shift
toward the lower energy region, which significantly reduces
the strength of the wave-particle resonance. Meanwhile, the
stabilization effect of FLR and FOW also becomes import-
ant in the high-n region. The combination of these factors res-
ults in a rapid decrease in TAE growth rate. At n= 18, there
appears to be another rise in the growth rate, mainly because
the k=−2 resonance is triggered around E = E0. Based on the
understanding above, all the significant distinctions between
the two curves in figure 12 can be deduced from the change
of precession frequency illustrated in figure 9. In particular,
due to the larger precession frequency in NT, the TAE growth
rate reaches its peak, where precession resonance ω = nω̄d
is optimal, at lower n and consequently with lower ω∗, as
a result of which, the maximum TAE growth rate is corres-
pondingly lower. These results indicate the sensitivity of res-
onance conditions in determining TAE growth rates driven
by trapped EPs. Finally, it is worth noting that the relatively
sharp inflection point observed in figure 12 primarily stems
from the truncation of the slowing-down distribution function
at the birth energy E0. In contrast, for EP with Maxwellian
distributions, these curves are expected to have a smoother
transition.

Mode frequency and mode structure. In all the cases dis-
cussed above, we have ignored the change of mode fre-
quency and mode structure for different triangularities, which
can be justified provided that the mode is distant from the
accumulation points. However, this assumption may not hold
with the change of equilibrium parameters, such as mag-
netic shear and β gradient [19, 57]. In order to illustrate the
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Figure 13. Real frequency of TAE (black circle) with n= 14 versus
the triangularity considering only circulating EPs. The blue and red
circles represent the upper and lower accumulation points of TAE
gap, respectively. The black dashed lines denote δ =±0.04.

Figure 14. Growth rate of TAE with n= 14 versus the triangularity
considering only circulating EPs.

importance of this mechanism, we use the local parameters
of DTT at radial position ρtor = 0.32 (see blue curve in
figure 6(a)) to investigate how TAE stability is affected by
the triangularity at smaller magnetic shear. Again, we make
use of the local Miller equilibrium with the fitted triangu-
larity being δ= 0.04, and then change the value of δ while
keeping other parameters fixed. Figures 13 and 14 show the
real frequency and growth rate of n= 14 TAE versus the tri-
angularity, where only circulating EPs are considered. The
black dashed lines denote δ =±0.04. In figure 13, the pos-
itions of accumulation points are also depicted for refer-
ence, and it is observed that TAE frequency is relatively
close to the lower accumulation point under this set of para-
meters. Moreover, as triangularity decreases, the width of
the TAE gap shrinks gradually, and the TAE real frequency
slightly shifts downward, and consequently, approaches the
lower accumulation point. Evidently, the EP contribution
becomes non-perturbative in NT. Although the coupling coef-
ficient g/κ̂⊥ is still enhanced in NT as shown in figure 11,
figure 14 indicates that the TAE growth rate initially increases
but subsequently decreases from PT to NT. Together with
figure 13, this result demonstrates that the stronger coupling
of TAE with SAW continuum leads to the stabilization of TAE
in NT.

5. Summary and prospect

Adopting the same theoretical framework and similar
methodology as [31], in this work a linear gyrokinetic
eigenvalue code is developed to study TAE stability with a
self-consistent treatment of EP drive and core plasma Landau
damping in a non-perturbative way. The main motivation was
to develop a numerical computation framework that could
address drift Alfvén wave stability in general magnetic equi-
libria andwith arbitrary particle distribution functions, deploy-
ing all the numerical diagnostics that are needed to analyze
and interpret numerical results based on the well-established
theoretical framework of the GFLDR [11, 17, 18]. The general
particle responses of both circulating and trapped particles are
calculated by either the Fourier spectrum method or by dir-
ect integration along equilibrium particle orbits, employing
an action-angle approach. In particular, the FLR and FOW
effects of EPs are fully taken into account. The code supports
different kinds of particle distribution functions, including
Maxwellian, isotropic slowing-down and model anisotropic
slowing-down distributions, which enables investigating EP
and AE physics in a broad range of practical applications.
Furthermore, the possibility of expansion to an arbitrary dis-
tribution is also retained. The nonlinear eigenvalue problem
is solved iteratively either by the shooting method or the
finite element method, differing in the treatment of the kin-
etic compression term. With the systematic implementation of
numerical diagnostics, including the demonstration of effect-
ive mode structure and resonance structure, the code is able to
study the physics of wave-particle interaction in great detail.
For the time being, the ideal MHD approximation, i.e. vanish-
ing parallel electric field, is adopted to simplify the eigenmode
equations, which is justified for TAE generally dominated by
Alfvénic polarization.

As an application of the code, we perform an in-depth study
of the triangularity effect on TAE stability adopting the refer-
ence equilibrium of DTT. Since our aim is to illuminate the
physics processes underlying the dependence of TAE stability
on equilibrium geometry, we adopt a simple isotropic alpha
particle slowing down distribution to model the EP drive, dis-
cussing circulating and magnetically trapped particles separ-
ately. The effect of realistic particle sources will be addressed
in a separate work. By constructing a series of local Miller
equilibria, we explicitly isolate the effect of triangularity from
other parameters. It is demonstrated that the TAE growth rate
can be affected by the triangularity through the modifications
to geometric coupling coefficients, resonance conditions, as
well as the mode frequency and mode structure. The main res-
ults regarding triangularity effect are summarized as follows:

1. In NT, the wave-particle coupling coefficient g/κ̂⊥ is sig-
nificantly enhanced, resulting in a larger TAE growth rate.
This mechanism is especially evident for circulating EPs
and is proved to be the dominant one when toroidal mode
number is not very high, otherwise the modifications to
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FLR and FOW effects as well as the precession frequency
should be taken into account properly.

2. The triangularity significantly modifies the resonance con-
dition of trapped EPs through its impact on both preces-
sion and bounce frequencies. The stabilizing or destabil-
izing effect of NT on TAE depends critically on the tor-
oidal mode number n. Nevertheless, it is found that due to
the larger precession frequency of trapped particles in NT,
the TAE growth rate reaches its peak at lower n and con-
sequently with lower diamagnetic frequency ω∗. As a res-
ult, the maximumTAE growth rate is lower in NT plasmas.

3. Scanning of triangularity reveals that the width of TAE gap
shrinks gradually and TAE real frequency slightly shifts
downward and approaches the lower accumulation point
as the triangularity decreases. Therefore, for equilibrium
with relatively low magnetic shear or strong β gradient,
TAE may be more strongly coupled with SAW continuum
in NT plasmas and consequently less unstable.

Based on our studies, the overall effect of NT on TAE sta-
bility in a specific tokamak scenario can be evaluated and well
understood.Moreover, it is quite obvious that NT does not gen-
erally bring improved stability or plasma performance.

With the non-perturbative treatment of particle kinetic
effects in the calculation, the code is able to study not
only TAE but also the energetic particle mode [16], which
arises from the SAW continuum and can be excited when
the EP drive is sufficiently strong and overcomes the con-
tinuum damping. However, for low frequency AEs such as
BAE, our model will require further extension and incor-
poration of parallel electric field and thermal ion FLR
effect. Furthermore, in the current work, the code is lim-
ited to the solution of the local eigenvalue problem by
adopting the ballooning-mode representation at the lowest
order. The construction and solution of the self-consistent
global eigenvalue problem will be addressed in our future
work.
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Appendix A. Solutions of linear gyrokinetic
equation by integration along the unperturbed
orbits

In addition to the Fourier spectrum method introduced in
section 2.2, the linear gyrokinetic equation can also be solved
by integration along the unperturbed orbits, proven to be equi-
valent. The derivation follows closely existing literature, but
rather than solving δK̂ directly, we first solve equation (14)
in the drift/banana center frame to obtain δK̂B, then transform
back to the guiding center frame to get δK̂.

For circulating particles [14, 15, 41–43, 58–60], the solu-
tion of δK̂B is given by

δK̂B (θc) = i
e
m
QF0

ω

1
ωb

ˆ θc

−∞
dθ ′ce

iQ̂ ′
B
J ′0ω

′
d

κ̂ ′
⊥
δΨ̂ ′

× exp

[
i
ω− nω̄d
ωb

(θc− θ ′c)

]
, (A1)

where we have made use of the boundary condition δK̂B(θc =
−∞) = 0. Again, circulating particles with both positive and
negative v∥ are taken into account through the mapping rela-
tion between θc and ϑ.

For trapped particles [14, 15, 34, 41, 42, 58, 59], taking
the closed bounce orbit in the range of −θb ⩽ ϑ⩽ θb as an
example, the solutions of equation (14) for particles with pos-
itive and negative v∥, denoted as δK̂

+
B and δK̂−

B , are given by

δK̂+
B (θc) = i

e
m
QF0

ω

1
ωb

{ˆ θc

−π/2
dθ ′ce

iQ̂ ′
B
J ′0ω

′
d

κ̂ ′
⊥
δΨ̂ ′

× exp

[
i
ω− nω̄d
ωb

(θc− θ ′c)

]
+C1 exp

[
i
ω− nω̄d
ωb

(θc+π/2)

]}
(A2)

and

δK̂−
B (θc) = i

e
m
QF0

ω

1
ωb

{ˆ θc

π/2
dθ ′ce

iQ̂ ′
B
J ′0ω

′
d

κ̂ ′
⊥
δΨ̂ ′

× exp

[
i
ω− nω̄d
ωb

(θc− θ ′c)

]
+C2 exp

[
i
ω− nω̄d
ωb

(θc−π/2)

]}
(A3)

where δK̂+
B (θc) and δK̂−

B (θc) are defined in the range
of −π/2⩽ θc ⩽ π/2, and π/2⩽ θc ⩽ 3π/2, respectively.
Integral constants C1 and C2 are determined by the bound-
ary conditions, δK̂+

B (θc =−π/2) = δK̂−
B (θc = 3π/2) and

δK̂+
B (θc = π/2) = δK̂−

B (θc = π/2).
The above solutions are implemented in our numerical code

as well, and the corresponding results are very well consistent
with the Fourier spectrum method.
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Appendix B. Solving the eigenvalue problem using
finite element method

Following references [43] and [61], using cubic B-spline as
finite element basis functions, we represent the mode structure
as δΨ̂(ϑ) =

∑
j cjϕj(ϑ), and construct the weak form of the

vorticity equation

∑
j

ϕi∂ϑϕj
∣∣ϑm

−ϑm
cj+

∑
j

ˆ ϑm

−ϑm

dϑ
[
−∂ϑϕi∂ϑϕj+ϕiVf (ω;ϑ)ϕj

]
cj

=
∑
j

ˆ ϑm

−ϑm

dϑϕiKC
(
ω,ϕj;ϑ

)
cj. (B1)

Once the frequency in the kinetic compression term is given,
this equation can be cast as a linear generalized eigenvalue
problem, Ax= ω2Bx, where vector x is composed of the finite
element coefficients cj, matrix B corresponds to the inertia
term on the left hand side of vorticity equation, and matrix
A includes the contributions from all the other terms. Starting
from a guess value of ω, we can iteratively solve this prob-
lem until the solution of ω converges. Evidently, this approach
has a better performance in terms of the convergence due to
the consistent treatment of the mode structures on both sides
of the vorticity equation. Therefore, it is believed to have a
broader range of applications. However, this approach takes
much longer computational time at each iteration than the
one introduced in section 2.2, because it requires the particle
responses for all the basis functions rather than a single guess
function (i.e. δΨ̂0). Nevertheless, this approach is also imple-
mented in our code, as a comparison and verification of the
previous approach, and the relative differences of both mode
frequency and growth rate obtained using the two approaches
are generally less than 1%.
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