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Abstract
In nonuniform plasmas, toroidal Alfvén eigenmode (TAE) is shown to decay into high toroidal
mode number modes due to ion induced scattering (Cheng et al 2024 Nucl. Fusion 64 066031).
In this work, the three wave parametric decay model is generalized into reactor-relevant
multiple-mode case, and the wave-kinetic equation describing the TAE spectrum evolution in kθ
space due to ion induced scattering is derived. Here, kθ is the poloidal wavenumber. By
numerically solving the wave-kinetic equation with reactor-relevant parameters, the nonlinear
evolution and saturation process of TAE spectral intensity is derived, which yields a saturation
spectrum consistent with the fixed point solution. It is found that the magnetic perturbation
amplitude induced by the TAE saturation spectrum is lower than the uniform plasma result due
to the enhanced nonlinear coupling by plasma nonuniformity. Potential impact on intrinsic
plasma rotation is also discussed.

Keywords: toroidal Alfvén eigenmode, ion induced scattering, nonlinear saturation,
gyrokinetic theory

(Some figures may appear in colour only in the online journal)

1. Introduction

In next-generation fusion reactors like ITER [1], the power
density of energetic particles (EPs), in particular fusion alpha
particles, is comparable to that of the bulk thermal plasma.
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With the EP characteristic frequencies being comparable with
Alfvén frequency and EP characteristic orbit size being much
smaller than the device size, a variety of shear Alfvén wave
(SAW) instabilities [2] could be resonantly excited [3–6], and
consequently, induce considerable EP anomalous transport
[7–10]. Transport loss of EPs across the magnetic surfaces
could then result in significantly reduced plasma heating effi-
ciency, disastrous degradation of plasma performance, and
even severe damage to plasma facing components by the asso-
ciated heat flux [11, 12]. The EP anomalous transport rate
is mainly determined by the electromagnetic perturbations
induced by SAW instabilities, it is, thus, crucial to investigate
their nonlinear evolution and saturation process [7, 13, 14].
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In toroidally confined devices, the periodic modulation of
Alfvén speed vA along the equilibrium magnetic field renders
the formation of frequency gaps inside the SAW continuum.
SAW instabilities generally exhibit themselves as EP modes
[15] or discrete Alfvén eigenmodes (AEs) [16–21] inside the
continuum gaps, among which the toroidal Alfvén eigenmode
(TAE) is considered as one of the most important candidates
responsible for EP anomalous transport. Taking TAE as a rep-
resentative paradigm, nonlinear mode coupling mechanisms
contributing to its saturation have been widely investigated [4,
22–25], including nonlinear excitation of high frequency har-
monics by TAE mode coupling [26, 27], nonlinear generation
of zonal structure via modulational instability or self-beating
processes [23, 28, 29], and nonlinear scattering by drift wave
[30, 31].

Another crucial mode coupling channel is the ion induced
scattering of TAE, in which a pumpTAE decays into a counter-
propagating sideband TAE and an ion sound wave quasi-
mode. This mechanism was originally investigated in [22] in
long wavelength regimewith k2⊥ρ

2
i ≪ ω/Ωci and dominant ion

density nonlinearity. Here, ρi andΩci are the ion Larmor radius
and cyclotron frequency, respectively. Based on drift kinetic
theory, the wave-kinetic equation describing the TAE spec-
tral energy transfer and the corresponding magnetic perturba-
tion induced by TAE is derived [22]. Later, it was extended to
the short wavelength regime with k2⊥ρ

2
i ≫ ω/Ωci using non-

linear gyrokinetic theory, where perpendicular nonlinearity
dominates [32]. The corresponding wave-kinetic equation was
derived and the TAE induced magnetic perturbation amplitude
was estimated, which showed a significant reduction com-
pared to the long wavelength limit result, due to the enhanced
perpendicular coupling [33]. Correspondingly, the resultant
EP transport rate was also derived, showing a strong depend-
ence on the inverse aspect ratio of the torus.

While the previous works on parametric decay process
generally assumed uniform plasmas, it is found in recent
research that plasma nonuniformity can both quantitatively
and qualitatively modify the parametric decay process of kin-
etic Alfvén waves (KAWs) [34]. Here, plasma nonuniform-
ity refers particularly to the profile of plasma density or tem-
perature, contributing to the ion diamagnetic drift frequency
ωt
∗i. Considering the process of a pump KAW decaying into

a counter-propagating KAW and a drift sound wave (DSW)
in nonuniform plasmas with ωt

∗i being much larger than ion
transit frequency, it is found that quantitatively the nonlinear
coupling coefficient is enhanced by an order of magnitude,
while qualitatively, the parity breaking of the KAW spectrum
results in considerable convective plasma transport and pos-
sible confinement improvement.

Motivated by [34], effects of plasma nonuniformity on the
parametric decay process of TAE was investigated in [35],
where the process of a pump TAE decaying into sideband TAE
and DSW quasi-mode was considered. The corresponding
parametric dispersion relation was derived and analysed. It is
found that, the nonlinear scattering cross-section of this para-
metric decay process is significantly enhanced as expected,
and the spontaneous decay condition is modified qualitatively.

To be more specific, in uniform plasmas, pump TAE spontan-
eously decays into sideband TAE with lower frequency, while
in nonuniform plasmas, it decays into sideband TAE with
higher toroidal mode number n. Considering burning plasmas
in ITER-like tokamaks where a rich spectrum of TAEs exist,
the nonlinear evolution behaviour of TAE spectrum could
be significantly influenced due to this ion induced scattering
process. Moreover, effects of plasma nonuniformity are anti-
cipated to render an evolution towards larger toroidal mode
number, which could bring considerable momentum trans-
port and related plasma rotation, contributing potentially to the
improvement of plasma confinement [36–38].

In the present work, we extend the three wave paramet-
ric dispersion relation into multiple-mode case to investigate
the nonlinear evolution of TAE spectrum in nonuniform plas-
mas. Specifically, based on the parametric dispersion relation
obtained previously, the wave-kinetic equation describing the
nonlinear evolution of test TAE due to interaction with mul-
tiple background TAEs is derived. Given that TAE decays in
kθ in nonuniform plasmas, we adopt the continuum approx-
imation and perform the mode summation by integrating in
kθ space. The wave-kinetic equation describing the nonlin-
ear evolution and saturation process of the TAE spectrum
is then derived and analysed. Numerically, solving it as an
initial value problem, the evolution of TAE spectrum to the
steady state can be obtained. On the other hand, transforming
the wave-kinetic equation into a fixed point form, numerical
solution of the TAE saturation spectrum can be obtained dir-
ectly. Analytically, this fixed point form equation can also be
solved, and the saturation spectrum in both long wavelength
and short wavelength limits can be derived. For better com-
prehension, with reactor-relevant parameters, the TAE satur-
ation spectrums by both initial value solution and fixed point
solution are provided, which show great agreement with each
other. The overall magnetic perturbation amplitude induced by
TAE spectrum is also provided.

The rest of this paper is organised as follows. In section 2,
the derivation of parametric dispersion relation is briefly
reviewed. In section 3, the wave-kinetic equation and the cor-
responding fixed point form are derived. In section 4, based on
the fixed point form equation, the saturation spectrum is solved
analytically in both long and short wavelength limits, and a
comparison with numerical solution is provided. Section 5
shows the nonlinear evolution and saturation process of TAE
spectrum under reactor-relevant parameters, with the corres-
ponding saturation amplitude provided. In section 6, conclu-
sion and discussion are given.

2. Review of the parametric dispersion relation

In this section, the derivation of parametric dispersion relation
describing TAE ion induced scattering, originally presented in
[35], is briefly reviewed, as a starting point of subsequent ana-
lyses on TAE spectrum evolution.

In this parametric decay model, a test TAE Ω0 = (ω0,k0) is
considered to couple with a counter-propagating background
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TAE Ω1 = (ω1,k1), and generate a DSW quasi-mode Ωs =
(ωs,ks). For the considered low-β plasma with β being the
ratio between thermal and magnetic pressures, the field per-
turbations can be represented by the scalar potential δϕ and
parallel vector potential δA∥, and an alternative field vari-
able δψ ≡ ωδA∥/(ck∥) is introduced for convenience, with
δϕ = δψ corresponding to ideal MHD condition. Without
loss of generality, taking the matching condition as Ω0 =
Ω1 +Ωs and following the standard procedure of gyrokinetic
theory [39], the governing equations can be derived from the
quasi-neutrality condition and nonlinear gyrokinetic vorticity
equation shown as below.

Specifically, for electrostatic modes like DSW, the mode
equation can be derived from the quasi-neutrality condition,

N0e2

Ti

(
1+

Ti
Te

)
δϕk =

∑
j=e,i

⟨qJkδHk⟩j. (1)

Here, N0 is the equilibrium particle density, Tj and qj are
respectively the temperature and charge, with j = e, i standing
for electron or ion. Jk ≡ J0(k⊥ρ) accounts for finite Larmor
radius (FLR) effects with J0 being the Bessel function of
the first kind, and δHk is the non-adiabatic particle response
derived from the following nonlinear gyrokinetic equation
[39](
−iω+ v∥∂l+ iωd

)
δHk = i

q
m

(
ω∂E+

m
T
ω∗

)
FMJkδLk

−
∑

k=k ′+k ′ ′

Λk′
k′ ′Jk′δLk′δHk′ ′ , (2)

with ∂l representing the derivative along the field line, ωd =
(v2⊥ + 2v2∥)/(2ΩcR)(kr sinθ+ kθ cosθ) standing for the mag-
netic drift frequency, R being the major radius and ω∗j =

−i(cT/qB0)j b̂×∇ lnNj ·∇ being the diamagnetic drift fre-
quency induced by plasma density nonuniformity, while
plasma temperature nonuniformity is neglected to simplify
the analysis. Furthermore, FM is the Maxwellian distribution
function, δLk ≡ δϕk− k∥v∥δψk/ωk is the scalar potential in the

guiding-centre frame and Λk′
k′ ′ = (c/B0)b̂ · k ′ ′ × k ′ stands for

the perpendicular nonlinear coupling with the constraint of
matching condition.

Substituting the non-adiabatic particle responses to DSW
into the quasi-neutrality equation, one obtains the equation of
DSW generation due to TAEs nonlinear coupling

εs∗δϕs =−i
Λ1
0

ω0
αs∗δϕ0δϕ1∗ . (3)

Here, εs∗ ≡ 1+ τ + τΓsξsZ(ξs)(1−ω∗i,s/ωs) is the lin-
ear dispersion relation of Ωs, αs∗ ≡ τF1[1+ ξsZ(ξs)(1−
ω∗i,s/ωs)]+σ0∗σ1∗ is the nonlinear coupling coefficient,
τ ≡ Te/Ti, Γk ≡ ⟨J2kFM/N0⟩, F1 ≡ ⟨J0J1JsFM/N0⟩ with ⟨· · · ⟩
accounting for velocity space integration, Z(ξs) is the well-
known plasma dispersion function with ξs ≡ ω/|k∥svi|, and
σk∗ ≡ [1+ τ − τΓk(1−ω∗i,k/ωk)]/(1−ω∗e,k/ωk) is the ratio
between δψ and δϕ. In deriving equation (3), the expressions
δHL

s,e = 0, δHL
s,i = (e/Ti)(ωs −ω∗i,s)/(ωs − k∥sv∥)FMJsδϕs,

δHL
T,e =−(e/Te)[1− (ω∗e,T/ωT)]FMδψT, δHL

T,i = (e/Ti)[1−
(ω∗i,T/ωT)]FMJTδϕT, δHNL

s,e = i(Λ1
0/ω0)(e/Te)FMδψ0

δψ1∗ and δHNL
s,i = i(Λ1

0/ω0)(e/Ti)FMJ0J1(k∥sv∥ −
ω∗i,s)/(ωs − k∥sv∥)δϕ0δϕ1∗ are used, with the subscript
T= 0,1 representing test and background TAEs. Interested
readers may refer to [35] for the detailed derivation.

For electromagnetic mode like TAE, the nonlinear gyrokin-
etic vorticity equation is also required to close the system,

c2

4πω2
k

B
∂

∂l
k2⊥
B
∂

∂l
δψk+

N0e2

Ti

(
1− ω∗i

ω

)
k
(1−Γk)δϕk

−
∑
j=e,i

〈
qJ0

ωd

ω
δH

〉
k

=− i
ωk

∑
k=k ′+k ′ ′

Λk′
k′ ′

[
⟨e(JkJk′ − Jk′ ′)δLk′δHk′ ′⟩

+
c2

4π
k
′ ′2
⊥
∂lδψk′∂lδψk′ ′

ωk′ωk′ ′

]
. (4)

Here, the terms on the left hand side stand for the field line
bending, inertia and curvature pressure coupling respectively,
while terms on the right hand side represent the gyrokinetic
Reynolds stress and Maxwell stress, which are the dominant
perpendicular nonlinear terms in the short wavelength regime.
In the present case, due to the electrostatic property of side-
band DSW, here the Maxwell stress is generally negligible.

Substituting the corresponding particle responses into
equations (1) and (4), we obtain the nonlinear equation of the
test TAE,[

εA0 +

(
Λ1
0

ω0

)2

εNLA0 |δϕ1|2
]
δϕ0 = i

Λ1
0

ω0
α0∗δϕ1δϕs. (5)

Here, εA0 ≡ (1−Γ0)(1−ω∗i,0/ω0)/b0 − k2∥0v
2
Aσ0∗/ω

2
0 is

the linear dispersion relation of the test TAE, εNLA0 ≡
[(F2 −F1)/b0 − k2∥0v

2
AτF2/ω

2
0 ][1+ ξsZ(ξs)(1−ω∗i,s/ωs)]+

k2∥0v
2
Aσ0∗σ

2
1∗/ω

2
0 , and α0∗ ≡ (1/b0 − τk2∥0v

2
A/ω

2
0)[1+

ξsZ(ξs)(1−ω∗i,s/ωs)]F1 +(σ1∗ − εs∗)/(τb0) are the non-
linear coupling coefficients between test TAE and DSW,
with b0 ≡ k2⊥ρ

2
i /2 and F2 ≡ ⟨J20J21FM/N0⟩. In deriv-

ing this equation, the expressions for test TAE non-

linear responses δHNL
0,e =

(
Λ1
0/ω0

)2
(e/Te)FM|δψ1|2δψ0

and δHNL
0,i =−i(Λ1

0/ω0)(e/Ti)FMJ1Js(k∥sv∥ −ω∗i,s)/(ωs −
k∥sv∥)δϕ1δϕs −

(
Λ1
0/ω0

)2
(e/Ti)FMJ0J21(k∥sv∥ −ω∗i,s)/(ωs

− k∥sv∥)|δϕ1|2δϕ0 are also used.
The parametric dispersion relation can be derived from

equations (3) and (5),

εA0|δϕ0|2 =−
(
∆+χ0εs∗ −

C0

εs∗

)
|δϕ0|2|δϕ1|2. (6)

Here, ∆≡ (Λ1
0/ω0)

2[σ2
0∗σ1∗ − 2(F1/Γs)(σ0∗σ1∗ −

F1σs/Γs)−F2σs/Γs]/(τb0σ0∗), χ0 ≡ (Λ1
0/ω0)

2[F2/Γs −
(F1/Γs)

2]/(τb0σ0∗) and C0 ≡ (Λ1
0/ω0)

2(σ0∗σ1∗ −
F1σs/Γs)

2/(τb0σ0∗) stand for nonlinear frequency shift, ion
Compton scattering and shielded-ion scattering, respectively.
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Equation (6) describes the test TAE Ω0 evolution due to non-
linear interaction with the background TAE Ω1. It is also
the nonlinear parametric dispersion relation describing Ω1

decaying into Ω0 and Ωs. Detailed analyses of equation (6)
demonstrated that the scattering cross-section is significantly
enhanced due to plasma nonuniformity [35]. In addition, the
change of spontaneous decay condition indicated that TAE
tends to decay into higher n sidebands [35], instead of lower ω
sidebands in the uniform plasma limit [32]. While the present
analysis accounts for only nonuniformity associated with
density profile, inclusion of plasma temperature nonuniform-
ity is expected to only quantitatively modify the scattering
cross-section, leaving the qualitative picture that TAE spectral
transfer in kθ space in nonuniform plasmas unchanged. This
motivates us to investigate the spectrum evolution of TAE
in kθ space in the next section, by extending equation (6) to
include the interaction with multiple background TAEs.

3. Wave-kinetic equation for TAE spectrum
evolution

In this section, the wave-kinetic equation describing the non-
linear evolution of the TAE spectral intensity is derived, and
then transformed into kθ space, in correspondence with TAEs’
cascading behaviour in kθ due to plasma nonuniformity [35].

As we mentioned before, only one background TAE is con-
sidered in equation (6). To take all the background TAEs into
account, we summarise the nonlinear coupling term over k1
and get

εA0|δϕ0|2 =−
∑
k1

(
∆+χ0εs∗ −

C0

εs∗

)
|δϕ0|2|δϕ1|2. (7)

Equation (7) describes the evolution of test TAE Ω0 due to
interaction with all the background TAEs, with the lower-
n background TAEs contributing to its nonlinear drive and
higher-n TAEs contributing to nonlinear damping. Taking the
imaginary part of equation (7), we obtain

∂t− 2γL
ω0R

|δϕ0|2 =−
∑
k1

(
χ0 +

C0

|εs∗|2

)
εs∗,I

× |δϕ0|2|δϕ1|2. (8)

In deriving equation (8), we have expanded εA0 ≃ i(γ−
γL)∂ω0RεA0,R ≃ 2i(γ− γL)/ω0R, with γ ≡ ∂t lnδϕ0 and γL ≡
εA0,I/∂ω0RεA0,R being the linear growth rate ofΩ0. Here, sub-
scripts ‘R’ and ‘I’ stand for the real and imaginary parts
respectively.

To proceed with equation (8) analytically, we con-
sider a radial-mode-width-averaged spectral intensity for the
potential fluctuation induced by TAE [40]. Specifically, we
assume |δϕ̂0|2 ≡ (e/Te)2|δϕ0|2 = I0 exp[−(x0 −∆0/2)2/∆2

0]

for the test TAE and |δϕ̂1|2 ≡ (e/Te)2|δϕ1|2 = I1 exp[−(x1 +
∆1/2)2/∆2

1] for background TAEs propagating oppositely
to the test TAE. Here, xk ≡ (nq−m)/(nq ′) with q being
the safety factor, Ik = I(kθ) is the spectral intensity, and
∆k ≡−1/(kθS) is the distance between the neighbouring

mode rational surfaces with S being the magnetic shear.
Consequently, the wave-kinetic equation can be evaluated at
the maxima of the test TAE fluctuation amplitude (i.e. x0 =
∆0/2) where kr0 vanishes and an appropriate nonlocal expres-
sion for the perpendicular coupling term is (b̂ · k0 × k1)2 =
k2θ0|∂/∂x1 lnδϕ1|2. Inevitably, this approximation brings over-
estimated nonlinear coupling coefficient due to the simplific-
ation of radial overlap effects.

To perform the mode summation, following [40], we adopt
the continuum approximation. The summation over n1 and m1

can be expressed in the form of integration over kθ1 and x1,∑
k1

=
∑
n1,m1

=

ˆ
dn1dm1 =

ˆ ∣∣∣∣ ∂ (n1,m1)

∂ (kϕ1,x1)

∣∣∣∣dkϕ1dx1
=

ˆ
|n1q ′R|dkϕ1dx1 =

ˆ ∞

0
|kϕ1|R2q ′dkϕ1

ˆ ∞

−∞
dx1

≃− rS
q

ˆ −∞

0
dkθ1|kθ1|

ˆ ∞

−∞
dx1. (9)

Equation (8) can be further simplified for the subsequent
analyses, i.e. keeping only the dominant ion Compton scatter-
ing term, and evaluating σ0∗ ≃ 1 and F2 −F2

1/Γs ≃ ρ4i (k⊥0 ·
k⊥1)

2/4 at b≡ k2⊥ρ
2
i /2≲ 1. In simplifying εs∗,I, considering

ωs ≪ ω∗i,s ≪ ωT, we further expand ωs = ω0 −ω1 ≃ (kθ1 −
kθ0)∂ω/∂kθ0, and evaluate k∥s = 1/(2qR)− x1/(qR∆1) at
x1 =−∆1/2. Given all these approximations, equation (8) is
reduced to

∂t− 2γL
ω0R

I0 =

√
π

32
τ 2ρ9i

(
Ωci

ω0

)2 rSR
LNb0

ˆ −∞

0
dkθ1|kθ1|

×
ˆ ∞

−∞
dx1k

4
θ0k

2
θ1
(x1 +∆1/2)

2

∆4
1

(kθ0 − kθ1) I0I1

× exp

[
−
(
qR
vi

)2

(kθ1 − kθ0)
2
(
∂ω

∂kθ0

)2
]

× exp

[
− (x1 +∆1/2)

2

∆2
1

]
. (10)

The integration over x1 is straightforward, and
equation (10) reduces to

∂t− 2γL
ω0R

I0 =− π

32
τ 2

(
Ωci

ω0

)2

ρ7i
rS2R
LN

ˆ −∞

0
dkθ1|kθ1|k2θ0k3θ1

× (kθ0 − kθ1)exp

[
−
(
qR
vi

)2

(kθ1 − kθ0)
2

×
(
∂ω

∂kθ0

)2
]
I0I1, (11)

which corresponds to summarizing background TAEs located
at different radial positions with different poloidal mode num-
bers. Note that in equation (11), the exponential term indicates
that only background TAEswith close poloidal wavenumber to
the test TAE can contribute significantly to the nonlinear term.
Without loss of generality, this ‘close interaction’ allows us to

4
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expand I1 = I(kθ1)≃ I(kθ0)+ (kθ1 − kθ0)∂I/∂kθ0 and integ-
rate equation (11) over kθ1. In the meantime, re-organizing the
derived equation as a dimensionless form and replacing kθ0
with its absolute value, we obtain

∂t− 2γL
ω0R

I
(
k̂, t

)
AB6k̂4 =−

[√
π

2
y
(
3+ 2y2

)
(1+Erf(y))

+e−y2
(
1+ y2

)]
I2
(
k̂
)

− 1

16Bk̂

[√
π
(
15+ 4y2

(
9+ y2

))
× (1+Erf(y))+ 2e−y2y

(
17+ 2y2

)]
× I

∂I

∂k̂
. (12)

Here, k̂= |kθ0ρi|, A≡ 32(ω0/Ωci)
2LNρi/(πτ 2S2rR), B≡

(2qR/vi)∂ω/∂k̂2 ≃ (3/4+ τ)/(2β1/2
i ) with the linear dis-

persion relation ω = k∥vA
√

1+(3/4+ τ)k2⊥ρ
2
i containing

the lowest order FLR effects used and βi contributed by only
thermal ions. y≡ Bk̂2, and Erf(y)≡ 2/

√
π
´ y
0 exp(−η

2)dη is
the error function. Equation (12) is the desired form of wave-
kinetic equation, with explicit dependence of the spectrum
intensity I on k̂ and t. Although it is difficult to solve analyt-
ically, we can numerically solve this time dependent partial
differential equation as an initial value problem, which will
be done in section 5.

Letting ∂tI(k̂, t) = 0, equation (12) is reduced to an ordinary
differential equation or the so-called fixed point form

2γL
ω0R

AB6k̂4 =

[√
π

2
y
(
3+ 2y2

)
(1+Erf(y))

+e−y2
(
1+ y2

)]
I
(
k̂
)

+
1

16Bk̂

[√
π
(
15+ 4y2

(
9+ y2

))
×(1+Erf(y))+ 2e−y2y

(
17+ 2y2

)] ∂I
∂k̂
. (13)

Equations (12) and (13) are the main results of the present
work. It is worth noting that, both of them can be used to derive
the TAE saturation spectrum with numerical solutions while
the former can also describe the nonlinear temporal evolu-
tion of the TAE spectrum, as shown in section 5. On the other
hand, the fixed point form is analytically tractable, which may
provide us the approximate solutions of the saturation spec-
trum, as will be done in section 4.

Once the saturation spectrum is given, we can estimate
the magnetic perturbation amplitude induced by TAE. Noting
|δBr|2 = |kθδA∥|2 and that δϕ∼ δψ for TAEs with predomin-
antly ideal MHD condition, the saturation spectrum gives the
overall perturbed magnetic field as∣∣∣∣δBrB0

∣∣∣∣2 ∼∑
k

τ 2

4
Ω2

ci

ω2

e2

T2e
k2∥k

2
θρ

4
i |δϕk|2

=
3
√
π

16
τ 2rρi
q3R2

Ω2
ci

ω2

ˆ
dk̂k̂2Ik. (14)

4. Fixed point analytic solution

The fixed point form equation (13) can be solved ana-
lytically at both long and short wavelength limits. For
the long wavelength limit, we mean y≡ Bk̂2 ≪ 1, i.e.
k̂2 ≪ 2β1/2

i /(3/4+ τ). Keeping the lowest order of y in
equation (13), the original equation is reduced to

∂I

∂k̂
+

16
15
√
π
Bk̂I=

γL
ω0R

32
15
√
π
AB7k̂5, (15)

which can be solved as

I
(
k̂
)
= e−Pk̂2

(ˆ
γL
ω0R

32
15
√
π
AB7k̂5ePk̂

2

dk̂+C1

)
. (16)

Here, P≡ 8B/(15
√
π), C1 is the integral constant to be

determined. Noting that γL ≡ γL(k̂), the approximate solution
in the long wavelength limit can be obtained with an explicit
expression of γL(k̂) provided. For instance, considering γL(k̂)
as a constant, equation (16) gives us the scaling of I(k̂)∝ k̂6 in
long wavelength limit.

In the short wavelength limit, we have y= Bk̂2 ≫ 1, i.e.
k̂2 ≫ 2β1/2

i /(3/4+ τ). Keeping the highest order of y in
equation (12), the original equation is reduced to

∂I

∂k̂
+

4

k̂
I=

γL
ω0R

4√
π
AB3k̂−3, (17)

which can be solved as

I
(
k̂
)
= k̂−4

(ˆ
γL
ω0R

4√
π
AB3k̂dk̂+C2

)
. (18)

Here, C2 is the integral constant to be determined. Similarly,
in this short wavelength limit, the approximate solution can
be derived with an explicit expression of γL(k̂). Considering
γL(k̂) as constant, we have the scaling of I(k̂)∝ k̂−2. The satur-
ation spectrum of TAE can thus be obtained by fitting the long
and short wavelength solutions using, e.g. Pade’s approxima-
tion. This can be done straightforwardly as the γL(k̂) is given.

To check the validity of this analytical solution, a
comparison between analytical and numerical solutions of
equation (13) is given in figure 1, with the linear growth rate
γL set as a constant and the numerical solution obtained by
the fourth-order Runge–Kutta method. We note that, while we
use constant γL as an example here for simplicity of analytical
solution, the fixed point solution shall not exist, as TAEs are
linearly unstable over the whole spectrum.

Note that in figure 1, the analytical solution shows good
agreement with the numerical solution especially in short
wavelength region. In the long wavelength region, the corres-
pondence seems weaker due to the gradual invalidity of k̂≪√
2β1/2

i /(3/4+ τ)≃ 0.3. Generally, the analytic approxim-
ate solutions (16) and (18) are demonstrated to be valid. In this
circumstance, once the linear growth rate distribution γL(k̂)
or the corresponding approximate formulas in long and short
wavelength limits are provided, the TAE saturation spectrum
in long and short wavelength regions can be recovered.
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Figure 1. Fixed point solutions with constant γL/ω0R ≡ 0.01 in both analytical and numerical computation.

Figure 2. Plots of TAE spectrum evolution and saturation process by initial value solution and comparison with fixed point solution. Here,
t̂≡ ω0Rt, figures (a) and (b) are the provided linear growth rate distribution and random initial perturbation respectively. The evolution and
saturation process of TAE spectrum is shown in figures (c)–(e). A comparison of the final saturation spectrum with fixed point solution is
given in figure (f ).

5. Application to reactor-relevant parameter region

In this section, the wave-kinetic equation (12) and the corres-
ponding fixed point form equation (13) are applied to a reactor-
relevant case, and the nonlinear evolution and saturation pro-
cess of TAE spectrum are investigated by numerical solution.

Since the saturation spectrum depends sensitively on the
distribution of γL(k̂), a reactor-relevant case is adopted.
Considering the radial location at r/a≃ 0.2 with a being
the minor radius, we take the TAE spectrum to be linearly

unstable at the range of n= 10− 50 and most unstable at
n= 30 [5, 6]. Other parameters are taken as ITER relev-
ant values like B0 = 5.3 T, R= 6.2 m, a= 2 m, βi = 0.01,
q= 1, S= 0.1, and R/LN = 5. The corresponding γL(k̂) dis-
tribution is shown in figure 2(a). Given a random initial per-
turbation like figure 2(b), the nonlinear evolution process of
TAE spectrum is obtained by numerically solving the wave-
kinetic equation (12). In figure 2(c), the TAE spectrum intens-
ity increases due to the linear drive of γL, and it is driven to a
maximized intensity after hundreds of Alfvén times, as shown
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in figure 2(d). Note that with the most unstable mode shifted
towards larger |kθ|, the nonlinear interaction term has already
taken effects. However, due to the limitation of ‘close interac-
tion’, the linear stable region (k̂≳ 0.23) stays unexcited. Later,
the linear stable region is excited gradually due to the nonlinear
drive by nearby unstable modes, and finally the TAE spectrum
reaches a steady state, as shown in figures 2(e) and (f ). The
TAE saturation spectrum can also be obtained from the fixed
point solution, i.e. the numerical solution of equation (13), as
shown by the dashed curve in figure 2(f ), in great agreement
with initial value solution.

Recalling equation (14), with the TAE saturation spectrum
computed above, we can estimate the resultant magnetic per-
turbation amplitude as |δBr/B0| ∼ O(10−4). Compared with
the previous results in uniform plasma regime [32], plasma
nonuniformity provides a stronger suppression effect to the
TAE spectrum due to the enhanced nonlinear coupling, as
demonstrated in the previous work [35]. However, we need
to emphasize again that the nonlinear coupling in this work
is overestimated due to the simplified radial overlap effects,
as discussed in section 3. This could lead to a smaller satur-
ation amplitude, and the quantitative influence remains to be
examined.

6. Conclusion and discussion

In this paper, based on the parametric dispersion relation
obtained in the three wave parametric decay model, the wave-
kinetic equation describing TAE spectrum evolution via ion
induced scattering in nonuniform plasmas is derived and ana-
lysed. Generally speaking, with the explicit linear growth rate
distribution γL(kθ) provided, the nonlinear evolution and sat-
uration of TAE spectrum can be obtained by numerically solv-
ing the wave-kinetic equation. As anticipated, the entire TAE
spectrum evolves towards larger |kθ|, and the linear stable
region is excited nonlinearly by nearby unstablemodes. On the
other hand, the fixed point form of the wave-kinetic equation
can be solved analytically. By expanding the nonlinear coup-
ling coefficients at small or large |kθ|, the TAE saturation spec-
trum at both long wavelength (k2θρ

2
i ≪ 2β1/2

i /(3/4+ τ)) and

short wavelength (k2θρ
2
i ≫ 2β1/2

i /(3/4+ τ)) can be obtained
with the assumed γL(kθ) in both limits provided.

Compared with previous work on ion induced scatter-
ing in uniform plasmas [32], the TAE saturation amplitude
derived here shows a significant reduction. Specifically, for
typical reactor-relevant parameters, the magnetic perturba-
tion amplitude induced by the TAE saturation spectrum is
estimated as |δBr/B0| ∼ O(10−4). This is expected due to
the enhanced nonlinear coupling induced by plasma nonuni-
formity. However, we need to point out that the TAE satur-
ation amplitude derived in the present work could be over-
suppressed, due to the simplified radial overlap effects, while
the quantitative influence remains to be examined.

On the other hand, with the TAE saturation spectrum
derived in this work, it is feasible to estimate the influence
on EP transport by quasi-linear transport theory. Meanwhile,
considering that the TAE spectrum exhibits an evident energy

transfer to larger kθ modes, this evolution process driven by
ion induced scattering in nonuniform plasmas could involve
considerable momentum transport, which could contribute to
the plasma intrinsic rotation, with potential beneficial effects
to the plasma confinement. This is, however, beyond the
scope of the present work and will be investigated in a future
publication.

As a final remark, the saturation mechanism and spectrum
evolution process presented in this work require verification by
large-scale simulations. A simulation of three wave paramet-
ric decay process with the pump TAE driven by an antenna
is in progress, which may provide a qualitatively picture of
the mode coupling process. However, to study the nonlinear
spectrum evolution in a reactor, a linear instability spectrum
of TAEs is necessary to reflect the linear drive of EPs at differ-
ent scales. Thus multiple modes simulation of TAEs driven by
EPs is required, which may introduce other channels of non-
linearity, e.g. wave-particle nonlinearity, into the system and
complicate the analysis.
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