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 A B S T R A C T

Tritium extraction from lithium-lead (PbLi, 15.7 at. % Li) and tritium concentration measurement in the 
eutectic alloy represent some of the most challenging aspects of the R&D activities aimed to the development 
of ITER and the European DEMO reactor. To efficiently design Permeator Against Vacuum (PAV) systems 
and Hydrogen isotopes Permeation Sensors (HPS), theoretical models for the evaluation of the permeation 
flux have been proposed in literature, but methodologies for the improvement of their performances are 
still lacking. In this paper a new concept of finned permeator is analysed, leveraging the analogy between 
mass transport and heat transfer. In PAV and HPS, the low-pressure side is usually kept under medium/high 
vacuum conditions and surface phenomena can play an important role, especially when the membrane presents 
oxidation. The fin approach is particularly effective in these cases, where transport kinetics is dominated by 
surface effects (diffusion in the bulk is relatively fast) and can be used as a method to increase the permeation 
of hydrogen isotopes with limited increase in system size. Within the paper, the mathematical model for the 
extended surface placed on the vacuum side is derived and simple relations for design parameters for the finned 
surface, like fin efficiency and effectiveness, are derived. The solution of this analytical model is compared 
with numerical results for a PAV system with niobium membrane under relevant conditions for DEMO reactor.
1. Introduction

Over the last two decades, there has been a surge of interest in de-
veloping technologies for measuring and extracting tritium from liquid 
PbLi. For example, ENEA C. R. Brasimone, in collaboration with Politec-
nico di Torino, has developed hydrogen isotopes Permeation Sensors 
(HPS) based on pure 𝛼-iron membranes since the 2000s [1–4]; these 
sensors have been characterised under both static and flowing PbLi 
conditions [5]. As for the tritium extraction technologies, several liquid 
metal loops have been developed and operated [6–9], and different 
hydrogen isotopes extraction systems have been studied and charac-
terised, such as the Gas–Liquid Contactor (GLC), the Permeator Against 
Vacuum (PAV) [10–16] and the Liquid-Vacuum Contactor (LVC) with 
Vacuum Sieve Tray (VST) [17] or Free Surface configurations [18]. 
Among these, the PAV concept should be highlighted as it is the 
reference technology envisaged for the European reactor DEMO [19] 
where the reference design adopts niobium U-tubes [20].

As far as modelling is concerned, most analytical models have 
been developed for gas-driven permeation [21–23]. In general, the 
permeation of hydrogen isotopes is influenced by multiple factors: 
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surface adsorption and desorption, surface to bulk migration, bulk 
diffusivity and solubility, and hydrogen-defects interactions. Neglect-
ing the presence of structure defects or trapping sites and assuming 
surface–subsurface equilibrium [22], one can identify two limiting 
regimes: the diffusion-limited regime (DLR) and the surface-limited 
regime (SLR) [21]. However, if the upstream side is PbLi (or more 
generally a liquid metal), the hydrogen isotopes are monoatomically 
dissolved in the liquid. To account for transport into the liquid phase, 
a mass transfer coefficient is usually assumed in this framework. In 
2015, Humrickhouse and Merril [24] have developed an analytical 
model that takes into account the mass transfer coefficient of tritium in 
PbLi assuming a DLR. However, this assumption does not always hold, 
especially for permeators based on V-group metals (like niobium), as 
surface effects can play a major role. In 2022, the model was extended 
including surface effects by [25].

When surface effects are non-negligible, tritium permeation can be 
improved exploiting a strategy widely used in heat transfer systems. 
Heat and mass transfer have analogous mathematical descriptions, 
although the quantities and boundary conditions involved are differ-
ent. In heat exchanger design, it is common practise to introduce 
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Table 1
Summary of the variables introduced in Section 2. Superscript ∗ indicates the dimensionless variable.
 Name Symbol Definition Unit  
 Fin length 𝑙 – m  
 Fin thickness 𝛿, 𝛿∗ –, 𝛿

𝑙
m, –  

 Fin width 𝑤 – m  
 Fin perimeter 𝑃 2 (𝑤 + 𝛿) m  
 Fin lateral area 𝐴𝑙 𝑃 𝑙 m2  
 Fin cross-section 𝐴𝑐 𝑤𝛿 m2  
 Primary membrane thickness 𝑡, 𝑡∗ –, 𝑡

𝑙
m, –  

 Primary membrane height 𝐻 – m  
 Permeation rate 𝜙 – mol s−1  
 Diffusivity 𝐷 – m2 s−1  
 Recombination coefficient 𝐾𝑟 – m4 mol−1 s−1  
 Sieverts’ constant 𝐾𝑠 – mol m−3 Pa− 1

2  
 Hydrogen isotope partial pressure 𝑝 – Pa  
 Hydrogen isotope concentration 𝑐, 𝑐∗ –, 𝑐

𝐾𝑠,𝑠
√

𝑝
mol m−3, –  

 Permeation parameter W 𝐾𝑟𝐾𝑠,𝑠 𝑡
√

𝑝
𝐷

–  
 Fin parameter 𝑊𝑓

2𝑊 𝑙2

𝛿𝑡
–  

 Fin efficiency 𝜂𝑓 Eq. (17) –  
 Fin effectiveness 𝜖𝑓 Eq. (24) –  
 Overall effectiveness 𝜖𝑜 Eq. (30) –  
secondary/extended surfaces (fins) when the convective heat removal 
of the system is poor. In the current heat and mass transfer analogy, the 
heat removed by convection is analogous to the release of chemical 
species from the surface. It will be shown in the article that the use 
of secondary surfaces on the vacuum side can be advantageous for 
permeators if transport kinetics are limited by surface effects e.g. when 
the surface is affected by impurities, for high permeable membranes 
and/or when very small driving hydrogen pressure are considered. Ac-
cording to theoretical results, secondary surfaces lead to an increase in 
permeation area in surface-limited or surface-dominant regimes. They 
can increase the permeation rate per unit height of the system and thus 
improve system performance and reduce the size of the component. In 
this context, the fin approach can be used for systems where hydrogen 
isotopes need to be extracted (PAV) or measured (HPS) without any 
relevant drawbacks related to the presence of secondary surfaces. A 
mathematical description of the analytical model based on the fin 
approach can be found in Section 2. Important design parameters of 
the finned system, fin efficiency and effectiveness, will be derived. An 
example of an application for a PAV system considering relevant tritium 
transport conditions for fusion application is described in Section 3.

2. Mathematical model of transport through the extended surface

The detailed description of the rate equations behind hydrogen 
isotope transport in a PAV system can be found in [25]. As reported, the 
concentration gradient of the hydrogen isotope in the solid membrane 
is small or close to zero in the surface-dominating and surface limited 
regimes. Under these conditions, secondary surfaces (fins) connected 
to the membrane, referred to as the primary surface, placed on the 
vacuum side, lead to an increase in permeation area and can thus 
increase the permeation rate per unit height of the system. This results 
in an improvement of the system performance and a reduction in the 
size of the component.

In the next subsections, the mathematical model describing the 
transport in the secondary surfaces is derived and performance param-
eters useful for the design of finned systems are defined. The summary 
of all the variables introduced in the next subsections is reported in 
Table  1.

2.1. Mathematical model

Consider a fin of thickness 𝛿 (m), total length 𝑙 (m) and width 𝑤 (m) 
connected to a primary surface of thickness 𝑡 (m), and shown in Fig.  1.
2 
Fig. 1. Top: Primary and extended surfaces representation. The secondary surface is 
placed on the vacuum side. Bottom: Model representation. Permeation flux contributions 
on the differential element of the fin. In light blue the lateral surface 𝑃 (𝑥) of the 
element, in dark blue the cross-sectional area 𝐴𝑐 .

The thickness 𝛿 can generally vary with 𝑥, so also the lateral area 
𝐴𝑙(𝑥) = 2 ∫ 𝑙

0 (𝑤+𝛿(𝑥))𝑑𝑥 (m2) and the cross-sectional area 𝐴𝑐 (𝑥) = 𝑤𝛿(𝑥)
(m2). If 𝛿 is constant, 𝐴𝑙 = 2𝑙(𝑤 + 𝛿) and 𝐴𝑐 = 𝑤𝛿. The following 
assumptions are considered in the analysis:
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• Transport of single species;
• Steady state analysis;
• HIs release from surface based on Waelbroeck assumption [22] 
and Pick and Sonnenberg recombination coefficient [23];

• Constant and uniform properties of the material;
• Negligible pressure of the vacuum side, thus the incoming disso-
ciation flux is not included;

• Thin fin (𝛿 ≪ 𝑙 ≪ 𝑤), in this way only 1D transport is relevant;
• ‘‘Sufficiently’’ low fin density on the surface;
• Perfect contact between the fin base and primary surface.

The full Pick and Sonnenberg [23] model accurately describes the 
hydrogen isotopes release from a surface, but requires the distinction 
between surface states and subsurface solute sites. Combining it with 
the work of Waelbroeck [22], it is possible to derive an effective 
recombination coefficient 𝐾𝑟 that greatly simplifies the model. The 
applicability of the recombination coefficient to model the HI release 
depends on multiple assumptions [26] that are considered here reason-
able taking into account that the problem is steady-state and analogous 
to a gas-driven permeation experiment. The low fin surface density 
assumption means that it is neglected the effect of a fin on the others.

The following analysis can be applied for both gas and liquid on 
the high pressure side. If a liquid–solid–gas is considered (PAV system, 
Hydrogen Permeation Sensors for liquid metals), the transport regime 
must be membrane limited [25], so the transport is independent of the 
features of the liquid domain, which is not considered in the analysis. 
However, this is also required from a performance point of view: if 
the regime is limited by mass transfer in the liquid, the finned surface 
approach is not beneficial.

In Fig.  1 the differential element of the fin is shown. The molar 
balance is expressed by: 

𝜙 (𝑥) − 𝜙 (𝑥 + 𝑑𝑥) = 𝑑𝜙𝑟 (1)

where 𝜙(𝑥) (mol s−1) and 𝜙(𝑥 + 𝑑𝑥) (mol s−1) are the permeation 
rates at the relative coordinates and 𝑑𝜙𝑟 (mol s−1) is the differential 
recombination rate. This contributions are given by 

𝜙 (𝑥) = −𝐴𝑐 (𝑥)𝐷
𝑑𝑐 (𝑥)
𝑑𝑥

(2)

𝜙 (𝑥 + 𝑑𝑥) = −𝐷
(

𝐴𝑐 (𝑥)
𝑑𝑐 (𝑥)
𝑑𝑥

+ 𝑑
𝑑𝑥

(

𝐴𝑐 (𝑥)
𝑑𝑐 (𝑥)
𝑑𝑥

)

𝑑𝑥
)

(3)

𝑑𝜙𝑟 = 𝑑𝐴𝑙 (𝑥)𝐾𝑟𝑐 (𝑥)2 = 𝑃 (𝑥)𝐾𝑟𝑐 (𝑥)2 𝑑𝑥 (4)

where 𝑐(𝑥) (mol m−3) is the concentration of the chemical species, 
𝐷 (m2 s−1) is the diffusion coefficient, 𝐾𝑟 (m4 mol−1 s−1) is the 
recombination coefficient and 𝑃 (𝑥) = 2 (𝑤 + 𝛿(𝑥)) (m) is the perimeter 
of the fin. Eq. (1) becomes: 

𝐷 𝑑
𝑑𝑥

(

𝐴𝑐 (𝑥)
𝑑𝑐 (𝑥)
𝑑𝑥

)

𝑑𝑥 = 𝑃 (𝑥)𝐾𝑟𝑐 (𝑥)2 𝑑𝑥 (5)

and differentiating: 
𝑑2𝑐 (𝑥)
𝑑𝑥2

+ 1
𝐴𝑐 (𝑥)

𝑑𝐴𝑐 (𝑥)
𝑑𝑥

𝑑𝑐 (𝑥)
𝑑𝑥

=
𝑃 (𝑥)
𝐴𝑐 (𝑥)

𝐾𝑟
𝐷

𝑐 (𝑥)2 (6)

The molar balance can be simplified for the important case of a 
thin, straight fin with a rectangular cross-section. The latter assumption 
eliminates the dependence of the perimeter and the cross-sectional 
area on the coordinate 𝑥. For a rectangular fin, 𝑃 = 2 (𝑤 + 𝛿) and 
𝐴𝑐 = 𝑤𝛿. Furthermore, for a thin fin (𝛿 ≪ 𝑤), their ratio is 𝑃∕𝐴𝑐 =
2 (𝑤 + 𝛿) ∕𝑤∕𝛿 ≈ 2∕𝛿. In this way, Eq. (6) takes this simple form: 
𝑑2𝑐(𝑥)
𝑑𝑥2

= 2
𝛿
𝐾𝑟
𝐷

𝑐(𝑥)2 (7)
3 
2.2. Solutions of the dimensionless model for a rectangular fin

The dimensionless concentration is defined as 𝑐∗(𝑥) = 𝑐(𝑥)∕(𝐾𝑠,𝑠
√

𝑝), 
where 𝐾𝑠,𝑠 (mol m−3 Pa−1∕2) is the Sieverts’ constant of the permeator 
and 𝑝 (Pa) is the partial pressure of the hydrogen isotope on the left 
side of the membrane. The dimensionless geometrical parameters are 
weighted by the fin length 𝑙. Dividing by the steady-state, diffusion-
limited permeation flux at the primary membrane with thickness 𝑡, 
expressed by 𝐽 = 𝐷𝐾𝑠,𝑠∕𝑡

√

𝑝 (mol m−2 s−1), and introducing the 
dimensionless quantities, Eq.  (7) becomes: 
𝑑2𝑐∗(𝑥∗)
𝑑𝑥∗2

= 2
𝛿∗𝑡∗

𝑊 𝑐∗(𝑥∗)2 (8)

where 𝑊 = 𝐾𝑟𝐾𝑠,𝑠𝑡
√

𝑝∕𝐷 (-) is the permeation parameter related to the 
primary surface, 𝑥∗ is the dimensionless coordinate and 𝛿∗ and 𝑡∗ are 
the dimensionless geometric quantities. It is interesting to emphasise 
that the coefficient on the right-hand side includes the permeation 
parameter 𝑊 , which depends only on the properties of the primary 
surface and driving pressure, and the geometrical quantities of the 
primary and secondary surfaces. It is here called 𝑊𝑓 : 

𝑊𝑓 = 2𝑊
𝛿∗𝑡∗

= 2 𝑊 𝑙2

𝛿𝑡
(9)

Considering the assumptions of thin fin, 𝛿 ≪ 𝑙, and considering that, 
generally, 𝑡 ≪ 𝑙, the denominator is always less than one, thus 𝑊𝑓 > 𝑊 .

Eq. (8) is a second order nonlinear ordinary differential equation 
from the autonomous family [27]. It has the following general solution: 

𝑐∗
(

𝑥∗
)

=
(

6
𝑊𝑓

)1∕3
℘

(

(𝑊𝑓

6

)1∕3
(

𝑥∗ + 𝐶1
)

; 0, 𝐶2

)

(10)

The function ℘ is the Weierstrass elliptic function and 𝐶1, 𝐶2 are inte-
grating constants that can be found by introducing suitable boundary 
conditions. For the fin base, 𝑥∗ = 0, the condition is 𝑐∗ = 𝑐∗0 , where 
𝑐∗0  is assumed to be known. The interesting case for fin application is 
when 𝑊 < 1, and in this case 𝑐∗0 ≈ 1, with better approximation when 
𝑊 ≪ 1. To simplify the analysis, 𝑐∗0 = 1 is considered from now on. At 
the fin tip, 𝑥∗ = 𝑙∗ = 1, two bcs are examined:

• Long and thin fin (𝛿∕𝑙 ≈ 0), for which 𝑐∗ (𝑥∗ = 1) = 0;
• Thin fin with negligible permeation rate at the fin tip, for which 

𝑑𝑐∗
(

𝑥∗
)

𝑑𝑥∗ |𝑥∗=1 = 0.

The latter approximation is closest to the real problem, given that 𝛿 ≪ 𝑙, 
i.e., the permeation rate through the fin tip of area 𝐴𝑐 is a small fraction 
of the total permeation rate of the secondary surface. The particular 
solutions for the two BCs are now obtained in the two extreme cases 
𝑊𝑓 ≪ 1 and 𝑊𝑓 ≫ 1. When 𝑊𝑓 ≪ 1, Eq. (8) takes the simple form: 
𝑑2𝑐∗ (𝑥∗)
𝑑𝑥∗2

= 0 (11)

and the solutions, for the two set of boundary conditions are: 
𝑐∗

(

𝑥∗
)

=
(

1 − 𝑥∗
)

(12)

for the long and thin fin, and 
𝑐∗

(

𝑥∗
)

= 1 (13)

for the thin fin with impermeable tip.
To obtain the solution for the case 𝑊𝑓 ≫ 1, Laurent’s series 

expansion of Eq. (10) can be carried out, which yields the following 
result: 

𝑐∗
(

𝑥∗
)

≈ 6
𝑊𝑓

1
(

𝑥∗ + 𝑐1
)2

+
𝑊𝑓

6
𝑐2
28

(

𝑥∗ + 𝑐1
)4 (14)

Introducing the boundary conditions, the following approximate solu-
tions are obtained: 

𝑐∗
(

𝑥∗
)

≈ 6
(

∗
√ )2

⎛

⎜

⎜

1 −

(

𝑥∗ +
√

6∕𝑊𝑓

1 +
√

6∕𝑊

)6
⎞

⎟

⎟

(15)

𝑊𝑓 𝑥 + 6∕𝑊𝑓 ⎝

𝑓
⎠
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Fig. 2. Analytical and numerical solutions comparison of the concentration 𝑐∗(𝑥∗).

for the long and thin fin, and 

𝑐∗
(

𝑥∗
)

≈ 6

𝑊𝑓
(

𝑥∗ +
√

6∕𝑊𝑓
)2

⎛

⎜

⎜

⎝

1 + 1
2

(

𝑥∗ +
√

6∕𝑊𝑓

1 +
√

6∕𝑊𝑓

)6
⎞

⎟

⎟

⎠

(16)

for the thin fin with impermeable tip. In Fig.  2, the analytical solutions 
expressed by Eqs.  (15) and (16) for 𝑊𝑓 = 10,100 and 𝛿∗ = 𝑡∗ = 0.05
are compared to the numerical solution of Eq. (8) obtained integrating 
the differential equation with boundary conditions exploiting the bvp4c
finite difference code in Matlab [28]. The resulting error, expressed as 
relative difference between the integrals of the 𝑐(𝑥) curves, that comes 
from the adoption of the approximate relation obtained for 𝑊𝑓 ≫ 1, 
decreases with the increase of 𝑊𝑓 , going from 0.65% and 0.37% at 
𝑊𝑓 = 10 for the long fin and impermeable tip solutions, respectively, 
to 0.003% and 0.0035% at 𝑊𝑓 = 100. The approximate solution still 
gives small errors even at 𝑊𝑓 = 10.

2.3. Fin efficiency and effectiveness

The concept of fin efficiency is introduced, similar to the case of 
finned heat exchangers [29,30]. The permeation rate of the actual fin 
can be weighted by the permeation rate of a ‘‘perfect fin’’ that has same 
characteristics but diffusion coefficient 𝐷 → ∞, that leads to a constant 
concentration on the whole fin surface. Mathematically: 

𝜂𝑓 =
𝜙𝑓 (17)
𝜙𝑓,𝑚𝑎𝑥

4 
where 𝜂𝑓  is the fin efficiency, 𝜙𝑓  is the permeation rate of the fin and 
𝜙𝑓,𝑚𝑎𝑥 is the permeation rate of the ‘‘perfect fin’’. Eq. (17) is expressed 
by: 

𝜂𝑓 =
𝐴𝑙𝐾𝑟 ∫

1
0 (𝑐∗ (𝑥∗))2 𝑑𝑥∗

𝐴𝑙𝐾𝑟𝑐∗20
= ∫

1

0

(

𝑐∗
(

𝑥∗
))2 𝑑𝑥∗ (18)

Given that 𝑐∗20 = 1. Considering the solution of the concentration for 
𝑊𝑓 ≪ 1 and long and thin fin, expressed by Eq. (12), and putting this 
value into the definition of efficiency: 

𝜂𝑓 = ∫

1

0

(

1 − 𝑥∗
)2 𝑑𝑥∗ = 1

3
(19)

The fin efficiency for the fin with adiabatic tip can be obtained injecting 
(13) in the definition of 𝜂𝑓 : 

𝜂𝑓 = ∫

1

0
12𝑑𝑥∗ = 1 (20)

Thus, for small values of 𝑊𝑓 , the fin becomes equivalent to the ‘‘perfect 
fin’’ and the efficiency takes the maximum value of 1.

In order to obtain an analytical expression for the efficiency at 
𝑊𝑓 ≫ 1, it is necessary to evaluate the integral ∫ 1

0 (𝑐∗ (𝑥∗))2 𝑑𝑥∗ where 
𝑐∗ is expressed by the relations (15) and (16). To reach the goal, it is 
easier to consider the general solution expressed by Eq. (10), and the 
integral can be expressed by:

∫

1

0

(

(

6
𝑊𝑓

)1∕3
℘

(

(𝑊𝑓

6

)1∕3
(

𝑥∗ + 𝑐1
)

; 0, 𝑐2

))2

𝑑𝑥∗

= 1
6

(

6
𝑊𝑓

)1∕3
℘′

(

(𝑊𝑓

6

)1∕3
(

𝑥∗ + 𝑐1
)

; 0, 𝑐2

)

where ℘′ is the derivative with respect to 𝑥∗ of the Weierstrass’ elliptic 
function. Considering the Laurent’s expansion of the derivative of ℘, 
and introducing the boundary conditions, the following relations can 
be derived: 

𝜂𝑓 =

√

2
3𝑊𝑓

⎛

⎜

⎜

⎝

1 −

(
√

6∕𝑊𝑓

1 +
√

6∕𝑊𝑓

)3
⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

1 − 2

(
√

6∕𝑊𝑓

1 +
√

6∕𝑊𝑓

)3
⎞

⎟

⎟

⎠

(21)

for the long and thin fin, and 

𝜂𝑓 =

√

2
3𝑊𝑓

⎛

⎜

⎜

⎝

1 −

(
√

6∕𝑊𝑓

1 +
√

6∕𝑊𝑓

)6
⎞

⎟

⎟

⎠

(22)

for the impermeable fin. Eqs.  (21) and (22) both take the same form 
considering that √6∕𝑊𝑓 ≪ 1: 

𝜂𝑓 =

√

2
3𝑊𝑓

= 1
𝑙

√

𝛿𝑡
3𝑊

(23)

The behaviour of fin efficiency as a function of 𝑊𝑓 = 2𝑊 ∕𝛿∗∕𝑡∗

is shown in Fig.  3, calculated for the two boundary conditions with 
the finite differences scheme bvp4c. The obtained analytical solutions 
overlap with the numerical solutions in the limits 𝑊𝑓 ≪ 1 and 𝑊𝑓 ≫ 1. 
As expected, the efficiency is highest for small values of 𝑊𝑓 , which 
is typically the case for large diffusivity values, and decreases as the 
fin parameter increases. For high values of 𝑊𝑓 , the two boundary 
conditions become equal. Finally, it is worth noting that the curves for 
the limiting cases agree with the exact solution of the equation even 
near 𝑊𝑓 = 1. In particular, the solution for 𝑊𝑓 ≪ 1 overlaps with the 
exact solution at 𝑊𝑓 < 0.1. The same applies to the solution for 𝑊𝑓 ≫ 1
at 𝑊𝑓 > 10.

In Table  2, the summary of the analytical relations obtained for the 
fin efficiency 𝜂𝑓  is presented.

A key parameter that can measure the fin performance is the fin 
effectiveness. It represents the gain in permeation rate due to the 
adoption of the secondary surface, being defined as the ratio between 
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Fig. 3. Fin efficiency as function of 𝑊𝑓 = 2𝑊 ∕𝛿∗∕𝑡∗ for a thin fin.

Table 2
Summary of the relations for 𝜂𝑓 .
 𝜂𝑓 𝑊𝑓 ≪ 1 𝑊𝑓 ≫ 1 
 Long fin 1

3
1
𝑙

√

𝛿𝑡
3𝑊

 
 Impermeable tip 1 1

𝑙

√

𝛿𝑡
3𝑊

 

the permeation rate of the fin and the permeation rate through the area 
of the primary surface covered by the fin, if the fin were removed 𝜙𝑐 : 

𝜖𝑓 =
𝜙𝑓

𝜙𝑐
(24)

Considering the definition, the fin effectiveness has to be 𝜖𝑓 > 1 in order 
to get benefits from the adoption of secondary surfaces. Introducing the 
corresponding values, Eq. (24) becomes: 

𝜖𝑓 =
𝐴𝑙𝐾𝑟 ∫

1
0 (𝑐∗ (𝑥∗))2 𝑑𝑥∗

𝐴𝑐𝐾𝑟𝑐∗20
=

2 (𝑤∗ + 𝛿∗)
𝑤∗𝛿∗

𝜂𝑓 ≈ 2
𝛿∗

𝜂𝑓 (25)

Substituting the relations for 𝜂𝑓 , Eqs.  (19), (20) and (23) in the 
effectiveness definition, the analytical expressions for 𝜖𝑓  are obtained. 
For 𝑊𝑓 ≪ 1 and long fin: 

𝜖𝑓 ≈ 2
3𝛿∗

= 2𝑙
3𝛿

(26)

For 𝑊𝑓 ≪ 1 and impermeable tip: 

𝜖 ≈ 2 = 2𝑙 (27)
𝑓 𝛿∗ 𝛿

5 
Table 3
Summary of the relations for 𝜖𝑓 .
 𝜖𝑓 𝑊𝑓 ≪ 1 𝑊𝑓 ≫ 1 
 Long fin 2𝑙

3𝛿

√

4𝑡
3 𝑊 𝛿

 
 Impermeable tip 2𝑙

𝛿

√

4𝑡
3 𝑊 𝛿

 

For both the bcs and 𝑊𝑓 ≫ 1: 

𝜖𝑓 ≈
√

4𝑡∗
3 𝑊 𝛿∗

=
√

4𝑡
3 𝑊 𝛿

(28)

In Table  3, the recap of the analytical relations obtained for the fin 
effectiveness 𝜖𝑓  is presented.

It is important to point out that although at 𝑊𝑓 ≫ 1 the fin 
efficiency 𝜂𝑓  increases as 𝛿 increases, the fin effectiveness shows the 
opposite trend. It can be seen from the definition of fin effectiveness 
that reducing 𝛿 allows the cross-sectional area to decrease proportion-
ally with little effect on the denominator terms, which instead depend 
on 𝑠𝑞𝑟𝑡(𝛿). Reducing fin thickness has a beneficial effect on improving 
fin effectiveness. This behaviour is displayed also in Fig.  4(a), which 
shows 𝜂𝑓  and 𝜖𝑓  as a function of 𝛿∗ = 𝛿∕𝑙. Here the calculations were 
carried out numerically and the fin parameter takes values between 0.1 
and 10, which covers the interval around 𝑊𝑓 = 1.

Similar considerations can be made for the behaviour of 𝜂𝑓  and 
𝜖𝑓  when changing the dimensional fin length 𝑙. For 𝑊𝑓 ≫ 1 the 
efficiency is inversely proportional to 𝑙, as can be seen from Eq. (22) 
and from Fig.  4(b). For 𝑊𝑓 ≪ 1, the effectiveness increases linearly 
with the fin length, as can be seen from Eqs.  (26) and (27), then, 
for 𝑊𝑓 ≫ 1 it becomes independent on 𝑙 (Eq. (28)) and reaches an 
asymptote corresponding to the maximum performance of the fin in 
terms of permeation rate increase for given 𝛿, 𝑡 and transport properties. 
In this range, increasing the length of the fin provides progressively less 
benefit in terms of increasing the permeation rate. Based on the latter 
consideration, it is possible to define a relationship that can be used to 
select a first try value for the fin length. Substituting the definition of 
𝑊𝑓  into 𝑊𝑓 ≫ 1 yields: 

𝑙 ≫
√

𝛿𝑡
2𝑊

(29)

𝑊𝑓  is then particularly important in the design phase and allows the 
selection of the fin length that represents the best compromise between 
the increase in permeation rate and the size of the fin.

Figs.  5(a) and 5(b) show the 3D plots of fin efficiency and fin 
effectiveness as a function of 𝛿∗ and 𝑊  for 𝑡∗ = 0.05. 𝜖𝑓  is compared to 
the plane 𝑓 (𝛿∗,𝑊 ) = 1. The latter divides the surface into two regions, 
one where the fin is advantageous, 𝜖𝑓 > 1, and the other where it is 
disadvantageous. It is evident that for low values of the permeation 
parameter 𝑊 , the use of secondary surfaces is highly beneficial to 
increase the permeation rate, with values of fin effectiveness even 
greater than 103. Also, for 𝑊 > 1 there are 𝛿∗ that make 𝜖𝑓 > 1, even 
considering permeation parameters of the order of thousands.

In the case where the concentration on the left side of the mem-
brane is considered uniform (e.g. permeation sensors technology), it 
is possible to define a global performance parameter that takes into 
account the contributions of the entire primary and secondary surfaces. 
The overall fin effectiveness can be defined as the ratio between the 
permeation rate of the fin plus the remaining primary surface and the 
permeation rate of the primary surface if the fins were not present: 

𝜖𝑜 =
𝜙𝑝,𝑚𝑎𝑥 + 𝜙𝑓

𝜙𝑝,𝑚𝑎𝑥,𝑡𝑜𝑡
(30)

where 𝜙𝑝,𝑚𝑎𝑥,𝑡𝑜𝑡 is the permeation rate of the system without the fins. 
Manipulating and including the definition of 𝜖𝑓 , Eq. (30) reduces to: 

𝜖𝑜 = 1 +
𝐴∗
𝑐,𝑡𝑜𝑡

∗ ∗
(

𝜖𝑓 − 1
)

(31)

𝐴𝑝,𝑡𝑜𝑡 + 𝐴𝑐,𝑡𝑜𝑡
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Fig. 4. Fin efficiency and fin effectiveness as a function of the non-dimensional fin 
thickness 𝛿∗ (top) and a function of the dimensional fin length 𝑙 (bottom).

Table 4
Summary of the relations for 𝜖𝑜.
 𝜖𝑜 𝑊𝑓 ≪ 1 𝑊𝑓 ≫ 1  
 Long fin 1 + 𝛿𝑛𝑓

𝐻

(

2𝑙
3𝛿

− 1
)

1 + 𝛿𝑛𝑓
𝐻

(

√

4𝑡
3 𝑊 𝛿

− 1
)

 

 Impermeable tip 1 + 𝛿𝑛𝑓
𝐻

(

2𝑙
𝛿
− 1

)

1 + 𝛿𝑛𝑓
𝐻

(

√

4𝑡
3 𝑊 𝛿

− 1
)

 

Here 𝐴∗
𝑐,𝑡𝑜𝑡 is the area of the primary surface covered by the fins. 

The ratio 𝐴∗
𝑐,𝑡𝑜𝑡∕

(

𝐴∗
𝑝,𝑡𝑜𝑡 + 𝐴∗

𝑐,𝑡𝑜𝑡

)

 is the fraction of the primary surface 
covered by the fins, and in the case of fins of equal size it is simply 
𝐴∗
𝑐,𝑡𝑜𝑡∕

(

𝐴∗
𝑝,𝑡𝑜𝑡 + 𝐴∗

𝑐,𝑡𝑜𝑡

)

= 𝛿𝑛𝑓∕𝐻 , where 𝑛𝑓  is the number of fins and 
𝐻 is the total height of the permeation membrane. The overall fin 
effectiveness can be maximised in the case 𝜖𝑓 > 1 by increasing the 
factor 𝛿𝑛𝑓∕𝐻 , which corresponds to an increase of 𝑛𝑓  for a fixed fin 
geometry. It should be pointed out that the analysis do not considers 
effects on the H concentration distribution due to the presence of 
adjacent fins. This interaction increases as the distance between the fins 
is reduced (increasing 𝑛𝑓 ). Table  4 reports a summary of the analytical 
relationships obtained for the fin effectiveness 𝜖𝑜.

The practical usefulness of the overall effectiveness of the fins is 
simple: once the properties of the membrane and thus the theoretical 
permeation rate are defined, the permeation rate of a finned con-
figuration can be predicted by multiplying this value by the overall 
effectiveness, after defining the number and geometry of the secondary 
6 
Fig. 5. Fin efficiency and fin effectiveness as a function of 𝛿𝑓  and 𝑊 . For the bottom 
figure, the plane in red represents the breakeven value of 𝜖𝑓 = 1.

surfaces. Recall that the best increase in performance occurs after the 
introduction of secondary surfaces when 𝑊 ≪ 1 and 𝑊𝑓 ≫ 1.

3. Extended surface application

A numerical analysis is now reported to characterise the per-
formance of a permeator with the features of a typical Permeator 
Against Vacuum system [10–13,20,31]. In particular, a 𝑡 = 0.5 mm
niobium slab maintained at 500 ◦C was considered. On the left, a 
eutectic lithium-lead alloy in thermal equilibrium with the mem-
brane carries monoatomically dissolved tritium with a concentration 
of 1.41 ⋅ 10−2 mol m−3, which is the expected value at the inlet of 
the extractor of a D-T fusion reactor [32]. According to Sieverts’ law 
and the assumption of Aiello’s solubility constant 𝐾𝑠,𝑃 𝑏𝐿𝑖 = 2.37 ⋅
10−1 exp

(

−1.28 ⋅ 104∕𝑅∕𝑇
) [33], the tritium partial pressure corre-

sponds to 1.93 ⋅10−1 Pa. Tritium then moves through the Nb membrane 
with a diffusivity 𝐷𝑁𝑏 adopted from Alefeld and Voelkl [34], which 
was divided by the coefficient 

√

3 to account for the fact that tritium 
and not protium is considered. The solubility 𝐾𝑠,𝑁𝑏 of Veleckis and 
Edwards [35] has been adopted. The hydrogen isotope is then released 
from the surface where it recombines in diatomic form. The constant 
for this process, 𝐾𝑟,𝑁𝑏, has been taken from Pick and Sonnenberg [23], 
for two conditions, a clean surface and an oxidised surface. In the first 
case, the permeation parameter is 𝑊 = 7.09⋅10−1, while for the oxidised 



C. Alberghi et al. Fusion Engineering and Design 216 (2025) 115065 
Fig. 6. Dimensionless concentration profile of a particular solution of the domain 
considered in the 2D numerical analysis.

surface 𝑊 = 9.53⋅10−5. The fin thickness considered in all the following 
analyses is 𝛿 = 0.25 mm.

It has been seen experimentally that under certain conditions mass 
transport in the liquid can be the factor that limits hydrogen extraction 
in PAV systems [13]. This can reduce the usefulness of the fins, espe-
cially if the surfaces can be maintained clean. Nevertheless, strategies to 
improve the mass transfer in the liquid can be applied (e.g. improving 
mixing), shifting the transport regime to membrane-limited. In the 
current analysis the regime is assumed to be membrane limited [25], 
therefore the liquid region is not considered in this analysis and a 
constant value of the concentration on the left side of the membrane 
is assumed, equating the partial pressures at the liquid/solid interface. 
This is not a bold assumption for the oxidised membrane case, where 
the very low permeation parameter almost ensures a surface-limited 
regime. In this case, positive effects are expected from the use of 
secondary surfaces. To further simplify the analysis, the width of the 
system is considered larger than the other dimensions, simplifying the 
geometry to 2D. In addition, the gradient of tritium concentration in 
the direction of motion of the fluid, 𝑦, is neglected. In this way, only 
one fin and half of the two adjacent non-finned surfaces are simulated. 
The steady-state transport equation is solved in the solid domain using 
the mHIT code [36] developed with COMSOL Multiphysics: 
−𝐷∇2𝑐 = 0 (32)

The following boundary conditions are considered: at the left side of 
the membrane, a constant value of concentration has been imposed 
𝑐 = 𝐾𝑠,𝑁𝑏

√

𝑝 (33)

and at the solid–gas interface: 
𝐽 ⋅ 𝑛̂ = −𝐾𝑟,𝑁𝑏𝑐

2 (34)

where 𝑛̂ is the unitary vector normal to the surface. The problem is 
solved in dimensionless form, keeping the strategy from the previous 
section. In Fig.  6, the domain showing a concentration profile along 
the finned geometry is represented.

The permeation rates, expressed in mol s−1, are calculated for both 
the non-finned and the finned membranes. The ratio between the 
permeation rate of the finned surface and the finned base in the non-
finned case corresponds, by definition, to the fin effectiveness 𝜖𝑓 . The 
numerical value is compared with the analytical value obtained from 
the simplified relations Eqs.  (27) and (28). The results are shown in 
Figs.  7 and 8, with a sensitivity study on the change in fin length 𝑙.

In Fig.  7 the results for a clean surface are shown. The permeation 
parameter 𝑊  is about 1, so no great advantage is expected from the 
7 
Fig. 7. Fin effectiveness as a function of the dimensional fin length 𝑙 for a clean 
surface.

Fig. 8. Fin effectiveness as a function of the dimensional fin length 𝑙 for a oxidised 
surface.

introduction of the fins. Nevertheless, the increase in permeation rate 
due to the use of secondary surfaces is not negligible and goes from 60% 
to >%85 for a fin of length 𝑙 > 𝑡. For small 𝑙, the analytical expression 
overestimates the effectiveness of the fins. This is due to two factors: 
𝑊𝑓  is about 1, so the two limiting solutions obtained for 𝑊𝑓 ≪ 1 and 
𝑊𝑓 ≫ 1 are not applicable. In addition, the fin length is close to the fin 
thickness, so that the assumption 𝑙 ≫ 𝛿 is not fulfilled. However, for the 
smallest value of 𝑙, the difference between the two solutions is around 
20% and decreases to less than 4% for 𝑙 = 4𝛿 or larger. It is interesting 
to see that for 𝑊𝑓 > 10 there are no additional benefits when fin length 
is increased, confirming the results from Section 2.

In Fig.  8 the results for the oxidised surface are shown. In this 
case, the permeation parameter is below 1 ⋅ 10−4, and the effectiveness 
increases from 𝜖𝑓 = 3 for the very small fin length 𝑙 = 0.25 mm (length 
equal to the fin thickness 𝛿) to 𝜖𝑓 > 100 at 𝑙 = 20 mm. For these values 
𝑊𝑓  is still well below 1, so it will be possible to increase the fin length 
with positive effects. An important point here is that the volume of 
the finned membrane is 8 times that of the unfinned one, while the 
𝜖𝑓  is 118, due to the increased surface area of 160 times. It must be 
pointed out that, although an increase in volume will determine an 
increase in tritium inventory in the system and longer times to reach 
steady-state, the gain in terms of permeation rate obtained using a 
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secondary surface can be extremely higher. At 𝑙 = 40 mm (last point), 
𝑊𝑓 ∼ 15 and the numerical solution is consistent with the analytical 
solution for 𝑊𝑓 ≫ 1, the area in which increasing the length of the 
fin starts to be less effective. As for the comparison between the two 
solutions, the difference between the analytical and numerical solutions 
is not negligible for small 𝑙 and is about 30%, while it is about 1% for 
intermediate values where 𝑊𝑓 ≪ 1 and 𝑙 ≫ 𝛿.

4. Discussion

It has been shown that secondary surfaces placed on the vacuum 
side can be used with great advantages when the regime is surface-
dominating or surface-limited, attaining great increases in terms of 
tritium permeation rate with small increase in membrane material. 
In this framework, 𝑊𝑓 = 2𝑊 𝑙2∕𝛿∕𝑡 represents an important design 
parameter. In fact, in the regions where the adoption of secondary 
surfaces is beneficial, 𝜖𝑓 > 1, the highest achievable permeation rate 
has been shown to correspond to the region 𝑊𝑓 ≫ 1, where fin 
effectiveness approaches a horizontal asymptote and an increase in fin 
length starts to have a smaller impact on permeation rate improvement. 
From 𝑊𝑓  we get the relationship 𝑙 ≫

√

𝛿𝑡∕2∕𝑊 , which provides a 
first try value for the choice of fin length. It has been shown that even 
small fins can be advantageous (𝑙 ≈ 𝛿), with limited manufacturing 
complexity. In addition, a strategy can be also to apply fins just to 
certain portions of the extraction system, where the tritium partial 
pressure is low (lower 𝑊 ) and where their effectiveness is higher. 
Compared to the heat transfer case, the presence of secondary surfaces 
does not have the disadvantage of increasing the pressure drop, as 
the secondary surfaces are on the vacuum side, but the fins can have 
an effect on the conductance of the vacuum system, especially in the 
case of internally finned permeators where the characteristic length of 
the system is particularly small. The use of fins increases the volume 
of the system therefore the inventory and the time required to reach 
steady-state operation, but can lead to much bigger permeation rates.

Among the assumptions considered in the analysis, some need 
special attention. In tritium permeation systems, it is possible to have 
the presence of multiple hydrogen isotopes, and this was not included 
in the analysis. In order to apply the relations here attained, it is 
important to check if the presence of different isotopes has an impact 
on the permeation kinetics. Negligible pressure on the vacuum side was 
assumed. The impact of non-null pressure on the vacuum side cannot 
be addressed by the equations derived, but having a low pressure 
on the vacuum side (compared to the tritium partial pressures in the 
liquid and membrane) is a design requirement in order to maximise 
the performances of the permeator. Perfect contact between the base 
of the fin and the primary surface was assumed. This needs to be 
further investigated considering the manufacturing methods of the 
permeation system, that could be comparable to the one used for heat 
exchanger systems. Lastly, the mutual interaction of the fins has still to 
be investigated.
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